Al-Kashi Background

Statistics
http://www.ar-php.org/stats/al-kashi/

generated using the open source mwlib toolkit. See http://code.pediapress.com/ for more information.
PDF generated at: Sat, 01 Feb 2014 07:11:01 UTC



Contents

Articles

Summary Statistics

Mean

Median

Mode (statistics)
Variance

Standard deviation

Coefficient of variation

Skewness
Kurtosis

Ranking

Graphics

Box plot

Histogram

Q-Q plot
Ternary plot

Distributions

Normal distribution

Student's t-distribution

F-distribution

Feature scaling

Correlation and Regression

Covariance

Correlation and dependence
Regression analysis

Path analysis (statistics)

Analysis

Moving average
Student's t-test

Contingency table

Analysis of variance

15
20
32
46
49
55
61

65
65
68
74
79

84
84
113
128
131

134
134
138
144
154

156
156
162
171
174



Principal component analysis

Diversity index

Diversity index

Clustering

Hierarchical clustering

K-means clustering

Matrix

Matrix (mathematics)

Matrix addition

Matrix multiplication
Transpose

Determinant

Minor (linear algebra)
Adjugate matrix

Invertible matrix
Eigenvalues and eigenvectors

System of linear equations

References

Article Sources and Contributors

Image Sources, Licenses and Contributors

Article Licenses

License

189

205
205

210
210
215

225
225
247
249
263
266
284
287
291
298
316

326
332

335



Summary Statistics

Mean

In mathematics, mean has several different definitions depending on the context.

In probability and statistics, mean and expected value are used synonymously to refer to one measure of the central
tendency either of a probability distribution or of the random variable characterized by that distribution. In the case
of a discrete probability distribution of a random variable X, the mean is equal to the sum over every possible value
weighted by the probability of that value; that is, it is computed by taking the product of each possible value x of X
and its probability P(x), and then adding all these products together, giving p = Z.’EP (3:) M An analogous

formula applies to the case of a continuous probability distribution. Not every probability distribution has a defined
mean; see the Cauchy distribution for an example. Moreover, for some distributions the mean is infinite: for

example, when the probability of the value 2™is %for n=1,23, ...

For a data set, the terms arithmetic mean, mathematical expectation, and sometimes average are used synonymously
to refer to a central value of a discrete set of numbers: specifically, the sum of the values divided by the number of
values. The arithmetic mean of a set of numbers X Xy e X is typically denoted by 7z , pronounced "x bar". If the
data set were based on a series of observations obtained by sampling from a statistical population, the arithmetic

mean is termed the sample mean (denoted 7 ) to distinguish it from the population mean (denoted K or fz ).[2]

For a finite population, the population mean of a property is equal to the arithmetic mean of the given property
while considering every member of the population. For example, the population mean height is equal to the sum of
the heights of every individual divided by the total number of individuals. The sample mean may differ from the
population mean, especially for small samples. The law of large numbers dictates that the larger the size of the

sample, the more likely it is that the sample mean will be close to the population mean."!

Outside of probability and statistics, a wide range of other notions of "mean" are often used in geometry and

analysis; examples are given below.

Types of mean

Pythagorean means

Arithmetic mean (AM)
The arithmetic mean (or simply "mean") of a sample 1,2, ..., Tnis the sum the sampled values divided by the
number of items in the sample:

Ti+ T+t Ty

n
For example, the arithmetic mean of five values: 4, 36, 45, 50, 75 is

4+36+45+50+75 210
5 5

T =

42.
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Mean

The mean may often be confused with the median, mode or range. The

mean is the arithmetic average of a set of values, or distribution; ij

however, for skewed distributions, the mean is not necessarily the 12

same as the middle value (median), or the most likely (mode). For 1.0
example, mean income is skewed upwards by a small number of 08

people with very large incomes, so that the majority have an income 06 5\\\\\“?’””"’
lower than the mean. By contrast, the median income is the level at 2;‘ Sgg g
which half the population is below and half is above. The mode income s

00
. . . . 00 02 04 06 08 10 12 14 16 18 20 22
is the most likely income, and favors the larger number of people with

Comparison of the arithmetic mean, median and

lower incomes. The median or mode are often more intuitive measures S
mode of two skewed (log-normal) distributions.

of such data.

Nevertheless, many skewed distributions are best described by their mean — such as the exponential and Poisson

distributions.

Geometric mean (GM)

The geometric mean is an average that is useful for sets of positive numbers that are interpreted according to their

product and not their sum (as is the case with the arithmetic mean) e.g. rates of growth.

1
T ™
= ||$1;

For example, the geometric mean of five values: 4, 36, 45, 50, 75 is:

(4 x 36 x 45 x 50 x 75)'/* = /24 300 000 = 30.

Harmonic mean (HM)
The harmonic mean is an average which is useful for sets of numbers which are defined in relation to some unit, for
example speed (distance per unit of time).
n 1 -1
== (5:2)
For example, the harmonic mean of the five values: 4, 36, 45, 50, 75 is
3

1 1 1 1 1
4+36+45+5[]+75

5
3

Relationship between AM, GM, and HM
AM, GM, and HM satisfy these inequalities:
AM >GM > HM

Equality holds only when all the elements of the given sample are equal.

Generalized means

Power mean
The generalized mean, also known as the power mean or Holder mean, is an abstraction of the quadratic, arithmetic,

geometric and harmonic means. It is defined for a set of n positive numbers X, by
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Mean

L
IV O B
z(m) = o Zl G

By choosing different values for the parameter m, the following types of means are obtained:

m — 0O maximum

m=2 quadratic mean
m=1 arithmetic mean
m — 0 geometric mean
m=—1 harmonic mean

m — —OO0 minimum

Jf-mean

This can be generalized further as the generalized f-mean
1 n
z=f" (— : Zf(xz-))
"=
and again a suitable choice of an invertible f will give

f (g;) =z arithmetic mean,

harmonic mean,

8|

flz) =
f(z) — ™ power mean,

f (g;) — lng geometric mean.

Weighted arithmetic mean

The weighted arithmetic mean (or weighted average) is used if one wants to combine average values from samples
of the same population with different sample sizes:

Dl Wit T

Z?:l w;

The weights W; represent the sizes of the different samples. In other applications they represent a measure for the

I =

reliability of the influence upon the mean by the respective values.

Truncated mean

Sometimes a set of numbers might contain outliers, i.e., data values which are much lower or much higher than the
others. Often, outliers are erroneous data caused by artifacts. In this case, one can use a truncated mean. It involves
discarding given parts of the data at the top or the bottom end, typically an equal amount at each end, and then taking
the arithmetic mean of the remaining data. The number of values removed is indicated as a percentage of total

number of values.
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Mean

Interquartile mean

The interquartile mean is a specific example of a truncated mean. It is simply the arithmetic mean after removing the

lowest and the highest quarter of values.

9 3n/4
= — Z T,
T i (m/4)+1

assuming the values have been ordered, so is simply a specific example of a weighted mean for a specific set of

weights.

Mean of a function

In calculus, and especially multivariable calculus, the mean of a function is loosely defined as the average value of

the function over its domain. In one variable, the mean of a function f(x) over the interval (a,b) is defined by

F=it [ o) ds

Recall that a defining property of the average value Y of finitely many numbers ¥1,Y2,--.;Ynis that

1Y = Yy1 + Y + - - - + Y, . In other words, ¥ is the constant value which when added to itself n times equals

the result of adding the 7 terms of ¥i. By analogy, a defining property of the average value f of a function over

the interval [g, b] is that

/:j_'dzzjabf(:v)dz

In other words, f is the constant value which when integrated over [a,7 b] equals the result of integrating f (_7:)

over [a,, b] . But by the second fundamental theorem of calculus, the integral of a constant f is just
b
fdz = fa|, = fo— fa=(b—a)f
a
2]
See also the first mean value theorem for integration, which guarantees that if fis continuous then there exists a

point ¢ € (a, b) such that

[ #lz)dz = f(e)(b—a)

The point f(c}is called the mean value of f(z)on [a,d]. So we write f = f(c)and rearrange the preceding

equation to get the above definition.
In several variables, the mean over a relatively compact domain U in a Euclidean space is defined by

fzﬁw)frjf.

This generalizes the arithmetic mean. On the other hand, it is also possible to generalize the geometric mean to

functions by defining the geometric mean of fto be

o (#(U)/Ulog f) .

More generally, in measure theory and probability theory, either sort of mean plays an important role. In this context,
Jensen's inequality places sharp estimates on the relationship between these two different notions of the mean of a

function.

There is also a harmonic average of functions and a quadratic average (or root mean square) of functions.
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Mean

Mean of a probability distribution

See expected value.

Mean of angles

Sometimes the usual calculations of means fail on cyclical quantities such as angles, times of day, and other
situations where modular arithmetic is used. For those quantities it might be appropriate to use a mean of circular

quantities to take account of the modular values, or to adjust the values before calculating the mean.

Fréchet mean

The Fréchet mean gives a manner for determining the "center" of a mass distribution on a surface or, more generally,
Riemannian manifold. Unlike many other means, the Fréchet mean is defined on a space whose elements cannot
necessarily be added together or multiplied by scalars. It is sometimes also known as the Karcher mean (named

after Hermann Karcher).

Other means

* Arithmetic-geometric mean
* Arithmetic-harmonic mean

¢ Cesaro mean

e Chisini mean

¢ Contraharmonic mean

* Distance-weighted estimator
¢ Elementary symmetric mean
* Geometric-harmonic mean

¢ Heinz mean

* Heronian mean

* Identric mean

* Lehmer mean

¢ Logarithmic mean

* Median

* Moving average

* Root mean square

* Rényi's entropy (a generalized f-mean)
* Stolarsky mean

* Weighted geometric mean

* Weighted harmonic mean

Distribution of the population mean

Using the sample mean

The arithmetic mean of a population, or population mean, is denoted u. The sample mean (the arithmetic mean of a
sample of values drawn from the population) makes a good estimator of the population mean, as its expected value is
equal to the population mean (that is, it is an unbiased estimator). The sample mean is a random variable, not a
constant, since its calculated value will randomly differ depending on which members of the population are sampled,
and consequently it will have its own distribution. For a random sample of n observations from a normally

distributed population, the sample mean distribution is normally distributed with mean and variance as follows:
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Mean

2
%N{p,f’_}.
KA

Often, since the population variance is an unknown parameter, it is estimated by the mean sum of squares; when this
estimated value is used, the distribution of the sample mean is no longer a normal distribution but rather a Student's t

distribution with n — 1 degrees of freedom.
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Median

In statistics and probability theory, the median is the numerical value separating the higher half of a data sample, a

population, or a probability distribution, from the lower half. The median of a finite list of numbers can be found by
arranging all the observations from lowest value to highest value and picking the middle one (e.g., the median of {3,
3,5,9, 11} is 5). If there is an even number of observations, then there is no single middle value; the median is then
usually defined to be the mean of the two middle values ( (the median of {3,5,7,9}is (5 +7) /2 = 6), which
corresponds to interpreting the median as the fully trimmed mid-range. The median is of central importance in robust
statistics, as it is the most resistant statistic, having a breakdown point of 50%: so long as no more than half the data
is contaminated, the median will not give an arbitrarily large result. A median is only defined on ordered
one-dimensional data, and is independent of any distance metric. A geometric median, on the other hand, is defined

in any number of dimensions.

In a sample of data, or a finite population, there may be no member of the sample whose value is identical to the
median (in the case of an even sample size); if there is such a member, there may be more than one so that the
median may not uniquely identify a sample member. Nonetheless, the value of the median is uniquely determined
with the usual definition. A related concept, in which the outcome is forced to correspond to a member of the
sample, is the medoid. At most, half the population have values strictly less than the median, and, at most, half have
values strictly greater than the median. If each group contains less than half the population, then some of the
population is exactly equal to the median. For example, if a < b < ¢, then the median of the list {a, b, c} is b, and, if

a < b < ¢ <d, then the median of the list {a, b, ¢, d} is the mean of b and c; i.e., it is (b + ¢)/2.

The median can be used as a measure of location when a distribution is skewed, when end-values are not known, or
when one requires reduced importance to be attached to outliers, e.g., because they may be measurement errors.

In terms of notation, some authors represent the median of a variable x either as g or as £1/2;sometimes also M.

There is no widely accepted standard notation for the median, so the use of these or other symbols for the median

needs to be explicitly defined when they are introduced.
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Median

The median is the 2nd quartile, 5th decile, and 50th percentile.

Measures of location and dispersion

The median is one of a number of ways of summarising the typical values associated with members of a statistical

population; thus, it is a possible location parameter.

When the median is used as a location parameter in descriptive statistics, there are several choices for a measure of
variability: the range, the interquartile range, the mean absolute deviation, and the median absolute deviation. Since

the median is the same as the second quartile, its calculation is illustrated in the article on quartiles.

For practical purposes, different measures of location and dispersion are often compared on the basis of how well the
corresponding population values can be estimated from a sample of data. The median, estimated using the sample
median, has good properties in this regard. While it is not usually optimal if a given population distribution is
assumed, its properties are always reasonably good. For example, a comparison of the efficiency of candidate
estimators shows that the sample mean is more statistically efficient than the sample median when data are
uncontaminated by data from heavy-tailed distributions or from mixtures of distributions, but less efficient
otherwise, and that the efficiency of the sample median is higher than that for a wide range of distributions. More
specifically, the median has a 64% efficiency compared to the minimum-variance mean (for large normal samples),
which is to say the variance of the median will be ~50% greater than the variance of the mean—see Efficiency

(statistics)#Asymptotic efficiency and references therein.

Medians of probability distributions

For any probability distribution on the real line R with cumulative distribution function F, regardless of whether it is
any kind of continuous probability distribution, in particular an absolutely continuous distribution (which has a
probability density function), or a discrete probability distribution, a median is by definition any real number m that

satisfies the inequalities

1
P(Xgm)ziandP(XZm)z

N —

or, equivalently, the inequalities

1 1
f dF(z) > = and f dF(z) > =
(—o0,m] 2 2

[rm,00)
in which a Lebesgue—Stieltjes integral is used. For an absolutely continuous probability distribution with probability

density function f, the median satisfies

m
1
PX<m)=PX >m)= flz)dz = -.
oo 2
Any probability distribution on R has at least one median, but there may be more than one median. Where exactly
one median exists, statisticians speak of "the median" correctly; even when the median is not unique, some

statisticians speak of "the median" informally.
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Medians of particular distributions
The medians of certain types of distributions can be easily calculated from their parameters:
¢ The median of a symmetric distribution with mean p is .

e The median of a normal distribution with mean p and variance 0% is . In fact, for a normal distribution, mean
= median = mode.
¢ The median of a uniform distribution in the interval [a, b] is (a + b) / 2, which is also the mean.
* The median of a Cauchy distribution with location parameter Xy and scale parameter y is Xy the location

parameter.
* The median of an exponential distribution with rate parameter A is the natural logarithm of 2 divided by the rate

parameter: 272

e The median of a Weibull distribution with shape parameter k and scale parameter A is A(In 2)1/k.

Medians in descriptive statistics

The median is used primarily for skewed

distributions,  which it  summarizes 161 d
differently than the arithmetic mean. 14 1 — mode
Consider the multiset { 1, 2, 2, 2, 3, 14 }. 12 _ medlan
The median is 2 in this case, (as is the 4]
2 \ — mean
mode), and it might be seen as a better 1.0
indication of central tendency (less 08
susceptible to the exceptionally large value '
. . . ] \\\\“g,llu,,,” = O . 2 5
in data) than the arithmetic mean of 4. 0.6 Rl ny, iy
S$ E IIII/,,”
Calculation of medians is a popular 041 § E "”irlllm”,,, 1
5 = I, e
technique in summary statistics and 02 1 ss E LT ,@umu(,z,,,,,""““
summarizing statistical data, since it is § E = i
, (I e AN § - R ——
simple to understand and easy to calculate, 00 02 04 06 08 10 12 14 16 18 20 22

while also giving a measure that is more
Comparison of mean, median and mode of two log-normal distributions with

robust in the presence of outlier values than .
different skewness.

is the mean.

Medians for populations

An optimality property
The mean absolute error of a real variable ¢ with respect to the random variable X is
E(|X — <)
Provided that the probability distribution of X is such that the above expectation exists, then m is a median of X if

and only if m is a minimizer of the mean absolute error with respect to X. In particular, m is a sample median if and

only if m minimizes the arithmetic mean of the absolute deviations.

See also k-medians clustering.
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Unimodal distributions
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It can be shown for a unimodal distribution that the median f( and the mean X lie within (3/5)"° ~ 0.7746

standard deviations of each other.”* In symbols,

X -
<y

where |.| is the absolute value.

172

A similar relation holds between the median and the mode: they lie within 37~ = 1.732 standard deviations of each

other:

‘X’ — mode

< 312,
- <

An inequality relating means and medians

If the distribution has finite variance, then the distance between the median and the mean is bounded by one standard

deviation.
This bound was proved by Mallows, who used Jensen's inequality twice, as follows. We have
I —m| = |B(X —m)| <E(|X —m|)
<E(X —ul)
<VE(X - =o.
The first and third inequalities come from Jensen's inequality applied to the absolute-value function and the square

function, which are each convex. The second inequality comes from the fact that a median minimizes the absolute

deviation function
a— E(|X — a).
This proof can easily be generalized to obtain a multivariate version of the inequality, as follows:
lp = m| = [E(X —m)|| < E[X —m]|
< E(|X — ull)
< VE(IX — ul]?) = v/trace(var(X))

where m is a spatial median, that is, a minimizer of the function @ + E(|| X — a||). The spatial median is unique

when the data-set's dimension is two or more. An alternative proof uses the one-sided Chebyshev inequality; it

appears in an inequality on location and scale parameters.

Jensen's inequality for medians

Jensen's inequality states that for any random variable x with a finite expectation E(x) and for any convex function f
f(B(z)) < BE(f(z))

It has been shown that if x is a real variable with a unique median m and fis a C function then
f(m) < Median(f(z))

A C function is a real valued function, defined on the set of real numbers R, with the property that for any real ¢

(=00, t]) = {z € R|f(z) < t}

is a closed interval, a singleton or an empty set.
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Medians for samples

The sample median

Efficient computation of the sample median

Even though comparison-sorting n items requires €(n log n) operations, selection algorithms can compute the
k™M_smallest of n items with only ©(n) operations. This includes the median, which is the $n/2$th order statistic (or

for an odd number of samples, the average of the two middle order statistics).

Easy explanation of the sample median

In individual series (if number of observation is very low) first one must arrange all the observations in ascending

order. Then count(n) is the total number of observation in given data.

If n is odd then Median (M) = value of ((n + 1)/2)th item term.

If n is even then Median (M) = value of [((r)/2)th item term + ((n)/2 + 1)th item term ]/2

For an odd number of values

As an example, we will calculate the sample median for the following set of observations: 1, 5, 2, 8, 7.
Start by sorting the values: 1, 2, 5, 7, 8.

In this case, the median is 5 since it is the middle observation in the ordered list.

The median is the ((rn + 1)/2)th item, where n is the number of values. For example, for the list {1, 2, 5,7, 8}, we
have n =5, so the median is the ((5 + 1)/2)th item.

median = (6/2)th item

median = 3rd item

median =5
For an even number of values
As an example, we will calculate the sample median for the following set of observations: 1, 6, 2, 8, 7, 2.
Start by sorting the values: 1, 2, 2, 6, 7, 8.

In this case, the arithmetic mean of the two middlemost terms is (2 + 6)/2 = 4. Therefore, the median is 4 since it is

the arithmetic mean of the middle observations in the ordered list.
We also use this formula MEDIAN = {(n + 1 )/2}th item . n = number of values

As above example 1, 2, 2, 6, 7, 8 n = 6 Median = {(6 + 1)/2}th item = 3.5th item. In this case, the median is average
of the 3rd number and the next one (the fourth number). The median is (2 + 6)/2 which is 4.

Variance

The distribution of both the sample mean and the sample median were determined by Laplace. The distribution of

the sample median from a population with a density function f (z)is asymptotically normal with mean 1 and

variance

I
dnf(m)?

where mm is the median value of distribution and 72 is the sample size. In practice this may be difficult to estimate

as the density function is usually unknown.

These results have also been extended. It is now known that for the P-th quartile that the distribution of the sample

P -th quartile is distributed normally around the P -th quartile with variance equal to
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p(1-p)
nf(-rp)2

where f(z,)}is the value of the distribution at the P-th quartile.

Estimation of variance from sample data

The value of (2f (;c))_Q—the asymptotic value of 5,3 (v — m)where vis the population median—has been

studied by several authors. The standard 'delete one' jackknife method produces inconsistent results. An
alternative—the 'delete k' method—where k grows with the sample size has been shown to be asymptotically
consistent. This method may be computationally expensive for large data sets. A bootstrap estimate is known to be

consistent, but converges very slowly (order of ,,— 1). Other methods have been proposed but their behavior may

differ between large and small samples.
Efficiency

The efficiency of the sample median, measured as the ratio of the variance of the mean to the variance of the median,
depends on the sample size and on the underlying population distribution. For a sample of size N = 2n -+ 1from
the normal distribution, the ratio is
dn
m(2n + 1)

For large samples (as 7 tends to infinity) this ratio tends to —,
Yis

Other estimators

For univariate distributions that are symmetric about one median, the Hodges—Lehmann estimator is a robust and

highly efficient estimator of the population median.

If data are represented by a statistical model specifying a particular family of probability distributions, then estimates
of the median can be obtained by fitting that family of probability distributions to the data and calculating the
theoretical median of the fitted distribution. !4 needed] parero interpolation is an application of this when the

population is assumed to have a Pareto distribution.

Coefficient of dispersion

The coefficient of dispersion (CD) is defined as the ratio of the average absolute deviation from the median to the
median of the data.m It is a statistical measure used by the states of lowa, New York and South Dakota in estimating

dues taxes. P16 1 symbols

1Y |m — z|
n m
where 7 is the sample size, m is the sample median and x is a variate. The sum is taken over the whole sample.

CD

Confidence intervals for a two sample test where the sample sizes are large have been derived by Bonett and Seier
This test assumes that both samples have the same median but differ in the dispersion around it. The confidence

interval (CI) is bounded inferiorly by

o () (o o))

where tj is the mean absolute deviation of the jth sample, var() is the variance and z, is the value from the normal
distribution for the chosen value of a: for a = 0.05, z,= 1.96. The following formulae are used in the derivation of

these confidence intervals

(e

mn

var|log(t,)
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var[log(t,/t,)] = var[log(t,)] + var[log(ty)] — 2r(var[log(t,)]var[log(t,)])"*
where r is the Pearson correlation coefficient between the squared deviation scores
dia = |Tia — Za| and diy = |z — T

a and b here are constants equal to 1 and 2, x is a variate and s is the standard deviation of the sample.

Multivariate median

Previously, this article discussed the concept of a univariate median for a one-dimensional object (population,
sample). When the dimension is two or higher, there are multiple concepts that extend the definition of the univariate
median; each such multivariate median agrees with the univariate median when the dimension is exactly one. In

higher dimensions, however, there are several multivariate medians.

Marginal median

The marginal median is defined for vectors defined with respect to a fixed set of coordinates. A marginal median is
defined to be the vector whose components are univariate medians. The marginal median is easy to compute, and its

properties were studied by Puri and Sen.”!

Spatial median (L1 median)

In a normed vector space of dimension two or greater, the "spatial median" minimizes the expected distance

a — E([|X — a]),
where X and a are vectors, if this expectation has a finite minimum; another definition is better suited for general
probability-distributions. The spatial median is unique when the data-set's dimension is two or more. It is a robust
and highly efficient estimator of the population spatial-median (also called the "L1 median").Wikipedia:Please

clarify

Other multivariate medians

An alternative to the spatial median is defined in a similar way, but based on a different loss function, and is called
the Geometric median. “"@o" n¢¢ded] The centerpoint is another generalization to higher dimensions that does not

relate to a particular metric.

Other median-related concepts

Pseudo-median

For univariate distributions that are symmetric about one median, the Hodges—Lehmann estimator is a robust and
highly efficient estimator of the population median; for non-symmetric distributions, the Hodges—Lehmann estimator
is a robust and highly efficient estimator of the population pseudo-median, which is the median of a symmetrized
distribution and which is close to the population median, [ciation needed] Hodges—Lehmann estimator has been

generalized to multivariate distributions.
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Variants of regression

The Theil—Sen estimator is a method for robust linear regression based on finding medians of slopes.[amtm" needed]

Median filter

In the context of image processing of monochrome raster images there is a type of noise, known as the salt and
pepper noise, when each pixel independently becomes black (with some small probability) or white (with some small
probability), and is unchanged otherwise (with the probability close to 1). An image constructed of median values of

neighborhoods (like 3x3 square) can effectively reduce noise in this case. </ @/ion needed]

Cluster analysis

In cluster analysis, the k-medians clustering algorithm provides a way of defining clusters, in which the criterion of
maximising the distance between cluster-means that is used in k-means clustering, is replaced by maximising the

distance between cluster-medians.

Median-Median Line

This is a method of robust regression. The idea dates back to Wald in 1940 who suggested dividing a set of bivariate
data into two halves depending on the value of the independent parameter x : a left half with values less than the
median and a right half with values greater than the median. He suggested taking the means of the dependent Y and
independent z variables of the left and the right halves and estimating the slope of the line joining these two points.

The line could then be adjusted to fit the majority of the points in the data set.

Nair and Shrivastava in 1942 suggested a similar idea but instead advocated dividing the sample into three equal
parts before calculating the means of the subsamples. Brown and Mood in 1951 proposed the idea of using the
medians of two subsamples rather the means. Tukey combined these ideas and recommended dividing the sample

into three equal size subsamples and estimating the line based on the medians of the subsamples.

Median-unbiased estimators

Any mean-unbiased estimator minimizes the risk (expected loss) with respect to the squared-error loss function, as
observed by Gauss. A median-unbiased estimator minimizes the risk with respect to the absolute-deviation loss

function, as observed by Laplace. Other loss functions are used in statistical theory, particularly in robust statistics.
The theory of median-unbiased estimators was revived by George W. Brown 813 1947

An estimate of a one-dimensional parameter 6 will be said to be median-unbiased if, for fixed 0, the
median of the distribution of the estimate is at the value 6; i.e., the estimate underestimates just as often
as it overestimates. This requirement seems for most purposes to accomplish as much as the
mean-unbiased requirement and has the additional property that it is invariant under one-to-one

transformation. [page 584]

Further properties of median-unbiased estimators have been reported. In particular, median-unbiased estimators exist
in cases where mean-unbiased and maximum-likelihood estimators do not exist. Median-unbiased estimators are

invariant under one-to-one transformations.
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History

The idea of the median originated!“@o" n¢eded] 3 Eqward Wright's book on navigation (Certaine Errors in
Navigation) in 1599 in a section concerning the determination of location with a compass. Wright felt that this value

was the most likely to be the correct value in a series of observations.

In 1757, Roger Joseph Boscovich developed a regression method based on the L1 norm and therefore implicitly on

the median.

The distribution of both the sample mean and the sample median were determined by Laplace in the early 1800s.!

Antoine Augustin Cournot in 1843 was the fipstlciiation needed]

to use the term median (valeur médiane) for the value
that divides a probability distribution into two equal halves. Gustav Theodor Fechner used the median
(Centralwerth) in sociological and psychological phenomena.[m] It had earlier been used only in astronomy and
related fields. Gustav Fechner popularized the median into the formal analysis of data, although it had been used

previously by Laplace.

Francis Galton used the English term median in 1881,[“] having earlier used the terms middle-most value in 1869
. . [citation needed]
and the medium in 1880.
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This article incorporates material from Median of a distribution on PlanetMath, which is licensed under the

Creative Commons Attribution/Share-Alike License.

Mode (statistics)

The mode is the value that appears most often in a set of data. The mode of a discrete probability distribution is the
value x at which its probability mass function takes its maximum value. In other words, it is the value that is most
likely to be sampled. The mode of a continuous probability distribution is the value x at which its probability density

function has its maximum value, so, informally speaking, the mode is at the peak.

Like the statistical mean and median, the mode is a way of expressing, in a single number, important information
about a random variable or a population. The numerical value of the mode is the same as that of the mean and

median in a normal distribution, and it may be very different in highly skewed distributions.

The mode is not necessarily unique, since the probability mass function or probability density function may take the
same maximum value at several points X X, etc. The most extreme case occurs in uniform distributions, where all

values occur equally frequently.

The above definition tells us that only global maxima are modes. Slightly confusingly, when a probability density
function has multiple local maxima it is common to refer to all of the local maxima as modes of the distribution.

Such a continuous distribution is called multimodal (as opposed to unimodal).

In symmetric unimodal distributions, such as the normal (or Gaussian) distribution (the distribution whose density
function, when graphed, gives the famous "bell curve"), the mean (if defined), median and mode all coincide. For
samples, if it is known that they are drawn from a symmetric distribution, the sample mean can be used as an

estimate of the population mode.

Mode of a sample

The mode of a sample is the element that occurs most often in the collection. For example, the mode of the sample
[1,3,6,6,6,6,7,7,12,12, 17] is 6. Given the list of data [1, 1, 2, 4, 4] the mode is not unique - the dataset may be
said to be bimodal, while a set with more than two modes may be described as multimodal.

For a sample from a continuous distribution, such as [0.935..., 1.211..., 2.430..., 3.668..., 3.874...], the concept is
unusable in its raw form, since no two values will be exactly the same, so each value will occur precisely once. In
order to estimate the mode, the usual practice is to discretize the data by assigning frequency values to intervals of
equal distance, as for making a histogram, effectively replacing the values by the midpoints of the intervals they are
assigned to. The mode is then the value where the histogram reaches its peak. For small or middle-sized samples the
outcome of this procedure is sensitive to the choice of interval width if chosen too narrow or too wide; typically one
should have a sizable fraction of the data concentrated in a relatively small number of intervals (5 to 10), while the
fraction of the data falling outside these intervals is also sizable. An alternate approach is kernel density estimation,
which essentially blurs point samples to produce a continuous estimate of the probability density function which can

provide an estimate of the mode.

The following MATLAB (or Octave) code example computes the mode of a sample:

X = sort (x);
indices = find(diff ([X; realmax]) > 0); % indices where repeated
values change

[model,i] = max (diff([0; indices]));

oo

longest persistence length
of repeated values

mode = X (indices (i));
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The algorithm requires as a first step to sort the sample in ascending order. It then computes the discrete derivative of
the sorted list, and finds the indices where this derivative is positive. Next it computes the discrete derivative of this
set of indices, locating the maximum of this derivative of indices, and finally evaluates the sorted sample at the point

where that maximum occurs, which corresponds to the last member of the stretch of repeated values.

Comparison of mean, median and mode

Comparison of common averages of values { 1, 2,2,3,4,7,9 }

Type Description Example Result

n

Arithmetic mean | Sum of values of a data set divided by number of values: z=% > | @i | (142+2+3+447+9) /7| 4

n

Median Middle value separating the greater and lesser halves of a data set 1,2,2,3,4,7,9 3

Mode Most frequent value in a data set 1,2,2,3,4,7,9 2

Use

Unlike mean and median, the concept of mode also makes sense for "nominal data" (i.e., not consisting of numerical
values in the case of mean, or even of ordered values in the case of median). For example, taking a sample of Korean
family names, one might find that "Kim" occurs more often than any other name. Then "Kim" would be the mode of
the sample. In any voting system where a plurality determines victory, a single modal value determines the victor,

while a multi-modal outcome would require some tie-breaking procedure to take place.

Unlike median, the concept of mean makes sense for any random variable assuming values from a vector space,
including the real numbers (a one-dimensional vector space) and the integers (which can be considered embedded in
the reals). For example, a distribution of points in the plane will typically have a mean and a mode, but the concept
of median does not apply. The median makes sense when there is a linear order on the possible values.

Generalizations of the concept of median to higher-dimensional spaces are the geometric median and the centerpoint.

Uniqueness and definedness
For the remainder, the assumption is that we have (a sample of) a real-valued random variable.

For some probability distributions, the expected value may be infinite or undefined, but if defined, it is unique. The
mean of a (finite) sample is always defined. The median is the value such that the fractions not exceeding it and not
falling below it are both at least 1/2. It is not necessarily unique, but never infinite or totally undefined. For a data
sample it is the "halfway" value when the list of values is ordered in increasing value, where usually for a list of even
length the numerical average is taken of the two values closest to "halfway". Finally, as said before, the mode is not
necessarily unique. Certain pathological distributions (for example, the Cantor distribution) have no defined mode at

all [citation needed] gy finite data sample, the mode is one (or more) of the values in the sample.

Properties
Assuming definedness, and for simplicity uniqueness, the following are some of the most interesting properties.

* All three measures have the following property: If the random variable (or each value from the sample) is
subjected to the linear or affine transformation which replaces X by aX+b, so are the mean, median and mode.

* However, if there is an arbitrary monotonic transformation, only the median follows; for example, if X is replaced
by exp(X), the median changes from m to exp(m) but the mean and mode won't,[c7afion needed]

» Except for extremely small samples, the mode is insensitive to "outliers" (such as occasional, rare, false
experimental readings). The median is also very robust in the presence of outliers, while the mean is rather

sensitive.
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¢ In continuous unimodal distributions the median lies, as a rule of thumb, between the mean and the mode, about
one third of the way going from mean to mode. In a formula, median ~ (2 x mean + mode)/3. This rule, due to
Karl Pearson, often applies to slightly non-symmetric distributions that resemble a normal distribution, but it is
not always true and in general the three statistics can appear in any order.

¢ For unimodal distributions, the mode is within \/g standard deviations of the mean, and the root mean square

deviation about the mode is between the standard deviation and twice the standard deviation.

Example for a skewed distribution

An example of a skewed distribution is personal wealth: Few people are very rich, but among those some are

extremely rich. However, many are rather poor.

A well-known class of distributions that can

be arbitrarily skewed is given by the 1.6 1 d
log-normal distribution. It is obtained by 14 1 — mode
transforming a random variable X having a 1 e med lan
normal distribution into random variable Y = 4
X , . — Mmean
e”. Then the logarithm of random variable Y 1.0
is normally distributed, hence the name. 08
Taking the mean p of X to be 0, the median 06 | SN, — O 2 5
of Y will be 1, independent of the standard $$ E
deviation o of X. This is so because X has a 041 § = m‘ir//,,,,””
s = 1 —
symmetric distribution, so its median is also 0215 g Wttty "W"Mlug; ' 1
. 5 = < 1
0. The transformation from X to Y is § E £ Attt
. . .0 00—t 18~ 0
find th =1
monofonic, and so we find the median ¢ 00 02 04 06 08 10 12 14 16 18 20 22

for Y.

Comparison of mean, median and mode of two log-normal distributions with
When X has standard deviation o = 0.25, the different skewness.

distribution of Y is weakly skewed. Using
formulas for the log-normal distribution, we find:

2 2
mean = eMto /2 — H0.255/2 1032
2 2
mode = et 7 = 0025 ~ 0.939
median = e* =&Y -1

Indeed, the median is about one third on the way from mean to mode.

When X has a larger standard deviation, o = 1, the distribution of Y is strongly skewed. Now

2 2
mean = ebto /2 — MH1%/2 1 649
2 2
mode = et° === ~ 0.368
median = e* =gl =1

Here, Pearson's rule of thumb fails.
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van Zwet condition

Van Zwet derived an inequality which provides sufficient conditions for this inequality to hold.!" The inequality
Mode < Median < Mean

holds if
F( Median - x ) + F( Median +x ) > 1

for all x where F() is the cumulative distribution function of the distribution.

Unimodal distributions

The difference between the mean and the mode in a unimodal continuous distribution is bounded by the standard

deviation multiplied by the square root of 3.2 symbols

= d
|mean — mode| <3

standard deviation —
where |l is the absolute value. Incidentally this formula is also the Pearson mode or first skewness coefficient,.

The difference between the mode and the median has the same bound. In symbols

dian — d
|median — mode| S\/§

standard deviation

Confidence interval for the mode with a single data point

It is a common but false belief that from a single observation x we can not gain information about the variability in
the population and that consequently that finite length confidence intervals for mean and/or variance are impossible
even in principle.

It is possible for an unknown unimodal distribution to estimate a confidence interval for the mode with a sample size
of 1. This was first shown by Abbot and Rosenblatt and extended by Blachman and Machol. This confidence interval
can be sharpened if the distribution can be assumed to be symmetrical. It is further possible to sharpen this interval if

the distribution is normally distributed.

Let the confidence interval be 1 - a. Then the confidence intervals for the general, symmetric and normally

distributed variates respectively are
2
X+ (21X -9
o

1
X+(——-1)|X -6
(S -1IX 0

0.484
X+ (- 1)|X -6
8%

where X is the variate, 0 is the mode and |l is the absolute value.

These estimates are conservative. The confidence intervals for the mode at the 90% level given by these estimators
are X+ 191X-01,X£91X-601and X +5.841X - 01| for the general, symmetric and normally distributed variates
respectively. The 95% confidence interval for a normally distributed variate is given by X + 10.7 | X - 6 |. It may be

worth noting that the mean and the mode coincide if the variates are normally distributed.

The 95% bound for a normally distributed variate has been improved and is now known to be X £ 9.68 | X - 6 | The
bound for a 99% confidence interval is X +48.39 | X - 0’

Note

Machol has shown that that given a known density symmetrical about O that given a single sample value (x) that the

90% confidence intervals of population mean are!™!
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z £ 5|z — v
where v is the population median.
If the precise form of the distribution is not known but it is known to be symmetrical about zero then we have
1

P(X —klX —a|l<u<X+EklX- >1 - —
(X KX —al Sp< X +HX —a) 21—

where X is the variate, u is the population mean and a and k are arbitrary real numbers.

It is also possible to estimate a confidence interval for the standard deviation from a single observation if the
distribution is symmetrical about 0. For a normal distribution the with an unknown variance and a single data point
(X) the 90%, 95% and 99% confidence intervals for the standard deviation are [ 0, 8IXI ], [ 0, 171Xl ] and [ O, 70IXI ].
These intervals may be shorted if the mean is known to be bounded by a multiple of the standard deviation.

If the distribution is known to be normal then it is possible to estimate a confidence interval for both the mean and

variance from a simple value. The 90% confidence intervals are
X —233|X| < p< X +233X]|
o < 10|X]|

The confidence intervals can be estimated for any chosen range.

This method is not limited to the normal distribution but can be used with any known distribution.

Statistical tests

These estimators have been used to create hypothesis tests for simple samples from normal or symmetrical unimodal
distributions. Let the distribution have an assumed mean ( ¢ 0 ). The null hypothesis is that the assumed mean of the

distribution lies within the confidence interval of the sample mean ( m ). The null hypothesis is accepted if

r+m

o < + k|z — m|

where x is the value of the sample and k& is a constant. The null hypothesis is rejected if

r+m

2

The value of k depends on the choice of confidence interval and the nature of the assumed distribution.

Ho > + k|z — m|

If the distribution is assumed or is known to be normal then the values of k for the 50%, 66.6%, 75%, 80%, 90%,
95% and 99% confidence intervals are 0.50, 1.26, 1.80, 2.31, 4.79, 9.66 and 48.39 respectively.

If the distribution is assumed or known to be unimodal and symmetrical but not normal then the values of k for the
50%, 66.6%, 75%, 80%, 90%, 95% and 99% confidence intervals are 0.50, 1.87, 2.91, 3.94, 8.97, 18.99, 99.00
respectively.

To see how this test works we assume or know a priori that the population from which the sample is drawn has a
mean of “, and that the population has a symmetrical unimodal distribution - a class that includes the normal
distribution. We wish to know if the mean estimated from the sample is representative of the population at a pre
chosen level of confidence.

Assume that the distribution is normal and let the confidence interval be 95%. Then k = 9.66.

Assuming that the sample is representative of the population, the sample mean ( m ) will then lie within the range

determined from the formula:

T+ m

Mo < =+ 9.66|z — m)|

If subsequent sampling shows that the sample mean lies outside these parameters the sample mean is to be

considered to differ significantly from the population mean.
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History

The term mode originates with Karl Pearson in 1895 “
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* Weisstein, Eric W., " Mode (http://mathworld.wolfram.com/Mode.html)", MathWorld.

* Mean, Median and Mode short beginner video from Khan Academy (http://www.khanacademy.org/math/

statistics/v/mean-median-and-mode)

Variance

In probability theory and statistics, variance measures how far a set of numbers is spread out. (A variance of zero
indicates that all the values are identical.) A non-zero variance is always positive: A small variance indicates that the
data points tend to be very close to the mean (expected value) and hence to each other, while a high variance
indicates that the data points are very spread out from the mean and from each other.

The square root of variance is called the standard deviation.

The variance is one of several descriptors of a probability distribution. In particular, the variance is one of the
moments of a distribution. In that context, it forms part of a systematic approach to distinguishing between
probability distributions. While other such approaches have been developed, those based on moments are
advantageous in terms of mathematical and computational simplicity.

The variance is a parameter that describes, in part, either the actual probability distribution of an observed population
of numbers, or the theoretical probability distribution of a sample (a not-fully-observed population) of numbers. In
the latter case, a sample of data from such a distribution can be used to construct an estimate of its variance: in the

simplest cases this estimate can be the sample variance.

Definition
The variance of a random variable X is its second central moment, the expected value of the squared deviation from
the mean u = E[X]:
Var(X) =E [(X — p)?].
This definition encompasses random variables that are discrete, continuous, neither, or mixed. The variance can also

be thought of as the covariance of a random variable with itself:

Var(X) = Cov(X, X).
The variance is also equivalent to the second cumulant of the probability distribution for X. The variance is typically

designated as Var(X), %, or simply o’ (pronounced "sigma squared"). The expression for the variance can be
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expanded:

Var(X)

[X? — 2XE[X] + (E[X])?]
[X?] - 2E[X]E[X] + (E[X])?
= E[X*] - (B[X])®

A mnemonic for the above expression is "mean of square minus square of mean".

E
E

Continuous random variable

If the random variable X is continuous with probability density function f{(x), then the variance is given by

Var(X) = o® = /(z —p)? flz)dz = /$2 flz)dr — p?
where K is the expected value,

p= / z f(z) dz
and where the integrals are definite integrals taken for x ranging over the range of X.

If a continuous distribution does not have an expected value, as is the case for the Cauchy distribution, it does not
have a variance either. Many other distributions for which the expected value does exist also do not have a finite
variance because the integral in the variance definition diverges. An example is a Pareto distribution whose index k

satisfies 1 < k < 2.

Discrete random variable

If the random variable X is discrete with probability mass function X\ PP X, D, then

Var(X) = pi- (@i — )’ = (pi-2l) —
i=1 i=1
where U is the expected value, i.e.
p=>pi .
i=1

(When such a discrete weighted variance is specified by weights whose sum is not 1, then one divides by the sum of

the weights.)

The variance of a set of n equally likely values can be written as

Var(X) = %Z(.’EZ — ).

The variance of a set of n equally likely values can be equivalently expressed, without directly referring to the mean,

in terms of squared deviations of all points from each other:

Var(X) = % ZZ %(561 = .'cj)2.

i=1 j=1
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Examples

Normal distribution

The normal distribution with parameters @ and ¢ is a continuous distribution whose probability density function is
given by:

1 o)

f(z) = —— ¢ 252
It has mean p and variance equal to:
o0
(z —p)? _ew? 2
Var(X)} = ———e 2?2 dzr=o0".
(%) ﬁoo V2ro?

The role of the normal distribution in the central limit theorem is in part responsible for the prevalence of the

variance in probability and statistics.

Exponential distribution

The exponential distribution with parameter A is a continuous distribution whose support is the semi-infinite interval

[0,00). Its probability density function is given by:
flz) = de ™™,

and it has expected value u = 2"!. The variance is equal to:

Var(X) = f (z — A2 Ae™Mdz = 272
0

So for an exponentially distributed random variable o= uz.

Poisson distribution

The Poisson distribution with parameter A is a discrete distribution for k = 0, 1, 2, ... Its probability mass function is

given by:
p(k) = Fe ’
and it has expected value p = A. The variance is equal to:
—A 2
Var(X) = Pk (k—X)* =X,
k=0

So for a Poisson-distributed random variable o> = W.

Binomial distribution

The binomial distribution with parameters n and p is a discrete distribution for k = 0, 1, 2, ..., n. Its probability mass
function is given by:

p(k) = (Z)p'“(l -,

and it has expected value u = np. The variance is equal to:

T

Var(X) =} (Z)Pk(l —p)" *(k — np)® = np(1 — p),

k=0
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Coin toss
The binomial distribution with p = (.5describes the probability of getting k heads in 7 tosses. Thus the

T n
expected value of the number of heads is 5, and the variance is Z

Fair die
A six-sided fair die can be modelled with a discrete random variable with outcomes 1 through 6, each with equal

probability %. The expected value is (1 +2 + 3 + 4 + 5 + 6)/6 = 3.5. Therefore the variance can be computed to be:

((—2.5)*+(—1.5)*+(—0.5)*+0.5"+1.5"+2.5%)

[or] Lol

6 6
Y §6-357=1) (:-35)}°=
=il

i=1 %

1 _ 35 ~
= 1.17.50 = 35 ~ 2.92.

The general formula for the variance of the outcome X of a die of n sides is:

2
1 — 1 —
2:EX2—EX 2:_ 2 = .
o (X*) - (E(X)) n;% H;Z
= %(n—k (2n+1) — i(n-i— 1)2
_n2—1
12

Properties

Basic properties
Variance is non-negative because the squares are positive or zero.
Var(X) > 0.
The variance of a constant random variable is zero, and if the variance of a variable in a data set is O, then all the

entries have the same value.
P(X =a)=1<% Var(X) =0.
Variance is invariant with respect to changes in a location parameter. That is, if a constant is added to all values of

the variable, the variance is unchanged.
Var(X + a) = Var(X).
If all values are scaled by a constant, the variance is scaled by the square of that constant.
Var(aX) = a?Var(X).
The variance of a sum of two random variables is given by:
Var(aX + bY) = o®Var(X) + b*Var(Y) + 2ab Cov(X,Y),
Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y),

where Cov(., .) is the covariance. In general we have for the sum of }\ random variables { X1,...,X N} :

N N N
Var [} X;| = Cov(X;, X;) =) Var(X;)+ Y Cov(X;, X;).
i=1 i=1 i#j

i,5=1
These results lead to the variance of a linear combination as:
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N N
Var Z az-Xi = Z aiajCov(Xi, XJ)
i=1 ij=1
N
= Z a?Var(X;) + Z a;a;Cov(X;, X;)
i=1 iti
N
= Z aZVar(X;) + 2 Z a;a;Cov(X;, X;).
i=1 1<i<j<N
If the random variables X7, . . ., Xy are such that

COV(Xian) =0 3 v (7’ 7é J):
they are said to be uncorrelated. It follows immediately from the expression given earlier that if the random variables
X1, ..., Xyare uncorrelated, then the variance of their sum is equal to the sum of their variances, or, expressed

symbolically:

N N
Var Z X, = Z Var(X;).
i=1 i=1

Since independent random variables are always uncorrelated, the equation above holds in particular when the

random variables X7, ..., X, are independent. Thus independence is sufficient but not necessary for the variance

of the sum to equal the sum of the variances.

Sum of uncorrelated variables (Bienaymé formula)

One reason for the use of the variance in preference to other measures of dispersion is that the variance of the sum

(or the difference) of uncorrelated random variables is the sum of their variances:

Var ( i Xi) = i Var(X,).

This statement is called the Bienaymé formulal!

I and was discovered in 18531/ ation needed] 4o oten made with the
stronger condition that the variables are independent, but uncorrelatedness suffices. So if all the variables have the
same variance 02, then, since division by #n is a linear transformation, this formula immediately implies that the

variance of their mean is
1O 1« a?
Var (E =Var | - E Xl == E Var (X;) = —.
n < n° < [
=1 z=1
That is, the variance of the mean decreases when 7 increases. This formula for the variance of the mean is used in the

definition of the standard error of the sample mean, which is used in the central limit theorem.
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Product of independent variables

If two variables X and Y are independent, the variance of their product is given by[z]m

Var(XY) = [E(X)]*Var(Y) + [E(Y)]*Var(X) + Var(X)Var(Y)
= E(X*)E(Y?) - [E(X)P[EY)]"

Sum of correlated variables

In general, if the variables are correlated, then the variance of their sum is the sum of their covariances:

Var i}x = ii Cov(X;, X;) = anVar(Xi)—l—Q Y ) Cov(X,, X;).

i=1 j=1 1<i <j<n

(Note: The second equality comes from the fact that Cov(Xl_,Xi) = Var(Xl,).)

Here Cov is the covariance, which is zero for independent random variables (if it exists). The formula states that the
variance of a sum is equal to the sum of all elements in the covariance matrix of the components. This formula is

used in the theory of Cronbach's alpha in classical test theory.

So if the variables have equal variance o” and the average correlation of distinct variables is ¢, then the variance of
their mean is
2
— o n—1 ,

Var(X) = o + poe.

This implies that the variance of the mean increases with the average of the correlations. Moreover, if the variables

have unit variance, for example if they are standardized, then this simplifies to

. 1 -1
Var(X):——I—n
n

n P

This formula is used in the Spearman—Brown prediction formula of classical test theory. This converges to ¢ if n
goes to infinity, provided that the average correlation remains constant or converges too. So for the variance of the
mean of standardized variables with equal correlations or converging average correlation we have

lim Var(X) = p.

n—00

Therefore, the variance of the mean of a large number of standardized variables is approximately equal to their
average correlation. This makes clear that the sample mean of correlated variables does generally not converge to the
population mean, even though the Law of large numbers states that the sample mean will converge for independent

variables.

Weighted sum of variables
The scaling property and the Bienaymé formula, along with this property from the covariance page: Cov(aX, bY) =
ab Cov(X, Y) jointly imply that
Var(aX + bY) = a®Var(X) 4 v*Var(Y) + 2ab Cov(X,Y).
This implies that in a weighted sum of variables, the variable with the largest weight will have a disproportionally

large weight in the variance of the total. For example, if X and Y are uncorrelated and the weight of X is two times

the weight of Y, then the weight of the variance of X will be four times the weight of the variance of Y.

The expression above can be extended to a weighted sum of multiple variables:

k()

Var iaiXi = ZafVa.r(Xz) + 22 Z aiajCOV(Xia XJ)

i=1 1<i <j<n
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Decomposition

The general formula for variance decomposition or the law of total variance is: If X and Y are two random

variables, and the variance of X exists, then
Var(X) = Var(E(X|Y)) + E(Var(X |Y)).
Here, E(X|Y')is the conditional expectation of X given Y, and Var(X |Y")is the conditional variance of X

given Y . (A more intuitive explanation is that given a particular value of Y, then X follows a distribution with
mean E(X|Y)and variance Var(X|V"). The above formula tells how to find Var(X)based on the

distributions of these two quantities when Y7is allowed to vary.) This formula is often applied in analysis of

variance, where the corresponding formula is

MStota.l - MSbetween + MSwithin;

here AfS refers to the Mean of the Squares. It is also used in linear regression analysis, where the corresponding

formula is

MStota.l - MSregression + MSreSidual .

This can also be derived from the additivity of variances, since the total (observed) score is the sum of the predicted

score and the error score, where the latter two are uncorrelated.

Similar decompositions are possible for the sum of squared deviations (sum of squares, S5 ):
S8total = SSbetween + S within,
55 otal = S5 regression T 99 residual -

Formulae for the variance
A formula often used for deriving the variance of a theoretical distribution is as follows:
Var(X) = E(X?) — (E(X))%
This will be useful when it is possible to derive formulae for the expected value and for the expected value of the

square.

This formula is also sometimes used in connection with the sample variance. While useful for hand calculations, it is
not advised for computer calculations as it suffers from catastrophic cancellation if the two components of the
equation are similar in magnitude and floating point arithmetic is used. This is discussed in the article Algorithms for

calculating variance.

Calculation from the CDF

The population variance for a non-negative random variable can be expressed in terms of the cumulative distribution

function F using

00 00 2
2/ uH(u)du—(/ H(u)du).
0 0
where H(u) = 1 — F(u) is the right tail function. This expression can be used to calculate the variance in situations

where the CDF, but not the density, can be conveniently expressed.
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Characteristic property

The second moment of a random variable attains the minimum value when taken around the first moment (i.e.,

mean) of the random variable, i.e. argminm E((X — m)2) = E(X) Conversely, if a continuous function ¢
satisfies argmin, E(cp(X — m)) = E(X )for all random variables X, then it is necessarily of the form

(P(I) = ax? + b, where a > 0. This also holds in the multidimensional case.

Matrix notation for the variance of a linear combination

Let's define X as a column vector of n random variables X7, ..., X, , and ¢ as a column vector of N scalars
C1, -+, Cn. Therefore T X is a linear combination of these random variables, where T denotes the transpose of
vector ¢ . Let also be Y)the variance-covariance matrix of the vector X. The variance of »I" X is given by:

Var(cTX) ="' Ye.

Units of measurement

Unlike expected absolute deviation, the variance of a variable has units that are the square of the units of the variable
itself. For example, a variable measured in inches will have a variance measured in square inches. For this reason,
describing data sets via their standard deviation or root mean square deviation is often preferred over using the
variance. In the dice example the standard deviation is \2.9=%1.7, slightly larger than the expected absolute

deviation of 1.5.

The standard deviation and the expected absolute deviation can both be used as an indicator of the "spread" of a
distribution. The standard deviation is more amenable to algebraic manipulation than the expected absolute
deviation, and, together with variance and its generalization covariance, is used frequently in theoretical statistics;
however the expected absolute deviation tends to be more robust as it is less sensitive to outliers arising from

measurement anomalies or an unduly heavy-tailed distribution.

Approximating the variance of a function

The delta method uses second-order Taylor expansions to approximate the variance of a function of one or more
random variables: see Taylor expansions for the moments of functions of random variables. For example, the

approximate variance of a function of one variable is given by

Var [f(X)] % (f'(E[X]))" Var [X]

provided that fis twice differentiable and that the mean and variance of X are finite.

Population variance and sample variance

Real-world distributions such as the distribution of yesterday's rain throughout the day are typically not fully known,
unlike the behavior of perfect dice or an ideal distribution such as the normal distribution, because it is impractical to
account for every raindrop. Instead one estimates the mean and variance of the whole distribution as the computed
mean and variance of a sample of n observations drawn suitably randomly from the whole sample space, in this

example the set of all measurements of yesterday's rainfall in all available rain gauges.

This method of estimation is close to optimal, with the caveat that it underestimates the variance by a factor of
(n—1) / n. (For example, when n =1 the variance of a single observation is obviously zero regardless of the true

variance). This gives a bias which should be corrected for when # is small by multiplying by n / (n — 1). If the mean
is determined in some other way than from the same samples used to estimate the variance then this bias does not

arise and the variance can safely be estimated as that of the samples.
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Population variance

In general, the population variance of a finite population of size N with values X, is given by

Jini(.’L‘-— )2: limz 2
Ni=1 ' a Ni=l ’ #
where
1 N
H—N;xi

is the population mean. The population variance therefore is the variance of the underlying probability distribution.

In this sense, the concept of population can be extended to continuous random variables with infinite populations.

Sample variance

In many practical situations, the true variance of a population is not known a priori and must be computed somehow.
When dealing with extremely large populations, it is not possible to count every object in the population, so the
computation must be performed on a sample of the population.w Sample variance can also be applied to the

estimation of the variance of a continuous distribution from a sample of that distribution.

We take a sample with replacement of n values Yy Yy from the population, where n < N, and estimate the variance

on the basis of this sample.[sl Directly taking the variance of the sample gives:

oy==> (-9’
=i

Here, % denotes the sample mean:

n
Since the y, are selected randomly, both yand o2 are random variables. Their expected values can be evaluated by

summing over the ensemble of all possible samples { yl,} from the population. For &2 this gives:

= - 2
Bl =E |23 (5=
j=1

i=1
DI it DI TR D DD B
=1 7j=1 i=1 k=1
1A [n—2 9 1 & 1 &
== El - =) Elyyl + = > Y Elywl + = > El)
=1 L J#t 7=1 k#j Jj=1
“nd|m (0" +p7) = —(n = D" + —n(n — D" + (" + )
~1
:n—oj.
mn

Hence o2 gives an estimate of the population variance that is biased by a factor of (n-1)/n. For this reason, o2 is

referred to as the biased sample variance. Correcting for this bias yields the unbiased sample variance:

1 n
2 _ e

Either estimator may be simply referred to as the sample variance when the version can be determined by context.

The same proof is also applicable for samples taken from a continuous probability distribution.
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The use of the term n — 1 is called Bessel's correction, and it is also used in sample covariance and the sample
standard deviation (the square root of variance). The square root is a concave function and thus introduces negative
bias (by Jensen's inequality), which depends on the distribution, and thus the corrected sample standard deviation
(using Bessel's correction) is biased. The unbiased estimation of standard deviation is a technically involved

problem, though for the normal distribution using the term n — 1.5 yields an almost unbiased estimator.

The unbiased sample variance is a U-statistic for the function f(yl, yz) = (y1 - y2)2/2, meaning that it is obtained by
averaging a 2-sample statistic over 2-element subsets of the population.

Distribution of the sample variance

1.0
2O WN =2
o

< < < < <
L1 T

0.6

f(x)

0.0
1

1.0

F(x)

04

0.2

S2OOWN =
o

< < < <<

0.0
1

o
-
N
w
£
o -

Distribution and cumulative distribution of s2/02, for various values of v = n — 1, when the y, are independent
normally distributed.

Being a function of random variables, the sample variance is itself a random variable, and it is natural to study its
distribution. In the case that y, are independent observations from a normal distribution, Cochran's theorem shows
that s> follows a scaled chi-squared distribution:(®!
2
S
2
(n— 1); ~ Xn—1-

As a direct consequence, it follows that

2

a
B =B (2 i) =

andm

2 4
o 2 20

4
Vol 2] — Y vy 2
ar[s ] = ar (n _ 1Xn—1) = (n _ 1)2 ar (Xﬂ,—l) = n — 1

If the y,are independent and identically distributed, but not necessarily normally distributed, then

(8]
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2 1 -3
E[s’] =02 Var[s’] =o* ( + E) (,u4 _z a4> ,

n—1 n n n—1
where k is the excess kurtosis of the distribution and u 4 is the fourth moment about the mean.

If the conditions of the law of large numbers hold for the squared observations, s2 1S a consistent estimator
of o leitation needed] e can see indeed that the variance of the estimator tends asymptotically to zero.

Samuelson's inequality

Samuelson's inequality is a result that states bounds on the values that individual observations in a sample can take,

given that the sample mean and (biased) variance have been calculated.”” Values must lie within the limits

gt oy(n— 1)12,

Relations with the harmonic and arithmetic means
It has been shown"'"! that for a sample { yl_} of real numbers,
2
0, < 2Ymax(A — H),
where Y nax is the maximum of the sample, A is the arithmetic mean, H is the harmonic mean of the sample and o‘i is

the (biased) variance of the sample.
This bound has been improved on, and it is known that variance is bounded by

ymaX(A B H) (ymax - A)

2
<L
Uy B Ymax — H ’
0_5 2 ymin(A — H)(A - ymin)’
H — Ymin

where Yoin is the minimum of the sample.[1 1

Generalizations
If X is a vector-valued random variable, with values in []R™, and thought of as a column vector, then the natural
generalization of variance is E((X — #) (X — M)T)’ where p = E(X )and X Tis the transpose of X , and

so is a row vector. This variance is a positive semi-definite square matrix, commonly referred to as the covariance

matrix.
If X is a complex-valued random variable, with values in C , then its variance is E{(X — p)(X — ,u)T),

where X't is the conjugate transpose of X . This variance is also a positive semi-definite square matrix.

Tests of equality of variances

Testing for the equality of two or more variances is difficult. The F test and chi square tests are both adversely

affected by non-normality and are not recommended for this purpose.

Several non parametric tests have been proposed: these include the Barton-David-Ansari-Fruend-Siegel-Tukey test,
the Capon test, Mood test, the Klotz test and the Sukhatme test. The Sukhatme test applies to two variances and
requires that both medians be known and equal to zero. The Mood, Klotz, Capon and
Barton-David-Ansari-Fruend-Siegel-Tukey tests also apply to two variances. They allow the median to be unknown

but do require that the two medians are equal.

The Lehman test is a parametric test of two variances. Of this test there are several variants known. Other tests of the

equality of variances include the Box test, the Box-Anderson test and the Moses test.

Resampling methods, which include the bootstrap and the jackknife, may be used to test the equality of variances.
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History

The term variance was first introduced by Ronald Fisher in his 1918 paper The Correlation Between Relatives on the

Supposition of Mendelian Inheritance:?!

The great body of available statistics show us that the deviations of a human measurement from its mean
follow very closely the Normal Law of Errors, and, therefore, that the variability may be uniformly
measured by the standard deviation corresponding to the square root of the mean square error. When
there are two independent causes of variability capable of producing in an otherwise uniform population
distributions with standard deviations 8 and 8y, it is found that the distribution, when both causes act

together, has a standard deviation ,/051’3 + 93. It is therefore desirable in analysing the causes of

variability to deal with the square of the standard deviation as the measure of variability. We shall term

this quantity the Variance...

Moment of inertia

The variance of a probability distribution is analogous to the moment of inertia in classical mechanics of a

corresponding mass distribution along a line, with respect to rotation about its center of mass.[c/1ation needed] 1 i

because of this analogy that such things as the variance are called moments of probability distributions.[@/" needed]
The covariance matrix is related to the moment of inertia tensor for multivariate distributions. The moment of inertia

of a cloud of 7 points with a covariance matrix of Yis given bylcifation needed]

I= n(lgxgtr(E) — E)
This difference between moment of inertia in physics and in statistics is clear for points that are gathered along a

line. Suppose many points are close to the x axis and distributed along it. The covariance matrix might look like

10 0 O
=0 01 O
0 0 01

That is, there is the most variance in the x direction. However, physicists would consider this to have a low moment

about the x axis so the moment-of-inertia tensor is

0.2 0 0
I=n| 0 10.1 0
0 0 10.1
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Standard deviation

In statistics and probability theory, the

standard deviation (represented by § -

the Greek letter sigma, ¢) shows how "

much variation or dispersion from the S

average exists. A low standard ~

deviation indicates that the data points S 34.1% 34.1%

tend to be very close to the mean (also g _

called expected value); a high standard

deviation indicates that the data points g

are spread out over a large range of —-30c -20 -lo H 1o 20 30

values. A plot of a normal distribution (or bell-shaped curve) where each band has a width of 1

.. standard deviation — See also: 68—95—99.7 rule
The standard deviation of a random

variable, statistical population, data set,

or probability distribution is the square

root of its variance. It is algebraically o ﬂ’:‘Lo, ‘_ / ]
simpler though in practice less robust “t / ]
than the average absolute deviation. A 3:0'5, ]
useful property of the standard @0_47 / 1
deviation is that, unlike the variance, it .l / ]
is expressed in the same units as the i s o s P O P T

data. Note, however, that for

h h Cumulative probability of a normal distribution
measurements with percentage as the with expected value 0 and standard deviation 1.
unit, the standard deviation will have

percentage points as the unit.

In addition to expressing the variability of a population, the standard deviation is commonly used to measure
confidence in statistical conclusions. For example, the margin of error in polling data is determined by calculating
the expected standard deviation in the results if the same poll were to be conducted multiple times. The reported
margin of error is typically about twice the standard deviation — the half-width of a 95 percent confidence interval. In
science, researchers commonly report the standard deviation of experimental data, and only effects that fall much
farther than one standard deviation away from what would have been expected are considered statistically
significant — normal random error or variation in the measurements is in this way distinguished from causal
variation. The standard deviation is also important in finance, where the standard deviation on the rate of return on

an investment is a measure of the volatility of the investment.

When only a sample of data from a population is available, the term standard deviation of the sample or sample
standard deviation can refer to either the above-mentioned quantity as applied to those data or to a modified
quantity that is a better estimate of the population standard deviation (the standard deviation of the entire

population).
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Basic examples

For a finite set of numbers, the standard deviation is found by taking the square root of the average of the squared
differences of the values from their average value. For example, consider a population consisting of the following

eight values:
2,4, 4, 4 5 5,7, 9.
These eight data points have the mean (average) of 5:
24+4444+4454+54+74+9
8

First, calculate the difference of each data point from the mean, and square the result of each:
(2-5)2=(-3)2=9 (5-5)2=02=0
(A4-5)2=(-1)2=1 (5-5)2=02=0
(4-5)2=(-1)2=1 (7-5)2=22=4
(4 — 5)2 = (—1)2 — il (9 — 5)2 — 42 — 16.

Next, calculate the mean of these values, and take the square root:
\/9+1+1+1+0+0+4+16
8

This quantity is the population standard deviation, and is equal to the square root of the variance. This formula is

= 5.

= 2.

valid only if the eight values we began with form the complete population. If the values instead were a random
sample drawn from some larger parent population, then we would have divided by 7 (which is n—1) instead of
8 (which is n) in the denominator of the last formula, and then the quantity thus obtained would be called the sample

standard deviation. Dividing by n—1 gives a better estimate of the population standard deviation than dividing by n.

As a slightly more complicated real-life example, the average height for adult men in the United States is about
70 inches, with a standard deviation of around 3 inches. This means that most men (about 68 percent, assuming a
normal distribution) have a height within 3 inches of the mean (67—73 inches) — one standard deviation — and
almost all men (about 95%) have a height within 6 inches of the mean (64—76 inches) — two standard deviations. If
the standard deviation were zero, then all men would be exactly 70 inches tall. If the standard deviation were
20 inches, then men would have much more variable heights, with a typical range of about 50—90 inches. Three
standard deviations account for 99.7 percent of the sample population being studied, assuming the distribution is
normal (bell-shaped).

Definition of population values
Let X be a random variable with mean value u:
E[X] =

Here the operator E denotes the average or expected value of X. Then the standard deviation of X is the quantity

E[(X — p)?]
—\/E[X2]+E( 2uX)] + E] 2]—\/EX2]—2,uE[X]—I-,u
= VE[X? - 2p% + 2 = VE[X?] —
= VE[X?] — (E[X])?

(derived using the properties of expected value).

In other words the standard deviation o (sigma) is the square root of the variance of Xj i.e., it is the square root of the
average value of (X — y)z.
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The standard deviation of a (univariate) probability distribution is the same as that of a random variable having that
distribution. Not all random variables have a standard deviation, since these expected values need not exist. For
example, the standard deviation of a random variable that follows a Cauchy distribution is undefined because its

expected value u is undefined.

Discrete random variable

In the case where X takes random values from a finite data set X X with each value having the same

o e Xy
probability, the standard deviation is

1 1
o= \/ﬁ [(z1 — ) +{z2 — p)* + -+ (z~v — p)?], where p= ﬁ(wl‘i" +TN),

or, using summation notation,

1 ¥ 1 ¥
o= ﬁ;(mi_ﬂ)2z where #:ﬁ;%‘-

If, instead of having equal probabilities, the values have different probabilities, let x, have probability p % have

probability Py s Xy, have probability Py In this case, the standard deviation will be

N N
o= Zpi(zi — p)?, where p= Zpﬂi.
| i=1

Continuous random variable

The standard deviation of a continuous real-valued random variable X with probability density function p(x) is

o= fx (z — p)2p(z) dz, where p= fx z pl(z) dz,

and where the integrals are definite integrals taken for x ranging over the set of possible values of the random

variable X.

In the case of a parametric family of distributions, the standard deviation can be expressed in terms of the
parameters. For example, in the case of the log-normal distribution with parameters ¢ and 02, the standard deviation

is [(exp(c®) — Dexp(2u + o)1

Estimation

One can find the standard deviation of an entire population in cases (such as standardized testing) where every
member of a population is sampled. In cases where that cannot be done, the standard deviation o is estimated by
examining a random sample taken from the population and computing a statistic of the sample, which is used as an
estimate of the population standard deviation. Such a statistic is called an estimator, and the estimator (or the value
of the estimator, namely the estimate) is called a sample standard deviation, and is denoted by s (possibly with
modifiers). However, unlike in the case of estimating the population mean, for which the sample mean is a simple
estimator with many desirable properties (unbiased, efficient, maximum likelihood), there is no single estimator for
the standard deviation with all these properties, and unbiased estimation of standard deviation is a very technical
involved problem. Most often, the standard deviation is estimated using the corrected sample standard deviation
(using N — 1), defined below, and this is often referred to as the "sample standard deviation", without qualifiers.
However, other estimators are better in other respects: the uncorrected estimator (using N) yields lower mean

squared error, while using N — 1.5 (for the normal distribution) almost completely eliminates bias.
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Uncorrected sample standard deviation

Firstly, the formula for the population standard deviation (of a finite population) can be applied to the sample, using
the size of the sample as the size of the population (though the actual population size from which the sample is

drawn may be much larger). This estimator, denoted by s , is known as the uncorrected sample standard

N
deviation, or sometimes the standard deviation of the sample (considered as the entire population), and is defined
[citation needed]

as follows:
1 N

where {z1,za,...,zx} are the observed values of the sample items and z is the mean value of these observations,

while the denominator N stands for the size of the sample.

This is a consistent estimator (it converges in probability to the population value as the number of samples goes to
infinity), and is the maximum-likelihood estimate when the population is normally distributed.lc7@ion needed]
However, this is a biased estimator, as the estimates are generally too low. The bias decreases as sample size grows,
dropping off as 1/n, and thus is most significant for small or moderate sample sizes; for y; > T75the bias is below
1%. Thus for very large sample sizes, the uncorrected sample standard deviation is generally acceptable. This

estimator also has a uniformly smaller mean squared error than the corrected sample standard deviation.

Corrected sample standard deviation

When discussing the bias, to be more precise, the corresponding estimator for the variance, the biased sample

variance:

1 N
512\, =~ Z(.’L‘i — E)Q,
i=1
equivalently the second central moment of the sample (as the mean is the first moment), is a biased estimator of the
variance (it underestimates the population variance). Taking the square root to pass to the standard deviation
introduces further downward bias, by Jensen's inequality, due to the square root being a concave function. The bias
in the variance is easily corrected, but the bias from the square root is more difficult to correct, and depends on the
distribution in question.
An unbiased estimator for the variance is given by applying Bessel's correction, using N — 1 instead of N to yield the

. . 2
unbiased sample variance, denoted s”:

1 N
2 —=\2
§f = —— T; —T)°.
This estimator is unbiased if the variance exists and the sample values are drawn independently with replacement.

N — 1 corresponds to the number of degrees of freedom in the vector of residuals, {(z1—%, ..., Tn—F).

Taking square roots reintroduces bias, and yields the corrected sample standard deviation, denoted by s:

1 N
— 7)2
S = | —=—— I; — T)*.
While s° is an unbiased estimator for the population variance, s is a biased estimator for the population standard
deviation, though markedly less biased than the uncorrected sample standard deviation. The bias is still significant
for small samples (n less than 10), and also drops off as 1/n as sample size increases. This estimator is commonly

used, and generally known simply as the "sample standard deviation".
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Unbiased sample standard deviation

For unbiased estimation of standard deviation, there is no formula that works across all distributions, unlike for mean
and variance. Instead, s is used as a basis, and is scaled by a correction factor to produce an unbiased estimate. For
the normal distribution, an unbiased estimator is given by s/c " where the correction factor (which depends on N) is

given in terms of the Gamma function, and equals:

[z T(§)
ca(N) = N _1 P(%)

This arises because the sampling distribution of the sample standard deviation follows a (scaled) chi distribution, and

the correction factor is the mean of the chi distribution.

An approximation is given by replacing N — 1 with N — 1.5, yielding:

1 n
~ — e 2
“T\N-15 2(”: 2,

The error in this approximation decays quadratically (as 1/N2), and it is suited for all but the smallest samples or
highest precision: for n = 3 the bias is equal to 1.3%, and for n = 9 the bias is already less than 0.1%.

For other distributions, the correct formula depends on the distribution, but a rule of thumb is to use the further

refinement of the approximation:

1 T
o) = — . — T 2
7 n—15— i"m Z(Ei 2

i=1
where 7, denotes the population excess kurtosis. The excess kurtosis may be either known beforehand for certain

distributions, or estimated from the data.

Confidence interval of a sampled standard deviation

The standard deviation we obtain by sampling a distribution is itself not absolutely accurate, both for mathematical
reasons (explained here by the confidence interval) and for practical reasons of measurement (measurement error).
The mathematical effect can be described by the confidence interval or CI. To show how a larger sample will
increase the confidence interval, consider the following examples: For a small population of N=2, the 95% CI of the
SD is from 0.45*SD to 31.9*SD. In other words, the standard deviation of the distribution in 95% of the cases can be
larger by a factor of 31 or smaller by a factor of 2. For a larger population of N=10, the CI is 0.69*SD to 1.83*SD.
So even with a sample population of 10, the actual SD can still be almost a factor 2 higher than the sampled SD. For
a sample population N=100, this is down to 0.88*SD to 1.16*SD. To be more certain that the sampled SD is close to

the actual SD we need to sample a large number of points.

Identities and mathematical properties

The standard deviation is invariant under changes in location, and scales directly with the scale of the random

variable. Thus, for a constant ¢ and random variables X and Y:
al{c) =0
o(X +0) = o(X),
o(cX) = |c|e(X).
The standard deviation of the sum of two random variables can be related to their individual standard deviations and

the covariance between them:

(X +Y) = /var(X) + var(Y) + 2 cov(X, Y).
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where var=g2and covstand for variance and covariance, respectively.

The calculation of the sum of squared deviations can be related to moments calculated directly from the data. The

standard deviation of the sample can be computed as:

o(X) = JE[(X — E(X))2] = /E[X?] - (E[X])*.

The sample standard deviation can be computed as:

o(X) = \| 5 VEIX — B

For a finite population with equal probabilities at all points, we have

1 i 1 i 9 5 1 X, 1 &
— N (z; -T2 == ( $i) —T4 = (— xi) — (— mi)
N3 N\ N N

i=1 i=1

2

This means that the standard deviation is equal to the square root of (the average of the squares less the square of the
average). See computational formula for the variance for proof, and for an analogous result for the sample standard

deviation.

Interpretation and application

A large standard deviation indicates

. 400 A =100
that the data points are far from the verae

mean and a small standard deviation 350 ! == 8D=10
indicates that they are clustered closely

300
around the mean.

For example, each of the three 250

populations {0, 0, 14, 14}, {0, 6, 8, 3

14} and {6, 6, 8, 8} has a mean of 7. §*”
2

Their standard deviations are 7, 5, and 150

1, respectively. The third population
has a much smaller standard deviation 100
than the other two because its values

50
are all close to 7. It will have the same

units as the data points themselves. If, 0 - -
. <0 0 10 20 30 40 50 60 70 80 90 100110 120 130 140 150 160 170 180 190 200 210 220 230+
for instance, the data set {0, 6, 8, 14}

represents the ages of a population of Example of two sample populations with the same mean and different standard

deviations. Red population has mean 100 and SD 10; blue population has mean 100 and

four siblings in years, the standard SD 50.Wikipedia:Disputed statement

deviation is 5 years. As another
example, the population {1000, 1006, 1008, 1014} may represent the distances traveled by four athletes, measured in
meters. It has a mean of 1007 meters, and a standard deviation of 5 meters.

Standard deviation may serve as a measure of uncertainty. In physical science, for example, the reported standard
deviation of a group of repeated measurements gives the precision of those measurements. When deciding whether
measurements agree with a theoretical prediction, the standard deviation of those measurements is of crucial
importance: if the mean of the measurements is too far away from the prediction (with the distance measured in
standard deviations), then the theory being tested probably needs to be revised. This makes sense since they fall
outside the range of values that could reasonably be expected to occur, if the prediction were correct and the standard

deviation appropriately quantified. See prediction interval.
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While the standard deviation does measure how far typical values tend to be from the mean, other measures are
available. An example is the mean absolute deviation, which might be considered a more direct measure of average
distance, compared to the root mean square distance inherent in the standard deviation.

Application examples

The practical value of understanding the standard deviation of a set of values is in appreciating how much variation

there is from the average (mean).

Climate

As a simple example, consider the average daily maximum temperatures for two cities, one inland and one on the
coast. It is helpful to understand that the range of daily maximum temperatures for cities near the coast is smaller
than for cities inland. Thus, while these two cities may each have the same average maximum temperature, the
standard deviation of the daily maximum temperature for the coastal city will be less than that of the inland city as,
on any particular day, the actual maximum temperature is more likely to be farther from the average maximum

temperature for the inland city than for the coastal one.

Particle physics

Particle physics uses a standard of "5 sigma" for the declaration of a discovery. At five-sigma there is only one
chance in nearly two million that a random fluctuation would yield the result. This level of certainty prompted the
announcement that a particle consistent with the Higgs boson has been discovered in two independent experiments at
CERN.

Finance

In finance, standard deviation is often used as a measure of the risk associated with price-fluctuations of a given
asset (stocks, bonds, property, etc.), or the risk of a portfolio of assets (actively managed mutual funds, index mutual
funds, or ETFs). Risk is an important factor in determining how to efficiently manage a portfolio of investments
because it determines the variation in returns on the asset and/or portfolio and gives investors a mathematical basis
for investment decisions (known as mean-variance optimization). The fundamental concept of risk is that as it
increases, the expected return on an investment should increase as well, an increase known as the risk premium. In
other words, investors should expect a higher return on an investment when that investment carries a higher level of
risk or uncertainty. When evaluating investments, investors should estimate both the expected return and the

uncertainty of future returns. Standard deviation provides a quantified estimate of the uncertainty of future returns.

For example, let's assume an investor had to choose between two stocks. Stock A over the past 20 years had an
average return of 10 percent, with a standard deviation of 20 percentage points (pp) and Stock B, over the same
period, had average returns of 12 percent but a higher standard deviation of 30 pp. On the basis of risk and return, an
investor may decide that Stock A is the safer choice, because Stock B's additional two percentage points of return is
not worth the additional 10 pp standard deviation (greater risk or uncertainty of the expected return). Stock B is
likely to fall short of the initial investment (but also to exceed the initial investment) more often than Stock A under
the same circumstances, and is estimated to return only two percent more on average. In this example, Stock A is
expected to earn about 10 percent, plus or minus 20 pp (a range of 30 percent to —10 percent), about two-thirds of the
future year returns. When considering more extreme possible returns or outcomes in future, an investor should
expect results of as much as 10 percent plus or minus 60 pp, or a range from 70 percent to —50 percent, which

includes outcomes for three standard deviations from the average return (about 99.7 percent of probable returns).

Calculating the average (or arithmetic mean) of the return of a security over a given period will generate the
expected return of the asset. For each period, subtracting the expected return from the actual return results in the
difference from the mean. Squaring the difference in each period and taking the average gives the overall variance of

the return of the asset. The larger the variance, the greater risk the security carries. Finding the square root of this
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variance will give the standard deviation of the investment tool in question.

Population standard deviation is used to set the width of Bollinger Bands, a widely adopted technical analysis tool.
For example, the upper Bollinger Band is given as x + no . The most commonly used value for # is 2; there is about

a five percent chance of going outside, assuming a normal distribution of returns.

Unfortunately, financial time series are known to be non-stationary series, whereas the statistical calculations above,
such as standard deviation, apply only to stationary series. Whatever apparent "predictive powers" or "forecasting
ability" that may appear when applied as above is illusory. To apply the above statistical tools to non-stationary
series, the series first must be transformed to a stationary series, enabling use of statistical tools that now have a valid
basis from which to work.

Geometric interpretation

It is requested that a diagram or diagrams be included in this article to improve its quality. Specific illustrations, plots or
diagrams can be requested at the Graphic Lab.

For more information, refer to discussion on this page and/or the listing at Wikipedia:Requested images.

To gain some geometric insights and clarification, we will start with a population of three values, Xps Xy X This
defines a point P = (xl, Xy x3) in R3. Consider the line L = {(r, r, r) : r € R}. This is the "main diagonal" going
through the origin. If our three given values were all equal, then the standard deviation would be zero and P would
lie on L. So it is not unreasonable to assume that the standard deviation is related to the distance of P to L. And that
is indeed the case. To move orthogonally from L to the point P, one begins at the point:
M = (z,Z,T)

whose coordinates are the mean of the values we started out with. A little algebra shows that the distance between P
and M (which is the same as the orthogonal distance between P and the line L) is equal to the standard deviation of

the vector x 12 X X multiplied by the square root of the number of dimensions of the vector (3 in this case.)

2

Chebyshev's inequality

An observation is rarely more than a few standard deviations away from the mean. Chebyshev's inequality ensures
that, for all distributions for which the standard deviation is defined, the amount of data within a number of standard

deviations of the mean is at least as much as given in the following table.

Minimum population Distance from mean

50% \2
75% 2
89% 3
94% 4
96% 5
97% 6

1 k
-l

H 1



https://en.wikipedia.org/w/index.php?title=Bollinger_Bands
https://en.wikipedia.org/w/index.php?title=Technical_analysis
https://en.wikipedia.org/w/index.php?title=File%3ANuvola_apps_kchart.svg
https://en.wikipedia.org/wiki/Uploading_images
https://en.wikipedia.org/wiki/Guide_to_improving_articles
https://en.wikipedia.org/wiki/Graphic_Lab
https://en.wikipedia.org/w/index.php?title=Talk:Standard_deviation
https://en.wikipedia.org/wiki/Requested_images#List_of_Graphics_or_Diagrams_Requested
https://en.wikipedia.org/w/index.php?title=%E2%88%9A2

Standard deviation

40

Rules for normally distributed data

The central limit theorem says that the

distribution of an average of many ; -
independent, identically distributed "
random variables tends toward the © ]
famous bell-shaped normal distribution ~
with a probability density function of: S 34.1% 34.1%
1 _l(ﬂ)Z ; 7]

f(m;u,ag)zome N X
where u is the expected value of the o
random variables, o equals their -3 -2 ~1o W lo 20 30
distribution's standard deviation Dark blue is one standard deviation on either side of the mean. For the normal

divided by nll 2’ and 7 is the number of distribution, this accounts for 68.27 percent of the set; while two standard deviations from

. the mean (medium and dark blue) account for 95.45 percent; three standard deviations
random variables. The standard ] ] o
(light, medium, and dark blue) account for 99.73 percent; and four standard deviations

deviation therefore is simply a scaling account for 99.994 percent. The two points of the curve that are one standard deviation
variable that adjusts how broad the from the mean are also the inflection points.
curve will be, though it also appears in

the normalizing constant.

If a data distribution is approximately normal, then the proportion of data values within z standard deviations of the

mean is defined by:

z
Proportion = erf { —

V2
where erfis the error function. If a data distribution is approximately normal then about 68 percent of the data values
are within one standard deviation of the mean (mathematically, u + o, where p is the arithmetic mean), about 95
percent are within two standard deviations (u + 20), and about 99.7 percent lie within three standard deviations
(u % 30). This is known as the 68-95-99.7 rule, or the empirical rule.

For various values of z, the percentage of values expected to lie in and outside the symmetric interval, CI = (-zo, zo0),

are as follows:

z0 Percentage within CI | Percentage outside CI Fraction outside CI
0.6744900 | 50% 50% 1/2
0.9944580 | 68% 32% 1/3.125
lo 68.2689492% 31.7310508% 1/3.1514872
1.2815520 | 80% 20% 1/5
1.6448540 | 90% 10% 1/10
1.9599640 | 95% 5% 1/20
20 95.4499736% 4.5500264% 1/21.977895
2.5758290 | 99% 1% 1/100
30 99.7300204% 0.2699796% 1/370.398
3.2905270 | 99.9% 0.1% 1/1000
3.8905920 | 99.99% 0.01% 1/10000
40 99.993666% 0.006334% 1715787
4.4171730 | 99.999% 0.001% 1/100000
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4.50 99.9993204653751% | 0.0006795346249% 3.4/ 1000000 (on each side of mean)
4.8916380 | 99.9999% 0.0001% 1/ 1000000

5o 99.9999426697% 0.0000573303% 171744278

5.3267240 | 99.99999% 0.00001% 1 /10000000

5.7307290 | 99.999999% 0.000001% 1 /100000000

60 99.9999998027% 0.0000001973% 17506797346

6.1094100 | 99.9999999% 0.0000001% 1/ 1000000000

6.4669510 | 99.99999999% 0.00000001% 1 /10000000000

6.8065020 | 99.999999999% 0.000000001% 1 /100000000000

70 99.9999999997440% | 0.000000000256% 1/390682215445

Relationship between standard deviation and mean

The mean and the standard deviation of a set of data are descriptive statistics usually reported together. In a certain
sense, the standard deviation is a "natural” measure of statistical dispersion if the center of the data is measured about
the mean. This is because the standard deviation from the mean is smaller than from any other point. The precise

statement is the following: suppose x _, ..., x are real numbers and define the function:

e

o(r) = ﬁ Zl(xZ —r)2.

Using calculus or by completing the square, it is possible to show that o(r) has a unique minimum at the mean:

r=1I.
Variability can also be measured by the coefficient of variation, which is the ratio of the standard deviation to the

mean. It is a dimensionless number.

Standard deviation of the mean

Often, we want some information about the precision of the mean we obtained. We can obtain this by determining
the standard deviation of the sampled mean. Assuming statistical independence of the values in the sample, the

standard deviation of the mean is related to the standard deviation of the distribution by:

1
Omean = ——=0
vN

where N is the number of observations in the sample used to estimate the mean. This can easily be proven with (see
basic properties of the variance):

var(X) = 0%
var(X; + Xs) = var(X;) + var(X,)
var(eX1) = ¢ var(X;)
hence
N

1 N
X; | = ﬁvar Z‘Xi
i=1

var(mean) = var | —
N A

1 & N 1
=2 ;var(Xi) = ﬁvar(X) = NVM(X)'

Resulting in:
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g

Omean — \/N
It should be emphasized that in order to estimate standard deviation of the mean Omeanit is necessary to know
standard deviation of the entire population & beforehand. However, in most applications this parameter is unknown.
For example, if series of 10 measurements of previously unknown quantity is performed in laboratory, it is possible
to calculate resulting sample mean and sample standard deviation, but it is impossible to calculate standard deviation

of the mean.

Rapid calculation methods

The following two formulas can represent a running (repeatedly updated) standard deviation. A set of two power

sums s, and 5, are computed over a set of N values of x, denoted as Xps oo Xyt

N
N 5
— E J
Sj o= .’Ek.
k=1

Given the results of these running summations, the values N, s 5, can be used at any time to compute the current

2
value of the running standard deviation:

o \/Nsg — 52
S

N
Where: N = g5 = ng
k=1
Similarly for sample standard deviation,
Nsy — 52
NN -1)

In a computer implementation, as the three s. sums become large, we need to consider round-off error, arithmetic

5 =

overflow, and arithmetic underflow. The method below calculates the running sums method with reduced rounding
errors. This is a "one pass" algorithm for calculating variance of n samples without the need to store prior data during
the calculation. Applying this method to a time series will result in successive values of standard deviation

corresponding to n data points as n grows larger with each new sample, rather than a constant-width sliding window

calculation.
Fork=1, ..., n:
A() = O
Ty — Ap_1
Ap = Ap_1 + —r

where A is the mean value.
Q=0
k —

1
Qr = Q-1 + 2 (z — Ak—1)2 = Qr—1+ (zx — Ax—1){zr — Ak)
Note: ¢}; = Osince k — 1 = Qor z; = A;

Sample variance:

2 _ Qn
S"_n—l

Population variance:

2 _ @n
n

g,
n
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Weighted calculation

, ., s, are each computed as:

When the values X, are weighted with unequal weights W the power sums 5005175,

N o
55 = 3 WiTj.
k=1
And the standard deviation equations remain unchanged. Note that 5, is now the sum of the weights and not the
number of samples N.
The incremental method with reduced rounding errors can also be applied, with some additional complexity.
A running sum of weights must be computed for each k from 1 to n:
Wy=20
Wi = Wi_1 + wy,

and places where 1/n is used above must be replaced by wl/Wn:
AO = 0
Wk
Ap = Ap_1 + W(l‘k — A1)
k

Qo=0

kak—l
Qr = Q-1 + T(xk = Ak—1)2 = Qr-1 + wi(zr — Ap—1)(z — Ax)
k
In the final division,
o2 = 2o
W,
and
’
n
§2 — p)

o,
n n’ _ 1 T
where n is the total number of elements, and n' is the number of elements with non-zero weights. The above formulas

become equal to the simpler formulas given above if weights are taken as equal to one.

Combining standard deviations

Population-based statistics
The populations of sets, which may overlap, can be calculated simply as follows:
Nxuy = Nx + Ny — Nxny
XNY=08= Nxny=0
= Nxuyr = Nx + Ny
Standard deviations of non-overlapping (X N Y = &) sub-populations can be aggregated as follows if the size (actual

or relative to one another) and means of each are known:

_ Nxpx + Nypy
Hxuy Nx + Ny

_ NXo'g( + NyO’% NxNy 2
Oxuy = Nx + Ny (NX n Ny)2 (l‘l’X /Ly)

For example, suppose it is known that the average American man has a mean height of 70 inches with a standard
deviation of three inches and that the average American woman has a mean height of 65 inches with a standard
deviation of two inches. Also assume that the number of men, A, is equal to the number of women. Then the mean

and standard deviation of heights of American adults could be calculated as:
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_ N-T0+N-65 70+65

_ _ — 675
# NEN 9

32192 (70— 65)2
o= \/ ; P = V¥ _ /1275 ~ 3.57

For the more general case of M non-overlapping populations, X1 through XM’ and the aggregate population
X = U-a X

px = Zi NXilu'Xi
* Ei NXi
- Zz Nx, (‘73(,; + A“g(.,-) Hg Z;‘ NX;-“?(,; Ziq‘ NXiNXj (x; — 'U'Xj)2
X = —_— =
> Nx, X > Nx; (> NX;—)2
where

XiﬂXJ‘ZQ, V’L<_]
If the size (actual or relative to one another), mean, and standard deviation of two overlapping populations are
known for the populations as well as their intersection, then the standard deviation of the overall population can still

be calculated as follows:

1
BXoy = 53— (Nxpx + Nypy — Nxny pixny)
Xuy
1
rxor = |5 (Vo + ]+ Nl + 18] — N oy + ko) — oy
Xuy

If two or more sets of data are being added together datapoint by datapoint, the standard deviation of the result can

be calculated if the standard deviation of each data set and the covariance between each pair of data sets is known:

Ox — ZO’iﬁ_ + Z COV(X,;, XJ)
i 1,7

For the special case where no correlation exists between any pair of data sets, then the relation reduces to the

root-mean-square:

cov(X;, X;) =0, Vi<j

Sample-based statistics

Standard deviations of non-overlapping (X N Y = &) sub-samples can be aggregated as follows if the actual size and

means of each are known:
1

NXUY

1
Oxuy = \/m ([Nx — ok + Nxpk + [Ny — o + Nypi — [Nx + Nylpkoy)
0y —

Hxuy = (Nx,ux + NYMY)

For the more general case of M non-overlapping data sets, X | through X W and the aggregate data set X =|J, X;
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ol P
X — = ar X HX;
# Zi N X ; g
2z
1
Ox — ~— - NXi—].O'Q_—FNXi 2_ — NXi B
EiNXi_l ;[( ) Xl lLLXl] 2 lu'X
where:
XiﬂXj:,Q, V’L(]
If the size, mean, and standard deviation of two overlapping samples are known for the samples as well as their
intersection, then the standard deviation of the aggregated sample can still be calculated. In general:
Hxuy = N (Nx/tx + Nypy — any,uxny)
XUy
oo — [ [Nx = Yok + Nxpk + [Ny — 1oy + Nypy — [Nxav — Uokay — Nxavikay = [Nx + Ny — Nxavlpiuy
XUy NXUY _1
History

The term standard deviation was first used in writing by Karl Pearson in 1894, following his use of it in lectures.
This was as a replacement for earlier alternative names for the same idea: for example, Gauss used mean error. It

may be worth noting in passing that the mean error is mathematically distinct from the standard deviation.
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External links

» Hazewinkel, Michiel, ed. (2001), "Quadratic deviation" (http://www.encyclopediaofmath.org/index.
php?title=p/q076030), Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4

* A simple way to understand Standard Deviation (http://standard-deviation.appspot.com/)

» Standard Deviation — an explanation without maths (http://www.techbookreport.com/tutorials/stddev-30-secs.
html)

» Standard Deviation, an elementary introduction (http://davidmlane.com/hyperstat/A16252.html)

» Standard Deviation while Financial Modeling in Excel (http://www.edupristine.com/blog/
what-is-standard-deviation)

» Standard Deviation, a simpler explanation for writers and journalists (http://www.robertniles.com/stats/stdev.
shtml)

¢ The concept of Standard Deviation is shown in this 8-foot-tall (2.4 m) Probability Machine (named Sir Francis)
comparing stock market returns to the randomness of the beans dropping through the quincunx pattern. (http://
www.youtube.com/watch?v=AUSKTk9ENzg) from Index Funds Advisors IFA.com (http://www.ifa.com)
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Coefficient of variation

In probability theory and statistics, the coefficient of variation (CV) is a normalized measure of dispersion of a
probability distribution or frequency distribution. It is also known as unitized risk or the variation coefficient. The
absolute value of the CV is sometimes known as relative standard deviation (RSD), which is expressed as a
percentage.

Definition

The coefficient of variation (CV) is defined as the ratio of the standard deviation ¢ to the mean /A :

Cp = —
i

which is the inverse of one definition of the signal-to-noise ratio. It shows the extent of variability in relation to mean
of the population.

The coefficient of variation should be computed only for data measured on a ratio scale, as these are measurements
that can only take non-negative values. The coefficient of variation may not have any meaning for data on an interval
scale. For example, most temperature scales are interval scales (e.g., Celsius, Fahrenheit etc.) that can take both
positive and negative values, whereas the Kelvin scale has an absolute null value (i.e., OK is the absence of heat), and
negative values are nonsensical. Hence, the Kelvin scale is a ratio scale. While the standard deviation (SD) can be
derived on both the Kelvin and the Celsius scale (with both leading to the same SDs), the CV is only relevant as a
measure of relative variability for the Kelvin scale.

Often, laboratory values that are measured based on chromatographic methods are log-normally distributed. In this
case, the CV would be constant over a large range of measurements, while SDs would vary depending on typical
values that are being measured.

A nonparametric possibility is the quartile coefficient of dispersion, i.e. interquartile range (J3 — ¢J1divided by the

median (Jq.

Estimation

When only a sample of data from a population is available, the population CV can be estimated using the ratio of the

sample standard deviation S to the sample mean ZF :

But this estimator, when applied to a small or moderately sized sample, tends to be too low: it is a biased estimator.

[

For normally distributed data, an unbiased estimator 1 for a sample of size n is:

- Iy
& = (1 + —)cv
dn
In many applications, it can be assumed that data are log-normally distributed (evidenced by the presence of
skewness in the sampled data). In such cases, a more accurate estimate, derived from the properties of the log-normal

distribution, is defined as:

é\'ul'n, =Y eslnz_ 1

where Spnis the sample standard deviation of the data after a natural log transformation. (In the event that
measurements are recorded using any other logarithmic base, b, their standard deviation S is converted to base e
using sy, = Spln(b), and the formula for ¢,;,, remains the same.m) This estimate is sometimes referred to as the

»[3]

“geometric coefficient of variation” " in order to distinguish it from the simple estimate above. However, "geometric

coefficient of variation" has also been defined as:
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GCV =¢in—1
This term was intended to be analogous to the coefficient of variation, for describing multiplicative variation in

log-normal data, but this definition of GCV has no theoretical basis as an estimate of Cyitself.

For many practical purposes (such as sample size determination and calculation of confidence intervals) it is Sin
which is of most use in the context of log-normally distributed data. If necessary, this can be derived from an

estimate of C,or GCV by inverting the corresponding formula.

Laboratory measures of intra and inter-assay CVs

CV measures are often used as quality controls for quantitative laboratory assays. While intra-assay and and
inter-assay CVs might be assumed to be calculated by simply averaging CV values across CV values for multiple
samples within one assay or by averaging multiple inter-assay CV estimates, it has been suggested that these

practices are incorrect and that a more complex computational process is required.

Comparison to standard deviation

Advantages

The coefficient of variation is useful because the standard deviation of data must always be understood in the context
of the mean of the data. In contrast, the actual value of the CV is independent of the unit in which the measurement
has been taken, so it is a dimensionless number. For comparison between data sets with different units or widely

different means, one should use the coefficient of variation instead of the standard deviation.

Disadvantages

*  When the mean value is close to zero, the coefficient of variation will approach infinity and is therefore sensitive
to small changes in the mean. This is often the case if the values do not originate from a ratio scale.

* Unlike the standard deviation, it cannot be used directly to construct confidence intervals for the mean.

Applications

The coefficient of variation is also common in applied probability fields such as renewal theory, queueing theory,
and reliability theory. In these fields, the exponential distribution is often more important than the normal
distribution. The standard deviation of an exponential distribution is equal to its mean, so its coefficient of variation
is equal to 1. Distributions with CV < 1 (such as an Erlang distribution) are considered low-variance, while those
with CV > 1 (such as a hyper-exponential distribution) are considered high-variance. Some formulas in these fields
are expressed using the squared coefficient of variation, often abbreviated SCV. In modeling, a variation of the CV
is the CV(RMSD). Essentially the CV(RMSD) replaces the standard deviation term with the Root Mean Square
Deviation (RMSD). While many natural processes indeed show a correlation between the average value and the
amount of variation around it, accurate sensor devices need to be designed in such a way that the coefficient of

variation is close to zero, i.e., yielding a constant absolute error over their working range.
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Distribution

Provided that negative and small positive values of the sample mean occur with negligible frequency, the probability

distribution of the coefficient of variation for a sample of size n has been shown by Hendricks and Robey to be
2

dF, = i o v (P 1)!11(“;) n'/? L4
a wl/QP(n_—l) ¢ (I+ed)? & (n—1—diil 2/2(2) (1 +c,2)¥? =2
2 =

I
where the symbol E indicates that the summation is over only even values of n-1-i, i.e., if n is odd, sum over

even values of i and if n is even, sum only over odd values of i.
This is useful, for instance, in the construction of hypothesis tests or confidence intervals. Statistical inference for the

coefficient of variation in normally distributed data is often based on McKay's chi-square approximation for the

coefficient of variation 4l

Similar ratios

Standardized moments are similar ratios, Lk / o®, which are also dimensionless and scale invariant. The
variance-to-mean ratio, o / W is another similar ratio, but is not dimensionless, and hence not scale invariant. See

Normalization (statistics) for further ratios.
In signal processing, particularly image processing, the reciprocal ratio pt / o is referred to as the signal to noise

ratio.

¢ Relative standard deviation,

a/ul
* Standardized moment, g / o

e Variance-to-mean ratio, 0-2 / i’
e Fano factor, 0'12/V / ptyw (Windowed VMR)
¢ Signal-to-noise ratio, g4 / o (in signal processing)

* Signal-to-noise ratio (image processing)
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Skewness

In probability theory and statistics, skewness is a measure of the

asymmetry of the probability distribution of a real-valued random 30
variable about its mean. The skewness value can be positive or

negative, or even undefined.

The qualitative interpretation of the skew is complicated. For a

unimodal distribution, negative skew indicates that the tail on the

left side of the probability density function is longer or fatter than 20
the right side — it does not distinguish these shapes. Conversely,
positive skew indicates that the tail on the right side is longer or
fatter than the left side. In cases where one tail is long but the other —
tail is fat, skewness does not obey a simple rule. For example, a
zero value indicates that the tails on both sides of the mean 10
balance out, which is the case both for a symmetric distribution,
and for asymmetric distributions where the asymmetries even out,

such as one tail being long but thin, and the other being short but

fat. Further, in multimodal distributions and discrete distributions, —|—|
skewness is also difficult to interpret. Importantly, the skewness 0 - i
does not determine the relationship of mean and median. Example of experimental data with non-zero (positive)

skewness (gravitropic response of wheat coleoptiles,
1,790)

Introduction

Consider the distribution in the figure. The bars on the right side of the distribution taper differently than the bars on
the left side. These tapering sides are called fails, and they provide a visual means for determining which of the two
kinds of skewness a distribution has:

1. negative skew: The left tail is longer; the mass of the distribution is concentrated on the right of the figure. The
distribution is said to be left-skewed, left-tailed, or skewed to the left.[l] Example (observations):
1,1001,1002,1003.

2. positive skew: The right tail is longer; the mass of the distribution is concentrated on the left of the figure. The

distribution is said to be right-skewed, right-tailed, or skewed to the right. Example (observations): 1,2,3,1000.

Relationship of mean and median

The skewness is not strictly connected with the relationship between the mean and median: a distribution with

negative skew can have the mean greater than or less than the median, and likewise for positive skew.

In the older notion of nonparametric skew, defined as (,u, - y) / o, where u is the mean, v is the median, and o is

the standard deviation, the skewness is defined in terms of this relationship: positive/right nonparametric skew
means the mean is greater than (to the right of) the median, while negative/left nonparametric skew means the mean
is less than (to the left of) the median. However, the modern definition of skewness and the traditional nonparametric
definition do not in general have the same sign: while they agree for some families of distributions, they differ in
general, and conflating them is misleading.

If the distribution is symmetric then the mean is equal to the median and the distribution will have zero skewness. If,
in addition, the distribution is unimodal, then the mean = median = mode. This is the case of a coin toss or the series
1,2,3,4,... Note, however, that the converse is not true in general, i.e. zero skewness does not imply that the mean is

equal to the median.
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"Many textbooks," a 2005 article points out, "teach a rule of thumb stating that the mean is right of the median under
right skew, and left of the median under left skew. [But] this rule fails with surprising frequency. It can fail in
multimodal distributions, or in distributions where one tail is long but the other is fat. Most commonly, though, the
rule fails in discrete distributions where the areas to the left and right of the median are not equal. Wikipedia:Please
clarify Such distributions not only contradict the textbook relationship between mean, median, and skew, they also

contradict the textbook interpretation of the median."

A A

Negative Skew Positive Skew

Definition

The skewness of a random variable X is the third standardized moment, denoted ”, and defined as

_ X—p\3] _ H3 _ E[(X - #)3} K3
m _E[( ) } Tt (Bl(X -] 22

where [N is the third central moment u, o is the standard deviation, and E is the expectation operator. The last

o

equality expresses skewness in terms of the ratio of the third cumulant Ky and the 1.5th power of the second cumulant
Ky This is analogous to the definition of kurtosis as the fourth cumulant normalized by the square of the second

cumulant.
The skewness is also sometimes denoted Skew[X].

The formula expressing skewness in terms of the non-central moment E[X3] can be expressed by expanding the

previous formula,

w2 (5]

_ E[X7] - 3uE[X?] + 3p°E[X] — p°

_ E[X?] — 3u(B[X?] — pE[X]) — 4
_ E[X3] — 3uc? — 13 .

o3
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Sample skewness

For a sample of n values the sample skewness is
1 n )3
mz o, Ei:l(‘zi - 55)

=73 " o 3/2 7
my (5 (e — 7))

where zis the sample mean, m, is the sample third central moment, and m

5 is the sample variance.

Given samples from a population, the equation for the sample skewness G1above is a biased estimator of the

population skewness. (Note that for a discrete distribution the sample skewness may be undefined (0/0), so its

expected value will be undefined.) The usual estimator of population skewness is! ¢/ needed]

k3 nn—1)
G = =
1 kg/g n—9 a1,

where ksis the unique symmetric unbiased estimator of the third cumulant and kgis the symmetric unbiased

estimator of the second cumulant. Unfortunately (7 is, nevertheless, generally biased (although it obviously has the
correct expected value of zero for a symmetric distribution). Its expected value can even have the opposite sign from
the true skewness. For instance a mixed distribution consisting of very thin Gaussians centred at —99, 0.5, and 2 with
weights 0.01, 0.66, and 0.33 has a skewness of about —9.77, but in a sample of 3, (G has an expected value of about
0.32, since usually all three samples are in the positive-valued part of the distribution, which is skewed the other
way.

The variance of the skewness of a sample of size n from a normal distribution is

6n(n — 1)
(n—2){n+1)(n+3)

An approximate alternative is 6/n but this is inaccurate for small samples.

[213]

var(G1) =

Properties
Skewness can be infinite, as when
PrX >z]=zforz>1, Pr[X <1]=0
or undefined, as when
Pr[X < z] = (1—z)73/2 for negative z and Pr[X > z] = (14+z)~%/2 for positive z.
In this latter example, the third cumulant is undefined. One can also have distributions such as
PriX >z]=z2forz>1, Pr[X <1]=0
where both the second and third cumulants are infinite, so the skewness is again undefined.

If Y is the sum of n independent and identically distributed random variables, all with the distribution of X, then the
third cumulant of Y is n times that of X and the second cumulant of Y is »n times that of X, so

Skew[Y| = Skew[X]/+/n. This shows that the skewness of the sum is smaller, as it approaches a Gaussian

distribution in accordance with the central limit theorem.
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Applications

Skewness has benefits in many areas. Many models assume normal distribution; i.e., data are symmetric about the
mean. The normal distribution has a skewness of zero. But in reality, data points may not be perfectly symmetric. So,
an understanding of the skewness of the dataset indicates whether deviations from the mean are going to be positive

or negative.
D'Agostino's K-squared test is a goodness-of-fit normality test based on sample skewness and sample kurtosis.

In almost all countries the distribution of income is skewed to the right.

Other measures of skewness

Pearson's skewness coefficients

Karl Pearson suggested simpler calculations

as a measure of skewness:'*! the Pearson 1.6 1

mode or first skewness coefficient, defined 14 1 T mOde

by — median
¢ (mean — mode) / standard deviation, 121 — mean

as well as Pearson's median or second 1.0

skewness coefficient, defined by 0.8 1

* 3 (mean — median) / standard deviation. 0.6 - \\\\\\\\“w"””/l/, o=0.25

The latter is a simple multiple of the 04

o=1

nonparametric skew.

iy
IIIIIIIIIIIIIIIII
'y,

0.2 1 Uty
Starting from a standard cumulant S R
expansion around a Normal distribution, one 0.0 = T T T F— T e Y
00 02 04 06 08 10 12 14 16 18 20 22

can actually show that skewness = 6 (mean
— median) / standard deviation ( 1 + kurtosis Comparison of mean, median and mode of two log-normal distributions with
/ 8 + O(Skewness2).[atanon needed] One

should keep in mind that above given

different skewness.

equalities often don't hold even approximately and these empirical formulas are abandoned nowadays. There is no

guarantee that these will be the same sign as each other or as the ordinary definition of skewness.

The adjusted Fisher-Pearson standardized moment coefficient is the version found in Excel and several statistical

packages including Minitab, SAS and SPSS.! The formula for this statistic is

7 =\ 3
n r; —T
7= 5)
(n—1)(n—-2) ; s
where 7 is the sample size and s is the sample standard deviation.
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Quantile based measures
A skewness function
() = FYuw)+ F1(1 —u) — 2F71(1/2)
WS F1(u) — F1(1 —u)

can be defined,[(’] 7] Where F is the cumulative distribution function. This leads to a corresponding overall measure of

skewness!® defined as the supremum of this over the range 1/2 < u < 1. Another measure can be obtained by
integrating the numerator and denominator of this expression. The function p(u) satisfies -1 < p(x) < 1 and is well
defined without requiring the existence of any moments of the distribution.

[8]

Galton's measure of skewness " is y(u) evaluated at u = 3 / 4. Other names for this same quantity are the Bowley

Skewness,[gl the Yule-Kendall index''”! and the quartile skewness.

itation need
Kelley's measure of skewness uses u = 0.1, [c/@/ion needed]

L-moments

Use of L-moments in place of moments provides a measure of skewness known as the L-skewness.

Cyhelsky's skewness coefficient
An alternative skewness coefficient may be derived from the sample mean and the individual observations:

a = ( number of observations below the mean - number of observations above the mean ) / total number of

observations

The distribution of the skewness coefficient a in large sample sizes (=45) approaches that of a normal distribution. If
the variates have a normal or a uniform distribution the distribution of a is the same. The behavior of a when the
variates have other distributions is currently unknown. Although this measure of skewness is very intuitive, an

analytic approach to its distribution has proven difficult.

Distance skewness

A value of skewness equal to zero does not imply that the probability distribution is symmetric. Thus there is a need
for another measure of asymmetry which has this property: such a measure was introduced in 2000.1"M 1t is called
distance skewness and denoted by dSkew. If X is a random variable which takes values in the d-dimensional
Euclidean space, X has finite expectation, X' is an independent identically distributed copy of X and || . || denotes
the norm in the Euclidean space then a simple measure of asymmetry is
dSkew (X) := 1 - ElIX-X'll / ElIX + X'll if X is not O with probability one,

and dSkew (X):= 0 for X = 0 (with probability 1). Distance skewness is always between 0 and 1, equals O if and only
if X is diagonally symmetric (X and -X has the same probability distribution) and equals 1 if and only if X is a
nonzero constant with probability one."? Thus there is a simple consistent statistical test of diagonal symmetry

based on the sample distance skewness:

dSkewn(X):= 1- Zi’j IIXi - lel / Zi’jllxi + ijI.
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Groeneveld & Meeden'’s coefficient

Groeneveld & Meeden have suggested, as an alternative measure of skewness,

(k- v)
SkeW(X ) S0
E(lX —v|)
where u is the mean, v is the median, I...| is the absolute value and E() is the expectation operator.
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Kurtosis

In probability theory and statistics, kurtosis (from the Greek word kvptdg, kyrfos or kurtos, meaning curved,
arching) is any measure of the "peakedness" of the probability distribution of a real-valued random variable..! In a
similar way to the concept of skewness, kurtosis is a descriptor of the shape of a probability distribution and, just as
for skewness, there are different ways of quantifying it for a theoretical distribution and corresponding ways of
estimating it from a sample from a population. There are various interpretations of kurtosis, and of how particular
measures should be interpreted; these are primarily peakedness (width of peak), tail weight, and lack of shoulders

(distribution primarily peak and tails, not in between).

One common measure of kurtosis, originating with Karl Pearson, is based on a scaled version of the fourth moment
of the data or population, but it has been argued that this really measures heavy tails, and not peakedness.[z] For this
measure, higher kurtosis means more of the variance is the result of infrequent extreme deviations, as opposed to
frequent modestly sized deviations. It is common practice to use an adjusted version of Pearson's kurtosis, the excess
kurtosis, to provide a comparison of the shape of a given distribution to that of the normal distribution. Distributions
with negative or positive excess kurtosis are called platykurtic distributions or leptokurtic distributions

respectively.

Alternative measures of kurtosis are: the L-kurtosis, which is a scaled version of the fourth L-moment; measures
based on 4 population or sample quantiles.[3] These correspond to the alternative measures of skewness that are not

based on ordinary moments.

Pearson moments

40
Darkness
The fourth standardized moment is defined as -
4 30 ¢ _
By — E[(X —p)]
(ElX —p)? o 2l
where u " is the fourth moment about the mean and o is the standard deviation. I
The fourth standardized moment is lower bounded by the squared skewness r
[4] 10 +
plus 1
Ha 13 2 |
— 2 (—3) +1 0 1
o o 03 6 91215182124
where w, is the third moment about the mean.
The fourth standardized moment is sometimes used as the definition of kurtosis a0 T Farred |ig ht
in older works, but is not the definition used here. | _
Kurtosis is more commonly defined as the fourth cumulant divided by the 30 {
square of the second cumulang!¢@fion needed] i g equal to the fourth | [ ]
moment around the mean divided by the square of the variance of the 20 |
probability distribution minus 3, |
Ky H4 10 {
D= — = — —
mE g T _
which is also known as excess kurtosis. The "minus 3" at the end of this 0
formula is often explained as a correction to make the kurtosis of the normal 03 691215182124
distribution equal to zero. Another reason can be seen by looking at the formula The "Darkness" data is platykurtic

for the kurtosis of the sum of random variables. Suppose that Y is the sum of n (=0.194), while "Far Red Light" shows

identically distributed independent random variables all with the same leptokurtosis (0.055)

distribution as X. Then
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k4(Y) . nk(X) _354()() :l .
ka(Y)2 (nko(X))?  mnro(X)? nK t[X].

This formula would be much more complicated if kurtosis were defined just as p 4 /ot (without the minus 3).

Kurt[Y] =

More generally, if X I Xn are independent random variables, not necessarily identically distributed, but all having

the same variance, then

T n
1
Kurt Z X, | = — Z Kurt(X;),
=1 =1
whereas this identity would not hold if the definition did not include the subtraction of 3.

The fourth standardized moment must be at least 1, so the excess kurtosis must be —2 or more. This lower bound is
realized by the Bernoulli distribution with p = %2, or "coin toss". There is no upper limit to the excess kurtosis and it

may be infinite.

Interpretation

The exact interpretation of the Pearson measure of kurtosis (or excess kurtosis) is disputed. The "classical"
interpretation, which applies only to symmetric and unimodal distributions (those whose skewness is 0), is that

1.[5] Various statisticians have

kurtosis measures both the "peakedness" of the distribution and the heaviness of its tai
proposed other interpretations, such as "lack of shoulders" (where the "shoulder" is defined vaguely as the area
between the peak and the tail, or more specifically as the area about one standard deviation from the mean) or
"bimodality".[6J Balanda and MacGillivray assert that the standard definition of kurtosis "is a poor measure of the

”[7]

kurtosis, peakedness, or tail weight of a distribution" " and instead propose to "define kurtosis vaguely as the

location- and scale-free movement of probability mass from the shoulders of a distribution into its center and tails".

Terminology and examples

A high kurtosis distribution has a sharper peak and longer, fatter tails, while a low kurtosis distribution has a more

rounded peak and shorter, thinner tails.

Distributions with zero excess kurtosis are called mesokurtic, or mesokurtotic. The most prominent example of a
mesokurtic distribution is the normal distribution family, regardless of the values of its parameters. A few other

well-known distributions can be mesokurtic, depending on parameter values: for example the binomial distribution is
mesokurtic for p = 1/2 =+ . /1/12.

A distribution with positive excess kurtosis is called leptokurtic, or leptokurtotic. "Lepto-" means "slender”.'®! In
terms of shape, a leptokurtic distribution has a more acute peak around the mean and fatter tails. Examples of
leptokurtic distributions include the Student's t-distribution, Rayleigh distribution, Laplace distribution, exponential
distribution, Poisson distribution and the logistic distribution. Such distributions are sometimes termed super

Gaussian [citation needed]

A distribution with negative excess kurtosis is called platykurtic, or
platykurtotic. "Platy-" means "broad".”) In terms of shape, a
platykurtic distribution has a lower, wider peak around the mean and
thinner tails. Examples of platykurtic distributions include the
continuous or discrete uniform distributions, and the raised cosine

distribution. The most platykurtic distribution of all is the Bernoulli
distribution with p = %2 (for example the number of times one obtains The coin toss is the most platykurtic distribution
"heads" when flipping a coin once, a coin toss), for which the excess

kurtosis is —2. Such distributions are sometimes termed sub-Gaussian.[lo]
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Graphical examples

The Pearson type VII family

The effects of kurtosis are illustrated using a

parametric family of distributions whose 053033
kurtosis can be adjusted while their i /\
lower-order moments and cumulants remain 043553
constant. Consider the Pearson type VII 0.39894
family, which is a special case of the 0.35
Pearson type IV family restricted to 03
symmetric densities. The probability density 025
function is given by 02
. 0.15
f(x;a,m)=%[l+(z>z} ; 0.1
where a is a scale parameter and m is a 0.05
shape parameter. 0

S ) ) 109 8-7-6-5-4-32-101234567 8910
All densities in this family are symmetric.

The kth moment exists provided pdf for the Pearson type VII distribution with kurtosis of infinity (red); 2 (blue);

m > (k + 1)/2. For the kurtosis to exist, we nd 0 (Glac)
require m>5/2. Then the mean and
skewness exist and are both identically zero.
Setting a*=2m -3 makes the variance ‘ N
equal to unity. Then the only free parameter N B 4
is m, which controls the fourth moment (and 10 ://;; ~ /;/'
cumulant) and hence the kurtosis. One can 15 P / - Y7
reparameterize with m = 5/2 + 3/, 20 it g 4
where 7Ya2is the kurtosis as defined above. % ) - N
This yields a one-parameter leptokurtic B0 ~ N
family with zero mean, unit variance, zero -35 / \ N
skewness, and arbitrary positive kurtosis. -40
The reparameterized density is 45
-50 / \
g(z;72) = fz; a=/2+ 6/, m=5/2+3/7). 55
In the limit as 7Yz — ©Cone obtains the 109 -8-7 65 -4-3-2-101234356728910
density log-pdf for the Pearson type VII distribution with kurtosis of infinity (red); 2

5/2 (blue); 1, 1/2, 1/4, 1/8, and 1/16 (gray); and 0 (black)
N
glz)=3(2+2%) ",

which is shown as the red curve in the images on the right.

In the other direction as ~yp — O one obtains the standard normal density as the limiting distribution, shown as the
black curve.

In the images on the right, the blue curve represents the density z — g(x; Z)With kurtosis of 2. The top image
shows that leptokurtic densities in this family have a higher peak than the mesokurtic normal density. The
comparatively fatter tails of the leptokurtic densities are illustrated in the second image, which plots the natural
logarithm of the Pearson type VII densities: the black curve is the logarithm of the standard normal density, which is
a parabola. One can see that the normal density allocates little probability mass to the regions far from the mean

("has thin tails"), compared with the blue curve of the leptokurtic Pearson type VII density with kurtosis of 2.
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Between the blue curve and the black are other Pearson type VII densities with Y, = 1, 1/2, 1/4, 1/8, and 1/16. The

red curve again shows the upper limit of the Pearson type VII family, with Y2 = OO (which, strictly speaking, means that the
fourth moment does not exist). The red curve decreases the slowest as one moves outward from the origin ("has fat

tails™).

Kurtosis of well-known distributions

Several  well-known, unimodal and 0.8

.
symmetric  distributions from different E: % s —
parametric families are compared here. Each 7 gi § so376 |
has a mean and skewness of zero. The @ vo12
parameters have been chosen to result in a / \

variance equal to 1 in each case. The images ~ °*° // \\

on the right show curves for the following  , ,

seven densities, on a linear scale and

. . 0.3 [

logarithmic scale: /
e D: Laplace distribution, also known as 0.2

the double exponential distribution, red / \

0.1
curve (two straight lines in the log-scale %
plot), excess kurtosis = 3 0
5 4 3 2 1 0 1 2 3 4 5

* S: hyperbolic secant distribution, orange

curve, excess kurtosis = 2

o . . . 1
* L: logistic distribution, green curve, -
. ™S
excess kurtosis = 1.2 0.001 = N
= NV
. . . // \\
¢ N: normal distribution, black curve . > ~_
e- [ ~
(inverted parabola in the log-scale plot), r N
excess kurtosis = 0 1e-09
* C: raised cosine distribution, cyan curve, te-12
excess kurtosis = —0.593762...
. . . . . . le-15
e W: Wigner semicircle distribution, blue
curve, excess kurtosis = —1 le-18 -
s, 2 P
* U: uniform distribution, magenta curve le-21 A p—
C, -0.59376
(shown for clarity as a rectangle in both wer,
. . le-24 I S
images), excess kurtosis = —1.2. 10-9 -8 -7 -6 -5 4 -3 -2-1 0 1 2 3 4 5 6 7 8 9 10

Note that in these cases the platykurtic
densities have bounded support, whereas the densities with positive or zero excess kurtosis are supported on the

whole real line.

There exist platykurtic densities with infinite support,

* e.g., exponential power distributions with sufficiently large shape parameter b
and there exist leptokurtic densities with finite support.

* e.g., adistribution that is uniform between —3 and —0.3, between —0.3 and 0.3, and between 0.3 and 3, with the
same density in the (-3, —0.3) and (0.3, 3) intervals, but with 20 times more density in the (0.3, 0.3) interval
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Sample kurtosis

For a sample of n values the sample excess Kurtosis is

1 —\4
m =Nz, —T

M (A r (= - 2)?)°

where m 7 is the fourth sample moment about the mean, m, is the second sample moment about the mean (that is, the

. . .th —
sample variance), x,1s the i value, and 7 is the sample mean.

The variance of the sample kurtosis of a sample of size n from the normal distribution sttt

24n(n — 1)?
(n—3)(n —2)(n+ 3)(n+5)

An approximate alternative is 24/n but this is inaccurate for small samples.

Estimators of population kurtosis

Given a sub-set of samples from a population, the sample excess kurtosis above is a biased estimator of the
population excess kurtosis. The usual estimator of the population excess kurtosis (used in DAP/SAS, Minitab,
PSPP/SPSS, and Excel but not by BMDP) is Gz’ defined as follows:

ka
G2:k_§
_n2((n+l)m4—3(n—l)m%) (n—1)2
(n—1){(n—-2)(n—3) n2 m3
o e (GRESEUED)
n—1

_ (a1 Sr@m-2* (1)
(-2 (n—3) (w27 (-2 (n—3)

__ m)n Y-8, (1)
(n—D(n—-2)(n—3) & (n—2)(n—3)

where k 4 is the unique symmetric unbiased estimator of the fourth cumulant, k2 is the unbiased estimate of the second

cumulant (identical to the unbiased estimate of the sample variance), m, is the fourth sample moment about the

4
mean, m, is the second sample moment about the mean, X, is the ith value, and T is the sample mean. Unfortunately,

Gois itself generally biased. For the normal distribution it is unbiased. </ @/ion needed]

For computationally efficient ways of calculating the sample kurtosis see Algorithms for calculating higher-order

statistics.
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Applications

D'Agostino's K-squared test is a goodness-of-fit normality test based on a combination of the sample skewness and

sample kurtosis, as is the Jarque—Bera test for normality.

For non-normal samples, the variance of the variance depends on the kurtosis; for details, please see variance.

Pearson's definition of kurtosis is used as an indicator of intermittency in turbulence.!'!

Other measures of kurtosis

A different measure of "kurtosis", that is of the "peakedness" of a distribution, is provided by using L-moments

instead of the ordinary moments.
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External links

* Hazewinkel, Michiel, ed. (2001), "Excess coefficient" (http://www.encyclopediaofmath.org/index.
php?title=p/e036800), Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4

* Free Online Software (Calculator) (http://www.wessa.net/skewkurt.wasp) computes various types of skewness
and kurtosis statistics for any dataset (includes small and large sample tests)..

» Kaurtosis (http://jeff560.tripod.com/k.html) on the Earliest known uses of some of the words of mathematics
(http://jeff560.tripod.com/mathword.html)

* Celebrating 100 years of Kurtosis (http://faculty.etsu.edu/seier/doc/Kurtosis100years.doc) a history of the

topic, with different measures of kurtosis.

Ranking

A ranking is a relationship between a set of items such that, for any two items, the first is either 'ranked higher than',
'ranked lower than' or 'ranked equal to' the second. In mathematics, this is known as a weak order or total preorder of
objects. It is not necessarily a total order of objects because two different objects can have the same ranking. The
rankings themselves are totally ordered. For example, materials are totally preordered by hardness, while degrees of

hardness are totally ordered.

By reducing detailed measures to a sequence of ordinal numbers, rankings make it possible to evaluate complex
information according to certain criteria. Thus, for example, an Internet search engine may rank the pages it finds
according to an estimation of their relevance, making it possible for the user quickly to select the pages they are

likely to want to see.

Analysis of data obtained by ranking commonly requires non-parametric statistics.

Strategies for assigning rankings

It is not always possible to assign rankings uniquely. For example, in a race or competition two (or more) entrants
might tie for a place in the ranking. When computing an ordinal measurement, two (or more) of the quantities being
ranked might measure equal. In these cases, one of the strategies shown below for assigning the rankings may be

adopted.

A common shorthand way to distinguish these ranking strategies is by the ranking numbers that would be produced
for four items, with the first item ranked ahead of the second and third (which compare equal) which are both ranked

ahead of the fourth. These names are also shown below.

Standard competition ranking (''1224" ranking)

In competition ranking, items that compare equal receive the same ranking number, and then a gap is left in the
ranking numbers. The number of ranking numbers that are left out in this gap is one less than the number of items
that compared equal. Equivalently, each item's ranking number is 1 plus the number of items ranked above it. This
ranking strategy is frequently adopted for competitions, as it means that if two (or more) competitors tie for a
position in the ranking, the position of all those ranked below them is unaffected (i.e., a competitor only comes
second if exactly one person scores better than them, third if exactly two people score better than them, fourth if

exactly three people score better than them, etc.).

Thus if A ranks ahead of B and C (which compare equal) which are both ranked ahead of D, then A gets ranking
number 1 ("first"), B gets ranking number 2 ("joint second"), C also gets ranking number 2 ("joint second") and D

gets ranking number 4 ("fourth").
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Modified competition ranking (''1334"' ranking)

Sometimes, competition ranking is done by leaving the gaps in the ranking numbers before the sets of equal-ranking
items (rather than after them as in standard competition ranking). The number of ranking numbers that are left out in
this gap remains one less than the number of items that compared equal. Equivalently, each item's ranking number is
equal to the number of items ranked equal to it or above it. This ranking ensures that a competitor only comes second
if they score higher than all but one of their opponents, third if they score higher than all but two of their opponents,
etc.

Thus if A ranks ahead of B and C (which compare equal) which are both ranked ahead of D, then A gets ranking
number 1 ("first"), B gets ranking number 3 ("joint third"), C also gets ranking number 3 ("joint third") and D gets

ranking number 4 ("fourth"). In this case, nobody would get ranking number 2 ("second") and that would be left as a

gap.

Dense ranking (''1223" ranking)

In dense ranking, items that compare equal receive the same ranking number, and the next item(s) receive the
immediately following ranking number. Equivalently, each item's ranking number is 1 plus the number of items

ranked above it that are distinct with respect to the ranking order.

Thus if A ranks ahead of B and C (which compare equal) which are both ranked ahead of D, then A gets ranking
number 1 ("first"), B gets ranking number 2 ("joint second"), C also gets ranking number 2 ("joint second") and D

gets ranking number 3 ("third").

Ordinal ranking (''1234" ranking)

In ordinal ranking, all items receive distinct ordinal numbers, including items that compare equal. The assignment of
distinct ordinal numbers to items that compare equal can be done at random, or arbitrarily, but it is generally
preferable to use a system that is arbitrary but consistent, as this gives stable results if the ranking is done multiple
times. An example of an arbitrary but consistent system would be to incorporate other attributes into the ranking

order (such as alphabetical ordering of the competitor's name) to ensure that no two items exactly match.

With this strategy, if A ranks ahead of B and C (which compare equal) which are both ranked ahead of D, then A
gets ranking number 1 ("first") and D gets ranking number 4 ("fourth"), and either B gets ranking number 2
("second") and C gets ranking number 3 ("third") or C gets ranking number 2 ("second") and B gets ranking number
3 ("third").

In computer data processing, ordinal ranking is also referred to as "row numbering"....

Fractional ranking (''1 2.5 2.5 4" ranking)

Items that compare equal receive the same ranking number, which is the mean of what they would have under
ordinal rankings. Equivalently, the ranking number of 1 plus the number of items ranked above it plus half the
number of items equal to it. This strategy has the property that the sum of the ranking numbers is the same as under

ordinal ranking. For this reason, it is used in computing Borda counts and in statistical tests (see below).

Thus if A ranks ahead of B and C (which compare equal) which are both ranked ahead of D, then A gets ranking
number 1 ("first"), B and C each get ranking number 2.5 (average of "joint second/third") and D gets ranking number
4 ("fourth").

Here's an example: Suppose you have the dataset 1 1 23 34 55 5 There are 5 different numbers, so there would be
five different ranks. If 1 and 1 were actually different numbers, they would occupy ranks 1 and 2. Since they are the
same number, you find their rank by finding the average as follows : (rank) 1 + (rank) 2 / 2 numbers total = 1.5
(average rank). The next number in the data set, 2, is thus assigned the rank of 3 (the average takes up 1 and 2 in the

first two 1's). The two 3's in the set would occupy ranks 3 and 4 if they were different numbers, so the average rank
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would be computed as follows: (4 + 5) / 2 = 4.5. 4 would get the rank of 6 (because your average took into account

rank 4 and 5 in the average). there are 3 5's in the data set. Their average rank is computed as (7+8+9)/3 = 8

Your ranks would be: 1.51.53454568 88

Ranking in statistics

In statistics, "ranking" refers to the data transformation in which numerical or ordinal values are replaced by their
rank when the data are sorted. For example, the numerical data 3.4, 5.1, 2.6, 7.3 are observed, the ranks of these data
items would be 2, 3, 1 and 4 respectively. For example, the ordinal data hot, cold, warm would be replaced by 3, 1,
2. In these examples, the ranks are assigned to values in ascending order. (In some other cases, descending ranks are
used.) Ranks are related to the indexed list of order statistics, which consists of the original dataset rearranged into

ascending order.
Some kinds of statistical tests employ calculations based on ranks. Examples include:

* Friedman test

¢ Kruskal-Wallis test

* Rank products

e Spearman's rank correlation coefficient
* Wilcoxon rank-sum test

* Wilcoxon signed-rank test

Some ranks can have non-integer values for tied data values. For example, when there is an even number of copies

of the same data value, the above described fractional statistical rank of the tied data ends in V2.

Rank function in Excel

The rank function in Microsoft Excel assigns competition ranks ("1224") as described above. For some statistical
purposes, that is not the desired result - for instance, it means that the sum of ranks for a list of a given length
changes depending on the number of ties. Pottel has described a user defined ranking function which assigns

fractional ranks to ties to keep the sum consistent.!"!

Examples of ranking

 In politics, rankings focus on the comparison of economic, social, environmental and governance performance of
countries, see List of international rankings

* In many sports, individuals or teams are given rankings, generally by the sport's governing body

* In football (soccer) national teams are ranked in the FIFA World Rankings and, unofficially, in the World
Football Elo Ratings.
* In the Olympic Games, each member country (NOC) is ranked based upon gold, silver and bronze medal
counts in the Olympic medal rankings.
* In snooker, players are ranked using the Snooker world rankings
* Inice hockey, national teams are ranked in the IIHF World Ranking
* In golf, the top male golfers are ranked using the Official World Golf Rankings
* In relation to credit standing, the ranking of a security refers to where that particular security would stand in a
wind up of the issuing company, i.e., its seniority in the company's capital structure. For instance, capital notes are
subordinated securities; they would rank behind senior debt in a wind up. In other words the holders of senior
debt would be paid out before subordinated debt holders received any funds.
» Search engines rank web pages by their expected relevance to a user's query using a combination of
query-dependent and query-independent methods. Query-independent methods attempt to measure the estimated

importance of a page, independent of any consideration of how well it matches the specific query.
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Query-independent ranking is usually based on link analysis; examples include the HITS algorithm, PageRank
and TrustRank. Query-dependent methods attempt to measure the degree to which a page matches a specific
query, independent of the importance of the page. Query-dependent ranking is usually based on heuristics that
consider the number and locations of matches of the various query words on the page itself, in the URL or in any
anchor text referring to the page.

In Webometrics it is possible to rank institutions according to their presence in the web (number of webpages)
and the impact of these contents (external inlinks=site citations), such as the Webometrics Ranking of World
Universities

In video gaming, players may be given a ranking. To "rank up" is to achieve a higher ranking relative to other
players, especially with strategies that do not depend on the player's skill.

The TrueSkill ranking system is a skill based ranking system for Xbox Live developed at Microsoft Research

A bibliogram ranks common noun phrases in a piece of text.

In language, the status of an item (usually through what is known as "downranking" or "rank-shifting") in relation
to the uppermost rank in a clause; for example, in the sentence "I want to eat the cake you made today", "eat" is
on the uppermost rank, but "made" is downranked as part of the nominal group "the cake you made today"; this
nominal group behaves as though it were a single noun (i.e., I want to eat it), and thus the verb within it ("made")
is ranked differently from "eat".

Academic journals are sometimes ranked according to impact factor; the number of later articles that cite articles

in a given journal.
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Graphics

Box plot

In descriptive statistics, a box plot or
boxplot is a convenient way of graphically
depicting groups of numerical data through
their quartiles. Box plots may also have
lines extending vertically from the boxes
(whiskers) indicating variability outside the
upper and lower quartiles, hence the terms
box-and-whisker plot and
box-and-whisker diagram. Outliers may

be plotted as individual points.

Box plots display differences between
populations without making any
assumptions of the underlying statistical
distribution: they are non-parametric. The
spacings between the different parts of the
box help indicate the degree of dispersion
(spread) and skewness in the data, and
identify outliers. In addition to the points
themselves, they allow one to visually

estimate various L-estimators, notably the

Speed of light (km/s minus 299,000)
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Figure 1. Box plot of data from the Michelson—Morley experiment

interquartile range, midhinge, range, mid-range, and trimean. Boxplots can be drawn either horizontally or vertically.

Types of boxplots

Box and whisker plots are uniform in their use of the box: the bottom
and top of the box are always the first and third quartiles, and the band o0 T
inside the box is always the second quartile (the median). But the ends a0

of the whiskers can represent several possible alternative values,

1000

700

600

among them: -
* the minimum and maximum of all of the data (as in Figure 2) o E}
* the lowest datum still within 1.5 IQR of the lower quartile, and the .
i
highest datum still within 1.5 IQR of the upper quartile (as in Figure 00 T Iﬁimmi
3) Figure 2. Boxplot with whiskers from minimum
* one standard deviation above and below the mean of the data to maximum

* the 9th percentile and the 91st percentile
* the 2nd percentile and the 98th percentile.

Any data not included between the whiskers should be plotted as an outlier with a dot, small circle, or star, but

occasionally this is not done.
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Some box plots include an additional character to represent the mean
of the data.

On some box plots a crosshatch is placed on each whisker, before the

end of the whisker.
Rarely, box plots can be presented with no whiskers at all.

Because of this variability, it is appropriate to describe the convention

being used for the whiskers and outliers in the caption for the plot.

The unusual percentiles 2%, 9%, 91%, 98% are sometimes used for whisker cross-hatches and whisker ends to show

the seven-number summary. If the data is normally distributed, the locations of the seven marks on the box plot will

be equally spaced.

Variations

Since the American mathematician John W. Tukey introduced this type
of visual data display in 1969, several variations on the traditional box
plot have been described. Two of the most common are variable width

box plots and notched box plots (see figure 4).

Variable width box plots illustrate the size of each group whose data is
being plotted by making the width of the box proportional to the size of
the group. A popular convention is to make the box width proportional

to the square root of the size of the group.

Notched box plots apply a "notch" or narrowing of the box around the
median. Notches are useful in offering a rough guide to significance of
difference of medians; if the notches of two boxes do not overlap, this
offers evidence of a statistically significant difference between the
medians. The width of the notches is proportional to the interquartile

range of the sample and inversely proportional to the square root of the

size of the sample. However, there is uncertainty about the most appropriate multiplier (as this may vary depending
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Figure 4. Four box plots, with and without

notches and variable width

on the similarity of the variances of the samples). One convention is to use +1.58 X JQR + \/7_7, .
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Box plot

Visualization

The box plot is a quick way of examining one or more sets of data o

graphically. Box plots may seem more primitive than a histogram or a s

kernel density estimate but they do have some advantages. They take oo B
up less space and are therefore particularly useful for comparing Median

distributions between several groups or sets of data (see Figure 1 foran = ¢ = =2 o 0 [l 2 s a0
example). Choice of number and width of bins techniques can heavily o _O'GM/O\MM T
influence the appearance of a histogram, and choice of bandwidth can

heavily influence the appearance of a kernel density estimate. % s0% &

—1‘10 —éa -20 -lo 0o lla 20 3‘0 4‘0

As looking at a statistical distribution is more intuitive than looking at
a box plot, comparing the box plot against the probability density
function (theoretical histogram) for a normal N(O,lcz) distribution may
. . . 15.73%I 68.2I7% I15.73% . . .
be a useful tool for understanding the box plot (Figure 5). -4 -3¢ -20 -l6 0 1o 20 36 4o

Figure 5. Boxplot and a probability density

function (pdf) of a Normal N(O,loz) Population
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Histogram

Histogram

Histogram of arrivals

Frequency

" T ‘ T T ‘ ‘
0 2 4 [ 8 10 12
Arrivals per minute
First described by | Karl Pearson
Purpose To roughly assess the probability distribution of a given variable by depicting the frequencies of observations occurring in
certain ranges of values

In statistics, a histogram is a graphical representation of the distribution of data. It is an estimate of the probability
distribution of a continuous variable and was first introduced by Karl Pearson. A histogram is a representation of
tabulated frequencies, shown as adjacent rectangles, erected over discrete intervals (bins), with an area equal to the
frequency of the observations in the interval. The height of a rectangle is also equal to the frequency density of the
interval, i.e., the frequency divided by the width of the interval. The total area of the histogram is equal to the
number of data. A histogram may also be normalized displaying relative frequencies. It then shows the proportion of
cases that fall into each of several categories, with the total area equaling 1. The categories are usually specified as
consecutive, non-overlapping intervals of a variable. The categories (intervals) must be adjacent, and often are
chosen to be of the same size..'! The rectangles of a histogram are drawn so that they touch each other to indicate

that the original variable is continuous.'?!

Histograms are used to plot the density of data, and often for density estimation: estimating the probability density
function of the underlying variable. The total area of a histogram used for probability density is always normalized to

1. If the length of the intervals on the x-axis are all 1, then a histogram is identical to a relative frequency plot.

An alternative to the histogram is kernel density estimation, which uses a kernel to smooth samples. This will
construct a smooth probability density function, which will in general more accurately reflect the underlying

variable. The histogram is one of the seven basic tools of quality control.
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Etymology

Heights of Black Cherry Trees

Frequency
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Height (feet)
An example histogram of the heights of 31 Black
Cherry trees.

The etymology of the word histogram is uncertain. Sometimes it is
said to be derived from the Greek histos 'anything set upright' (as the
masts of a ship, the bar of a loom, or the vertical bars of a histogram);
and gramma 'drawing, record, writing'. It is also said that Karl Pearson,
who introduced the term in 1891, derived the name from "historical

diagram".

Examples

The U.S. Census Bureau found that there were 124 million people who
work outside of their homes.*! Using their data on the time occupied
by travel to work, Table 2 below shows the absolute number of people
who responded with travel times "at least 30 but less than 35 minutes"

is higher than the numbers for the categories above and below it. This

is likely due to people rounding their reported journey time.[7@" n¢¢ded] The broblem of reporting values as

somewhat arbitrarily rounded numbers is a common phenomenon when collecting data from people.

[citation needed]
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Histogram of travel time (to work), US 2000 census. Area under the curve equals the total

number of cases. This diagram uses Q/width from the table.

Data by absolute numbers

Interval | Width | Quantity | Quantity/width
0 5 4180 836
5 5 13687 2737
10 5 18618 3723
15 5 19634 3926
20 5 17981 3596
25 5 7190 1438
30 5 16369 3273
35 5 3212 642
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Histogram

40 5 4122 824
45 15 9200 613
60 30 6461 215
90 60 3435 57

This histogram shows the number of cases per unit interval as the height of each block, so that the area of each block
is equal to the number of people in the survey who fall into its category. The area under the curve represents the total
number of cases (124 million). This type of histogram shows absolute numbers, with Q in thousands.
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i

0 50 100 150
Travel time, minutes

Histogram of travel time (to work), US 2000 census. Area under the curve equals 1. This

diagram uses Q/total/width from the table.

Data by proportion
Interval | Width | Quantity (Q) | Q/total/width
0 5 4180 0.0067
5 5 13687 0.0221
10 5 18618 0.0300
15 5 19634 0.0316
20 5 17981 0.0290
25 5 7190 0.0116
30 5 16369 0.0264
35 5 3212 0.0052
40 5 4122 0.0066
45 15 9200 0.0049
60 30 6461 0.0017
90 60 3435 0.0005

This histogram differs from the first only in the vertical scale. The area of each block is the fraction of the total that
each category represents, and the total area of all the bars is equal to 1 (the fraction meaning "all"). The curve

displayed is a simple density estimate. This version shows proportions, and is also known as a unit area histogram.
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In other words, a histogram represents a frequency distribution by means of rectangles whose widths represent class
intervals and whose areas are proportional to the corresponding frequencies: the height of each is the average
frequency density for the interval. The intervals are placed together in order to show that the data represented by the
histogram, while exclusive, is also contiguous. (E.g., in a histogram it is possible to have two connecting intervals of
10.5-20.5 and 20.5-33.5, but not two connecting intervals of 10.5-20.5 and 22.5-32.5. Empty intervals are

represented as empty and not skipped.)[‘ﬂ

Mathematical definition

In a more general mathematical sense,

a histogram is a function m, that counts Ordinary histogram Cumulative histogram
1

|
|

2000
1

the number of observations that fall ]

into each of the disjoint categories

1500
1

(known as bins), whereas the graph of

Frequency
1000
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a histogram is merely one way to

represent a histogram. Thus, if we let n
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be the total number of observations

0
L

0
L

and k be the total number of bins, the

histogram m. meets the following morm(10000) morm(10000)

conditions: An ordinary and a cumulative histogram of the same data. The data shown is a random
sample of 10,000 points from a normal distribution with a mean of 0 and a standard

deviation of 1.
n = E m;.

Cumulative histogram

A cumulative histogram is a mapping that counts the cumulative number of observations in all of the bins up to the

specified bin. That is, the cumulative histogram Ml, of a histogram m, is defined as:
i
M.i = Z m;y.
Jj=1

Number of bins and width

There is no "best" number of bins, and different bin sizes can reveal different features of the data. Grouping data is at
least as old as Graunt's work in the 17th century, but no systematic guidelines were given until Sturges's work in
1926.

Using wider bins where the density is low reduces noise due to sampling randomness; using narrower bins where the
density is high (so the signal drowns the noise) gives greater precision to the density estimation. Thus varying the

bin-width within a histogram can be beneficial. Nonetheless, equal-width bins are widely used.

Some theoreticians have attempted to determine an optimal number of bins, but these methods generally make strong
assumptions about the shape of the distribution. Depending on the actual data distribution and the goals of the
analysis, different bin widths may be appropriate, so experimentation is usually needed to determine an appropriate

width. There are, however, various useful guidelines and rules of thumb.[s]

The number of bins k can be assigned directly or can be calculated from a suggested bin width / as:

maxz — mMinz
k—
e

The braces indicate the ceiling function.
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Square-root choice

k= /n,
which takes the square root of the number of data points in the sample (used by Excel histograms and many

others). (6l

Sturges' formula

Sturges' formula is derived from a binomial distribution and implicitly assumes an approximately normal

distribution.

k = [loggn+ 1],
It implicitly bases the bin sizes on the range of the data and can perform poorly if n < 30.Lc7@on neededl oy 150

perform poorly if the data are not normally distributed.
Rice Rule
k= 2077,
The Rice Rule [is presented as a simple alternative to Sturges's rule.
Doane's formula

Doane's formula'™ is a modification of Sturges' formula which attempts to improve its performance with non-normal
data.

1
k =1+ logy(n) + log, (1 + m)
g1
where G1is the estimated 3rd-moment-skewness of the distribution and

6(n —2)
72 =\ (n+ 1)(n+3)
Scott's normal reference rule
356

T opl/3
n
where & is the sample standard deviation. Scott's normal reference rule is optimal for random samples of normally

distributed data, in the sense that it minimizes the integrated mean squared error of the density estimate.
Freedman—Diaconis' choice
The Freedman—Diaconis rule is:
_ ,IQR(x)
RVERNY
which is based on the interquartile range, denoted by IQR. It replaces 3.50 of Scott's rule with 2 IQR, which is less

h

sensitive than the standard deviation to outliers in data.

Choice based on minimization of an estimated L2 risk function

. 2m—v
arg min—,————
h h?
where 7, and ware mean and biased variance of a histogram with bin-width f, 7 = % i.“=1 m; and
_ 1<k =2
v =g 2 (m —m)
Remark

A good reason why the number of bins should be proportional to ,,1/3is the following: suppose that the data are
obtained as 7 independent realizations of a bounded probability distribution with smooth density. Then the
histogram remains equally »rugged« as 7 tends to infinity. If 5 is the »width« of the distribution (e. g., the standard

deviation or the inter-quartile range), then the number of units in a bin (the frequency) is of order nh / s and the
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relative standard error is of order ,/g / (nh) Comparing to the next bin, the relative change of the frequency is of order h /

provided that the derivative of the density is non-zero. These two are of the same order if p, is of order g /nlf 3, so that  is of

order ,1/3.
This simple cubic root choice can also be applied to bins with non-constant width.
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Further reading
* Lancaster, H.O. An Introduction to Medical Statistics. John Wiley and Sons. 1974. ISBN 0-471-51250-8

External links

* Journey To Work and Place Of Work (http://www.census.gov/population/www/socdemo/journey.html)
(location of census document cited in example)

* Smooth histogram for signals and images from a few samples (http://www.mathworks.com/matlabcentral/
fileexchange/30480-histconnect)

* Histograms: Construction, Analysis and Understanding with external links and an application to particle Physics.
(http://quarknet.fnal. gov/toolkits/ati/histograms.html)

* A Method for Selecting the Bin Size of a Histogram (http://2000.jukuin.keio.ac.jp/shimazaki/res/histogram.
html)

* Interactive histogram generator (http://www.shodor.org/interactivate/activities/histogram/)

* Matlab function to plot nice histograms (http://www.mathworks.com/matlabcentral/fileexchange/
27388-plot-and-compare-nice-histograms-by-default)

* Dynamic Histogram in MS Excel (http://excelandfinance.com/histogram-in-excel/)

» Histogram construction (http://wiki.stat.ucla.edu/socr/index.php/
SOCR_EduMaterials_ModelerActivities_MixtureModel_1) and manipulation (http://wiki.stat.ucla.edu/socr/
index.php/SOCR_EduMaterials_Activities_PowerTransformFamily_Graphs) using Java applets, and charts
(http://www.socr.ucla.edu/htmls/SOCR _Charts.html) on SOCR
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Q-Q plot

In statistics, a Q—Q plot ("Q" stands for
quantile) is a probability plot, which is a

Ul

graphical method for comparing two

probability distributions by plotting their

N
!
i

quantiles against each other. First, the set of

intervals for the quantiles is chosen. A point

w
T
@

(x,y) on the plot corresponds to one of the
quantiles of the second distribution

(y-coordinate) plotted against the same

N
T

quantile  of the first  distribution

(x-coordinate). Thus the line is a parametric

Exponential data quantiles

Th
curve with the parameter which is the
(number of the) interval for the quantile. :

Of-@
If the two distributions being compared are -3 _|2 _|1 6 i I2 3
similar, the points in the Q—Q plot will Normal theoretical quantiles

approximately lie on the line y =x. If the
distributions are linearly related, the points A normal Q—Q plot of randomly generated, independent standard exponential data,
in th ] 1 . W i (X ~ Exp(Z)). This Q—Q plot compares a sample of data on the vertical axis to a
in the Q—Q plot will approximately lie on a statistical population on the horizontal axis. The points follow a strongly nonlinear
line, but not necessarily on the line y = x. pattern, suggesting that the data are not distributed as a standard normal

Q—Q plOtS can also be used as a graphical (X ~N(0,1)). The offset between the line and the points suggests that the mean of
means  of estimating parameters in a the data is not 0. The median of the points can be determined to be near 0.7

location-scale family of distributions.

A Q—Q plot is used to compare the shapes

of distributions, providing a graphical view

of how properties such as location, scale,

N
T

and skewness are similar or different in the

two distributions. Q—Q plots can be used to

=
[

compare collections of data, or theoretical
distributions. The use of Q—Q plots to
compare two samples of data can be viewed

as a non-parametric approach to comparing

I
=
I

their underlying distributions. A Q—Q plot is

generally a more powerful approach to

Normal data quantiles
(@)

doing this than the common technique of —2f e A
comparing histograms of the two samples,
but requires more skill to interpret. Q—Q -3 e L L ' '

-3 -2 -1 0 1 2 3

plots are commonly used to compare a data

Normal theoretical quantiles

set to a theoretical model.m This can

provide an assessment of "goodness of fit" A normal Q—Q plot comparing randomly generated, independent standard normal
that is graphica] rather than reducin gtoa data on the vertical axis to a standard normal population on the horizontal axis. The

. linearity of the points suggests that the data are normally distributed.
numerical summary. Q—Q plots are also

used to compare two theoretical
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distributions to each other. Since Q—Q plots
compare distributions, there is no need for
the values to be observed as pairs, as in a
scatter plot, or even for the numbers of
values in the two groups being compared to
be equal.

The term "probability plot" sometimes
refers specifically to a Q—Q plot, sometimes
to a more general class of plots, and
sometimes to the less commonly used P—P
plot. The probability plot correlation
coefficient is a quantity derived from the
idea of Q—Q plots, which measures the
agreement of a fitted distribution with
observed data and which is sometimes used

as a means of fitting a distribution to data.

Data quantiles

== NN W W
o »u o w o u
[ [ [ I [

o
5
[

0. | | | | |

%.O 05 10 15 20 25 3.0
Weibull(1,2) theoretical quantiles

A Q—Q plot of a sample of data versus a Weibull distribution. The deciles of the

distributions are shown in red. Three outliers are evident at the high end of the
range. Otherwise, the data fit the Weibull(1,2) model well.

A Q—Q plot comparing the distributions of standardized daily maximum
temperatures at 25 stations in the US state of Ohio in March and in July. The
curved pattern suggests that the central quantiles are more closely spaced in July
than in March, and that the March distribution is skewed to the right compared to
the July distribution. The data cover the period 1893—-2001.
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Definition and construction

A Q-Q plot is a plot of the quantiles of two distributions against each

other, or a plot based on estimates of the quantiles. The pattern of

points in the plot is used to compare the two distributions.

The main step in constructing a Q—Q plot is calculating or estimating

Offset fram median (Days)

the quantiles to be plotted. If one or both of the axes in a Q—Q plot is

based on a theoretical distribution with a continuous cumulative s

distribution function (CDF), all quantiles are uniquely defined and can &

be obtained by inverting the CDF. If a theoretical probability

L. . . . . . L. . Q—Q plot for first opening/final closing dates of
distribution with a discontinuous CDF is one of the two distributions

Washington State Route 20, versus a normal
being compared, some of the quantiles may not be defined, so an distribution. Outliers are visible in the upper right
interpolated quantile may be plotted. If the Q—Q plot is based on data, corner.
there are multiple quantile estimators in use. Rules for forming Q—Q

plots when quantiles must be estimated or interpolated are called plotting positions.

A simple case is where one has two data sets of the same size. In that case, to make the Q—Q plot, one orders each
set in increasing order, then pairs off and plots the corresponding values. A more complicated construction is the
case where two data sets of different sizes are being compared. To construct the Q—Q plot in this case, it is necessary
to use an interpolated quantile estimate so that quantiles corresponding to the same underlying probability can be

constructed.

More abstractly, given two cumulative probability distribution functions F' and G, with associated quantile functions
F~'and 7! (the inverse function of the CDF is the quantile function), the Q—Q plot draws the gth quantile of F
against the gth quantile of G for a range of values of g. Thus, the Q—Q plot is a parametric curve indexed over [0,1]

with values in the real plane RZ,

Interpretation

The points plotted in a Q—Q plot are always non-decreasing when viewed from left to right. If the two distributions
being compared are identical, the Q—Q plot follows the 45° line y = x. If the two distributions agree after linearly
transforming the values in one of the distributions, then the Q—Q plot follows some line, but not necessarily the line
y = x. If the general trend of the Q—Q plot is flatter than the line y = x, the distribution plotted on the horizontal axis
is more dispersed than the distribution plotted on the vertical axis. Conversely, if the general trend of the Q—Q plot is
steeper than the line y = x, the distribution plotted on the vertical axis is more dispersed than the distribution plotted
on the horizontal axis. Q—Q plots are often arced, or "S" shaped, indicating that one of the distributions is more

skewed than the other, or that one of the distributions has heavier tails than the other.

Although a Q—Q plot is based on quantiles, in a standard Q—Q plot it is not possible to determine which point in the
Q—Q plot determines a given quantile. For example, it is not possible to determine the median of either of the two
distributions being compared by inspecting the Q—Q plot. Some Q-Q plots indicate the deciles to make
determinations such as this possible.

The slope and position of a linear regression between the quantiles gives a measure of the relative location and
relative scale of the samples. If the median of the distribution plotted on the horizontal axis is 0, the intercept of a
regression line is a measure of location, and the slope is a measure of scale. The distance between medians is another
measure of relative location reflected in a Q—Q plot. The "probability plot correlation coefficient" is the correlation
coefficient between the paired sample quantiles. The closer the correlation coefficient is to one, the closer the
distributions are to being shifted, scaled versions of each other. For distributions with a single shape parameter, the
probability plot correlation coefficient plot (PPCC plot) provides a method for estimating the shape parameter — one

simply computes the correlation coefficient for different values of the shape parameter, and uses the one with the
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best fit, just as if one were comparing distributions of different types.

Another common use of Q—Q plots is to compare the distribution of a sample to a theoretical distribution, such as the
standard normal distribution N(0,1), as in a normal probability plot. As in the case when comparing two samples of
data, one orders the data (formally, computes the order statistics), then plots them against certain quantiles of the

theoretical distribution.

Plotting positions

The choice of quantiles from a theoretical distribution has occasioned much discussion. A natural choice, given a
sample of size n, is k/n for k=1, ..., n, as these are the quantiles that the sampling distribution realizes.
Unfortunately, the last of these, n / n, corresponds to the 100th percentile — the maximum value of the theoretical
distribution, which is often infinite. To fix this, one may shift these over, using (k — 0.5) / n, or instead space the
points evenly in the uniform distribution, using &/ (n + 1). This last one was suggested early on by Weibull, and
recently it has been argued to be the definitive position by Lasse Makkonen. The claimed unique status of this

estimator was rebutted by N.J. Cook.

For plotting positions, context matters. They are used for estimates of exceedance probabilities and other things as
well, and there are disputes about whether the Weibull plotting position is the right procedure for all uses. Many
other choices have been suggested, both formal and heuristic, based on theory or simulations relevant in context. The

following subsections discuss some of these.

Expected value of the order statistic

In using a normal probability plot, the quantiles one uses are the rankits, the quantile of the expected value of the

order statistic of a standard normal distribution.

More generally, Shapiro—Wilk test uses the expected values of the order statistics of the given distribution; the
resulting plot and line yields the generalized least squares estimate for location and scale (from the intercept and
slope of the fitted line).[] Although this is not too important for the normal distribution (the location and scale are

estimated by the mean and standard deviation, respectively), it can be useful for many other distributions.

However, this requires calculating the expected values of the order statistic, which may be difficult if the distribution

is not normal.

Median of the order statistics

Alternatively, one may use estimates of the median of the order statistics, which one can compute based on estimates
of the median of the order statistics of a uniform distribution and the quantile function of the distribution; this was
suggested by (Filliben 1975).

This can be easily generated for any distribution for which the quantile function can be computed, but conversely the
resulting estimates of location and scale are no longer precisely the least squares estimates, though these only differ

significantly for n small.
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Heuristics

For the quantiles of the comparison distribution typically the formula k/(n + 1) is used. Several different formulas
have been used or proposed as symmetrical plotting positions. Such formulas have the form (k — a)/(n + 1 — 2a) for
some value of a in the range from O to 1/2, which gives a range between k/(n + 1) and (k — 1/2)/n.

Other expressions include:

e (k=03)/(n+0.4).

e (k=03175)/ (n +0.365).”!

« (k-0326)/(n+0.348).!

o (k=8 /(n+1e)M

« (k-0.375)/ (n+0.25).!

e k=04)/(n+0.2).

o (k=044)/ (n+0.12).1°

e (k=0.567)/(n-0.134).

o (k=1)/ (-1l

For large sample size, n, there is little difference between these various expressions.

Filliben's estimate

The order statistic medians are the medians of the order statistics of the distribution. These can be expressed in terms

of the quantile function and the order statistic medians for the continuous uniform distribution by:
N(i) = G(U(5))
where U(i) are the uniform order statistic medians and G is the quantile function for the desired distribution. The

quantile function is the inverse of the cumulative distribution function (probability that X is less than or equal to

some value). That is, given a probability, we want the corresponding quantile of the cumulative distribution function.

James J. Filliben (Filliben 1975) uses the following estimates for the uniform order statistic medians:

(1 —m(n) i=1
i—0.3175
N=d¢ 22" s _-923.. . n-1
mi) =91 oses Lo
1/n o
\0.5/ 1= 1.

The reason for this estimate is that the order statistic medians do not have a simple form.

Notes

[1] Gnanadesikan (1977) p199.

[2] Engineering Statistics Handbook: Normal Probability Plot (http://www.itl.nist.gov/div898/handbook/eda/section3/normprpl.htm) —
Note that this also uses a different expression for the first & last points. (http://engineering.tufts.edu/cee/people/vogel/publications/
probability 1986.pdf) cites the original work by . This expression is an estimate of the medians of U( o

[3]1 Distribution free plotting position, Yu & Huang (http://cat.inist.fr/?aModele=afficheN&cpsidt=14151257)

[4] A simple (and easy to remember) formula for plotting positions; used in BMDP statistical package.

[5] This is’s earlier approximation and is the expression used in MINITAB.

[6] This plotting position was used by Irving I. Gringorten () to plot points in tests for the Gumbel distribution.

[7] Used by, these plotting points are equal to the modes of U W
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Ternary plot

A ternary plot, ternary graph, triangle plot, simplex
plot, or de Finetti diagram is a barycentric plot on

three variables which sum to a constant. It graphically

depicts the ratios of the three variables as positions in Fuel
(methane)

an equilateral triangle. It is used in physical chemistry,

petrology, mineralogy, metallurgy, and other physical

sciences to show the compositions of systems

composed of three species. In population genetics, it is

often called a Gibbs triangle or a de Finetti diagram. In

game theory, it is often called a simplex plot.!""
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In a ternary plot, the proportions of the three variables a, b, and ¢

must sum to some constant, K. Usually, this constant is (Au) red

represented as 1.0 or 100%. Because a+b+c¢ = K for all green
substances being graphed, any one variable is not independent of ye"""";fl?
5

the others, so only two variables must be known to find a sample's

Y
. . \§
. —_ ] — pale =
point on the graph: for instance, ¢ must be equal to K —a — b. N soansh B =
Because the three proportions cannot vary independently - there VELCE= )
>

reddish

are only two degrees of freedom - it is possible to graph the

. . . . . . itati
intersection of all three variables in only two dimensions. /@i $

needed)

whitish copper
red

Silver 10 20 30 40 50 60 70 80 90 Copper
(Ag) W% Cu (Cu)

Approximate colours of Ag—Au—Cu alloys in jewellery

Reading values on the ternary plot

making

The advantage of using a ternary plot for depicting compositions is
that three variables can be conveniently plotted in a two-dimensional graph. Ternary plots can also be used to create

phase diagrams by outlining the composition regions on the plot where different phases exist.

Every point on a ternary plot represents a different composition of the three components. There are three common
methods used to determine the ratios of the three species in the composition. The first method is an estimation based
upon the phase diagram grid. The concentration of each species is 100% (pure phase) in its corner of the triangle and
0% at the line opposite it. The percentage of a specific species decreases linearly with increasing distance from this
corner, as seen in figures 3—8. By drawing parallel lines at regular intervals between the zero line and the corner (as
seen in the images), fine divisions can be established for easy estimation of the content of a species. For a given

point, the fraction of each of the three materials in the composition can be determined by the first.

For phase diagrams that do not possess grid lines, the easiest way to determine the composition is to set the altitude
of the triangle to 100% and determine the shortest distances from the point of interest to each of the three sides. The
distances (the ratios of the distances to the total height of 100%) give the content of each of the species, as shown in

figure 1.

The third method is based upon a larger number of measurements, but does not require the drawing of perpendicular
lines. Straight lines are drawn from each corner, through the point of interest, to the corresponding side of the
triangle. The lengths of these lines, as well as the lengths of the segments between the point and the corresponding
sides, are measured individually. Ratios can then be determined by dividing these segments by the entire

corresponding line as shown in the figure 2. (The sum of the ratios should add to 1).

Organic matter
% Organic matter Point

o \
/7 75% Organic matter Line
/ N\
/ \

/‘\

50% Organicynatter Line
\

7 \

25% Organic mattek Line

) / \
o

Clay Sand Clay 0% Organic malter Line  Sand

Figure 1. Altitude method Figure 2. Intersection method Figure 3. An example ternary Figure 4. An example ternary
diagram, without any points diagram, showing increments

plotted. along the first axis.
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Figure 5. An example ternary Figure 6. An example ternary Figure 7. Empty diagram Figure 8. Empty diagram

diagram, showing increments diagram, showing increments (alternative axis)
along the second axis. along the third axis.
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Derivation from Cartesian coordinates

Figure (1) shows an oblique projection
of point P(a,b,c) in a 3-dimensional
Cartesian space with axes a, b and c,

respectively.

If a + b + ¢ = K (a positive constant), P
is restricted to a plane containing Derivation of a ternary plot from Cartesian coordinates
A(K,0,0), B(0,K,0) and C(0,0,K). If a,
b and c each cannot be negative, P is restricted to the triangle bounded by A, B and C, as in (2).
In (3), the axes are rotated to give an isometric view. The triangle, viewed face-on, appears equilateral.
In (4), the distances of P from lines BC, AC and AB are denoted by a’, b"and ¢’ respectively.
For any line 1 = s + 7 1 in vector form (A is a unit vector) and a point p, the perpendicular distance from p to 1 is
(s =p) = ((s—p) - )i -
a

In this case, pointPisat p = | &
C

)
)

0 (
LineBChass= | K | and i =

: I

Using the perpendicular distance formula,

VB (0,
)H V02 + K2 4+ (—K)? _1/v2

oXo|oxo
xoo|(Roo
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—@ —a 0 0
(22)- () () ()
—c —c —1//2 -1/v/2
—a 0
_ K-b, c
=|[(%3) - (0+ 45 +ﬁ)(_i’,‘f‘;—)
= T
K—b—c
T2

_ \/( a)? + (K b— c)2+ (K—Qb—c)Q _ \/a2—|— (K—;—c)z

Substituting K=a + b +c,

o = \/ +(a+b+c—b—c) \/ e —a\/

Similar calculation on lines AC and AB gives

b’ = b\/gandc’ = C\/g.

This shows that the distance of the point from the respective lines is linearly proportional to the original values a, b
(1]

—c+

and c.

Plotting a ternary plot

Cartesian coordinates are useful for plotting points in the triangle. Consider an equilateral ternary plot where
, {1 V3
a = 100%is placed at (z,y) = (0,0)and p = 100%at (1,0). Then ¢ = 100%is | =, ok and the

2
triple (a, b, ¢)is l 2b+e ’ﬁ ¢
2a+b+c 2 a+b+c

Example

This example shows how this works for a hypothetical set of three soil samples:

Sample | Organic | Clay | Sand Notes
# matter
Sample 80% 10% | 10% | Because organic matter and clay make up 90% of this sample, the proportion of sand must be 10%.
1
Sample 50% 40% | 10% | The proportion of sand is 10% in this sample too, but the proportions of organic matter and clay are
2 different.
Sample 10% 40% | 50% | This sample has the same proportion of clay as in Sample 2 does, but because it has a smaller proportion of
3 organic matter, the proportion of sand must be larger, because all samples' proportions must sum to 100%.
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Plotting the points

Organic matter

Clay Sand
Plotting a point: finding the first
intersection.

Organic matter
pA

Clay Sand

Showing only the points.

Software

Organic matter

/
Bonind Saaple 1
‘e 1isaso 10% Sand, o we find that e
/

Clay Sand

Plotting a point: finding the
second intersection.

Organic matter

onigh Sazple 1
“The tyfiing 80% must be orgasic
hat's gaactly where the 10% Sand and.

Clay” - Sand
Plotting a point: the "third"
intersection is already found, as it
is mathematically dependent on
the first two.

Here is a list of software that help enable the creation of ternary plots

« JMP
e Origin

« R

e Veusz
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Distributions

Normal distribution

Normal

Probability density function
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The red curve is the standard normal distribution

Cumulative distribution function
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Fisher information | (1/o? 0
0 1/(20%)

In probability theory, the normal (or Gaussian) distribution is a very commonly occurring continuous probability
distribution—a function that tells the probability that an observation in some context will fall between any two real
numbers. For example, the distribution of grades on a test administered to many people is normally distributed.
Normal distributions are extremely important in statistics and are often used in the natural and social sciences for

real-valued random variables whose distributions are not known.[l]

The normal distribution is immensely useful because of the central limit theorem, which states that, under mild
conditions, the mean of many random variables independently drawn from the same distribution is distributed
approximately normally, irrespective of the form of the original distribution: physical quantities that are expected to
be the sum of many independent processes (such as measurement errors) often have a distribution very close to the
normal. Moreover, many results and methods (such as propagation of uncertainty and least squares parameter fitting)

can be derived analytically in explicit form when the relevant variables are normally distributed.

The Gaussian distribution is sometimes informally called the bell curve. However, many other distributions are
bell-shaped (such as Cauchy's, Student's, and logistic). The terms Gaussian function and Gaussian bell curve are
also ambiguous because they sometimes refer to multiples of the normal distribution that cannot be directly

interpreted in terms of probabilities.

A normal distribution is

1 o)’
= e 252

f(I:}u‘:o-)_o_\/ﬂ_

The parameter ¢ in this definition is the mean or expectation of the distribution (and also its median and mode). The

parameter o is its standard deviation; its variance is therefore ¢ ~. A random variable with a Gaussian distribution is

said to be normally distributed and is called a normal deviate.

If u = 0 and 6 = 1, the distribution is called the standard normal distribution or the unit normal distribution, and

a random variable with that distribution is a standard normal deviate.

The normal distribution is the only absolutely continuous distribution all of whose cumulants beyond the first two
(i.e., other than the mean and variance) are zero. It is also the continuous distribution with the maximum entropy for

a given mean and variance.

The normal distribution is a subclass of the elliptical distributions. The normal distribution is symmetric about its
mean, and is non-zero over the entire real line. As such it may not be a suitable model for variables that are
inherently positive or strongly skewed, such as the weight of a person or the price of a share. Such variables may be

better described by other distributions, such as the log-normal distribution or the Pareto distribution.

The value of the normal distribution is practically zero when the value x lies more than a few standard deviations
away from the mean. Therefore, it may not be an appropriate model when one expects a significant fraction of
outliers—values that lie many standard deviations away from the mean—and Least-squares and other statistical
inference methods that are optimal for normally distributed variables often become highly unreliable when applied to
such data. In those cases, assume a more heavy-tailed distribution and the appropriate robust statistical inference

methods.
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Definition

Standard normal distribution

The simplest case of a normal distribution is known as the standard normal distribution, described by this

probability density function:

1 _1.2
¢(.’L‘) = me

The factor 1/+/2= in this expression ensures that the total area under the curve ¢(x) is equal to onelP° The 172 in

w3

the exponent ensures that the distribution has unit variance (and therefore also unit standard deviation). This function

is symmetric around x=0, where it attains its maximum value ] / 2/ 27 ; and has inflection points at +1 and —1.

General normal distribution

Any normal distribution is a version of the standard normal distribution whose domain has been stretched by a factor

o (the standard deviation) and then translated by u (the mean value)

flome) = ~o (1),

g

The probability density must be scaled by 1 / o so that the integral is still 1.

If Z is a standard normal deviate, then X = Zo + ¢ will have a normal distribution with expected value ¢ and standard

deviation . Conversely, if X is a general normal deviate, then Z = (X — ¢)/c will have a standard normal distribution.
Every normal distribution is the exponential of a quadratic function:
2
f(x) — % +bz+c
where a is negative and ¢ is — 111(—4a,7r) / 2. In this form, the mean value u is —b/a, and the variance 02 is —1/(2a).

For the standard normal distribution, a is —1/2, b is zero, and ¢ is — ln(27r) / 2.

Notation

The standard Gaussian distribution (with zero mean and unit variance) is often denoted with the Greek letter ¢ (phi).

The alternative form of the Greek phi letter, ¢, is also used quite often.

The normal distribution is also often denoted by N(u, 02). Thus when a random variable X is distributed normally

. . 2 .
with mean ¢ and variance ¢~, we write

X ~ N(u, o%).

Alternative parametrizations

Some authors advocate using the precision 7 as the parameter defining the width of the distribution, instead of the
deviation o or the variance o°. The precision is normally defined as the reciprocal of the variance, 1/6%. The formula
for the distribution then becomes

fla) = o e

This choice is claimed to have advantages in numerical computations when ¢ is very close to zero and simplify

formulas in some contexts, such as in the Bayesian inference of variables with multivariate normal distribution.
Occasionally, the precision 7 is 1/a, the reciprocal of the standard deviation; so that

flz) =

T —2(e—p

V2
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Alternative definitions

Authors may differ also on which normal distribution should be called the "standard" one. Gauss himself defined the

standard normal as having variance o= 12, that is

1
f(l'):ﬁe

Stephen Stigler goes even further, defining the standard normal with variance o’ =127

fz)=eT

According to Stigler, this formulation is advantageous because of a much simpler and easier-to-remember formula,

2

the fact that the pdf has unit height at zero, and simple approximate formulas for the quantiles of the distribution.

Properties

Symmetries and derivatives

The normal distribution f(x), with any mean ¢ and any positive deviation o, has the following properties:

e It is symmetric around the point x = g, which is at the same time the mode, the median and the mean of the
distribution.

¢ It is unimodal: its first derivative is positive for x <y, negative for x > u, and zero only at x = u.

» It has two inflection points (where the second derivative of fis zero and changes sign), located one standard
deviation away from the mean, namely atx =y —cand x = u + o.

* Itis log-concave.

¢ Itis infinitely differentiable, indeed supersmooth of order 2.

Furthermore, the standard normal distribution ¢ (with ¢ = 0 and ¢ = 1) also has the following properties:

o Tts first derivative ¢’(x) is —x¢p(x).

 Its second derivative ¢"'(x) is (x2 - Deox)

e More generally, its n-th derivative ¢(n)(x) is (-l)an(x)qb(x), where Hn is the Hermite polynomial of order n.

Moments

The plain and absolute moments of a variable X are the expected values of X’ and X/’ respectively. If the expected
value ¢ of X is zero, these parameters are called central moments. Usually we are interested only in moments with
integer order p.

If X has a normal distribution, these moments exist and are finite for any p whose real part is greater than —1. For any

non-negative integer p, the plain central moments are

E [X7] = 0 if p is odd,
~]o? (p— 1" i pis even.

Here n!! denotes the double factorial, that is the product of every odd number from n to 1.

The central absolute moments coincide with plain moments for all even orders, but are nonzero for odd orders. For

any non-negative integer p,

2 ifpi gD (2il
E[|X[F] = o® (p— )11 - \/; if p is odd :op-2 I‘(PQ)
1 if p is even VT

The last formula is valid also for any non-integer p > —1.

When the mean y is not zero, the plain and absolute moments can be expressed in terms of confluent hypergeometric

functions  F, and U [citation needed]
11 :
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27 2
P(lﬂ) 1 1 1
Pl _ p. 9% 2 I, - _Z 2
E[|X|F] = o® - 2t N lFl( 5P 5 2(,,,/0)).

These expressions remain valid even if p is not integer. See also generalized Hermite polynomials.

Order Non-central moment Central moment

1 u 0

2 M2 . o2

3 y3 + 3;462 0

4 u4 + 6;12(72 +30" 364

3 us + 1()‘14362 + 15;154 0

6 18+ 150° % + 450%" + 156° 150 ¢

7 y7 +21 #5 o+ 105#3(74 + 105#(76 0

8 ;LS + 28#652 + 210/4464 + 420#2(76 +1056° 10502

Fourier transform and characteristic function

The Fourier transform of a normal distribution f with mean ¢ and deviation ¢ is

o) = [ fla)e*da = et

where i is the imaginary unit. If the mean u is zero, the first factor is 1, and the Fourier transform is also a normal
distribution on the frequency domain, with mean O and standard deviation 1/6. In particular, the standard normal

distribution ¢ (with 4=0 and o=1) is an eigenfunction of the Fourier transform.

In probability theory, the Fourier transform of the probability distribution of a real-valued random variable X is
called the characteristic function of that variable, and can be defined as the expected value of e"X, as a function of
the real variable ¢ (the frequency parameter of the Fourier transform). This definition can be analytically extended to

a complex-value parameter .

Moment and cumulant generating functions
The moment generating function of a real random variable X is the expected value of etX, as a function of the real
parameter . For a normal distribution with mean y and deviation o, the moment generating function exists and is
equal to
A7 1,242
M(t) = ¢(—it) = ezt
The cumulant generating function is the logarithm of the moment generating function, namely

1
g(t) =In M(#) = ut + 5027&2

Since this is a quadratic polynomial in #, only the first two cumulants are nonzero, namely the mean ¢ and the

. 2
variance o .
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Cumulative distribution

The cumulative distribution function (CDF) of the standard normal distribution, usually denoted with the capital
Greek letter @ (phi), is the integral

O(z) = /2 gt

1 T
— / .
V2t J-oo
Therefore here are some trivial results from area under bell curve -

O(—o0) =0=0%
®(0) = 0.5 = 50%
®(o0) =1 = 100%
®(z) = 1 — ®(—z)and therefore ®(z) + O(—z) = 100%
In statistics one often uses the related error function, or erf(x), defined as the probability of a random variable with

normal distribution of mean 0 and variance 1/2 falling in the range [—x, x] ; that is
1 I

= —F e
VT

These integrals cannot be expressed in terms of elementary functions, and are often said to be special functions *.

erf(zx) —* dt

They are closely related, namely

B(z) = %ll+erf (%)]

For a generic normal distribution f with mean u and deviation o, the cumulative distribution function is

F(z) = cp(”";“) _ %[Hf(;g)]

The complement of the standard normal CDF, Q(:c) =1_ (I)(_q:), is often called the Q-function, especially in

engineering texts. It gives the probability that the value of a standard normal random variable X will exceed x. Other
definitions of the Q-function, all of which are simple transformations of @, are also used occasionally.
The graph of the standard normal CDF @has 2-fold rotational symmetry around the point (0,1/2); that is,

®(—z) =1 — ®(x). Its antiderivative (indefinite integral) f@(a:) dx is /(I)(g;) dr = z®(z) + ¢(z).

* The cumulative distribution function (CDF) of the standard normal distribution can be expand by Integration by

parts into a series:

1 :
®(z) = 05+ ——-e=/2 =
(=) Y T I 0 S SR (g

Example of Pascal function to calculate CDF (sum of first 100 elements)

z.3 $5 _,L.2n+1 ‘|

function CDF (x:extended) :extended;
var value, sum:extended;
i:integer;
begin
sum:=x;
value:=x;
for i:=1 to 100 do
begin
value:=(value*x*x/ (2*i+1)) ;
sum:=sum+value;

end;
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result:=0.5+ (sum/sqgrt (2*pi) ) *exp (- (x*x) /2) ;

end;

Standard deviation and tolerance intervals

About 68% of values drawn from a

normal distribution are within one § A

standard deviation o away from the "

mean; about 95% of the values lie S 7

within two standard deviations; and ~

about 99.7% are within three standard S 34.1% 34.1%
deviations. This fact is known as the ; |

68-95-99.7 (empirical) rule, or the

3-sigma rule. g

=30 —-20 -1o M 1o 20 30
More precisely, the probability that a

normal deviate lies in the range u — no Dark blue is less than one standard deviation away from the mean. For the normal

and « + no is given b distribution, this accounts for about 68% of the set, while two standard deviations from
H g y the mean (medium and dark blue) account for about 95%, and three standard deviations
(light, medium, and dark blue) account for about 99.7%.
F(i+n0) — F(i — no) = ®(n) — &(—n) = exf (%) ,

To 12 decimal places, the values forn=1,2, ..., 6 are:[z]

n | F(u+no) - F(u-no) | i.e.1minus... orlin.. OEIS

1| 0.682689492137 | 0.317310507863 | 3.15148718753 | 9§ A178647
2| 0.954499736104 | 0.045500263896 | 21.9778945080 | 9§ A110894
3| 0.997300203937 | 0.002699796063 | 370.398347345

41 0.999936657516 | 0.000063342484 | 15787.1927673

51 0.999999426697 | 0.000000573303 | 1744277.89362

6| 0.999999998027 | 0.000000001973 | 506797345.897

Quantile function

The quantile function of a distribution is the inverse of the cumulative distribution function. The quantile function of
the standard normal distribution is called the probit function, and can be expressed in terms of the inverse error

function:

d(p) = V2erf }(2p—1), pe(0,1).

. . . 2 . .
For a normal random variable with mean ¢ and variance ¢°, the quantile function is

F'(p)=p+007'(p) = p+ov2erf Y (2p—1), pe(0,1).
The quantile ! (p) of the standard normal distribution is commonly denoted as 2 These values are used in

hypothesis testing, construction of confidence intervals and Q-Q plots. A normal random variable X will exceed u +
oz, with probability 1—p; and will lie outside the interval u + oz, with probability 2(1-p). In particular, the quantile
is 1.96; therefore a normal random variable will lie outside the interval u + 1.966 in only 5% of cases.

b4
0.975
The following table gives the multiple n of ¢ such that X will lie in the range ¢ * no with a specified probability p.

These values are useful to determine tolerance interval for sample averages and other statistical estimators with

normal (or asymptotically normal) distributions:"!
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F(u+no) - F(u-no) | n F(u+no) - F(u-no) | n

0.80 1.281551565545 | | 0.999 3.290526731492
0.90 1.644853626951 | | 0.9999 3.890591886413
0.95 1959963984540 | | 0.99999 4417173413469
0.98 2.326347874041 | | 0.999999 4.891638475699
0.99 2.575829303549 | | 0.9999999 5.326723886384
0.995 2.807033768344 | | 0.99999999 5.730728868236
0.998 3.090232306168 | | 0.999999999 6.109410204869

Zero-variance limit

In the limit when o tends to zero, the probability density f(x) eventually tends to zero at any x # y, but grows without
limit if x = g, while its integral remains equal to 1. Therefore, the normal distribution cannot be defined as an

ordinary function when ¢ = 0.

However, one can define the normal distribution with zero variance as a generalized function; specifically, as Dirac's
"delta function" J translated by the mean g, that is fix) = 6(x—u). Its CDF is then the Heaviside step function
translated by the mean ¢, namely

0 ifz<p

F(z) =
(=) 1 fz>p

The central limit theorem

The central limit theorem states that under certain

(fairly common) conditions, the sum of many random t
variables will have an approximately normal =4
distribution. More specifically, where Xl’ s Xn are . .
independent and identically distributed random
variables with the same arbitrary distribution, zero
mean, and variance 02; and Z is their mean scaled by
Jn
. .

e . .
z=1

As the number of discrete events increases, the function begins to
Then, as n increases, the probability distribution of Z resemble a normal distribution
will tend to the normal distribution with zero mean and

. 2
variance o .

The theorem can be extended to variables Xi that are not independent and/or not identically distributed if certain

constraints are placed on the degree of dependence and the moments of the distributions.

Many test statistics, scores, and estimators encountered in practice contain sums of certain random variables in



https://en.wikipedia.org/w/index.php?title=Limit_%28mathematics%29
https://en.wikipedia.org/w/index.php?title=Function_%28mathematics%29
https://en.wikipedia.org/w/index.php?title=Generalized_function
https://en.wikipedia.org/w/index.php?title=Dirac_delta_function
https://en.wikipedia.org/w/index.php?title=Dirac_delta_function
https://en.wikipedia.org/w/index.php?title=Heaviside_step_function
https://en.wikipedia.org/w/index.php?title=File%3ADe_moivre-laplace.gif
https://en.wikipedia.org/w/index.php?title=Independent_and_identically_distributed
https://en.wikipedia.org/w/index.php?title=Test_statistic
https://en.wikipedia.org/w/index.php?title=Score_%28statistics%29
https://en.wikipedia.org/w/index.php?title=Estimator

Normal distribution

92

them, and even more estimators can be represented as

n=1 n=4
sums of random variables through the use of influence o s b
. o . . . 0.16 0.16
functions. The central limit theorem implies that those 014 014
o ] ] 012 012 73 /648
statistical parameters will have asymptotically normal 0.10 0.10
0.08 0.08
distributions. 0.05 0.05
0.04 0.04
Lo . . . 0.02 0.02
The central limit theorem also implies that certain 0.003 EANE 2 000l—-u . 7 2
distributions can be approximated by the normal " n=2 « n=5
plk) plk)
distribution, for example: g-ig
. . . . . . . 0.14
¢ The binomial distribution B(n, p) is approximately 012 557638
normal with mean np and variance np(1-p)) for 0.08
0.05
large n and for p not too close to zero or one. g-g;
* The Poisson distribution with parameter A is 0003 17,18 30k
approximately normal with mean A and variance A, (k)
0.18
for large values of 214 0.16
0.14
e The chi-squared distribution Xz(k) is approximately 012 kA
normal with mean k and variance 2k, for large k. g-gg 1]
. , s . . o0.04— o ANNNINNE.
The Student's t-distribution #(v) is approximately e N || [ (1111 | /
normal with mean 0 and variance 1 when v is large. 0003 o1l 18k

. . . Comparison of probability density functions, p(k) for the sum of n
Whether these approximations are sufficiently accurate

fair 6-sided dice to show their convergence to a normal distribution
depends on the purpose for which they are needed, and with increasing n, in accordance to the central limit theorem. In the
the rate of convergence to the normal distribution. It is bottom-right graph, smoothed profiles of the previous graphs are

typically the case that such approximations are less rescaled, superimposed and compared with a normal distribution

. . L. . (black curve).
accurate in the tails of the distribution.

A general upper bound for the approximation error in the central limit theorem is given by the Berry—Esseen

theorem, improvements of the approximation are given by the Edgeworth expansions.

Operations on normal deviates

The family of normal distributions is closed under linear transformations: if X is normally distributed with mean y
and deviation o, then the variable Y = aX + b, for any real numbers @ and b, is also normally distributed, with mean

au + b and deviation ac.

Also if X1 and X2 are two independent normal random variables, with means [T and standard deviations 0> 0,

then their sum X Tt X2 will also be normally distributed,[pmoﬂ

with mean iy and variance O'f + 0'3-

In particular, if X and Y are independent normal deviates with zero mean and variance (72, then X + Yand X — Y are
also independent and normally distributed, with zero mean and variance 20 This is a special case of the polarization
identity.

Also, if X . X2 are two independent normal deviates with mean u and deviation o, and a, b are arbitrary real numbers,

then the variable
aX; +bXy — (a+b)u
va? + b?

is also normally distributed with mean ¢ and deviation o. It follows that the normal distribution is stable (with

X3 = + p

exponent a = 2).

More generally, any linear combination of independent normal deviates is a normal deviate.
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Infinite divisibility and Cramér's theorem

For any positive integer n, any normal distribution with mean u and variance o is the distribution of the sum of n

independent normal deviates, each with mean u/n and variance o*/n. This property is called infinite divisibility.

Conversely, if X | and X , are independent random variables and their sum X Tt X ) has a normal distribution, then both

X | and X2 must be normal deviates.

This result is known as Cramér's decomposition theorem, and is equivalent to saying that the convolution of two
distributions is normal if and only if both are normal. Cramér's theorem implies that a linear combination of
independent non-Gaussian variables will never have an exactly normal distribution, although it may approach it

arbitrarily close.

Bernstein's theorem

Bernstein's theorem states that if X and Y are independent and X + Y and X — Y are also independent, then both X and

Y must necessarily have normal distributions.?!

More generally, if X P Xn are independent random variables, then two distinct linear combinations Zaka and
Zka , Will be independent if and only if all X,'s are normal and Zakbk(f 2
k=0, where ¢ 2

xdenotes the variance of X 2

Other properties

Q(t), where Q(7) is a

1. If the characteristic function Py of some random variable X is of the form (pX(t) =e
polynomial, then the Marcinkiewicz theorem (named after J6zef Marcinkiewicz) asserts that Q can be at most a
quadratic polynomial, and therefore X a normal random variable. The consequence of this result is that the normal
distribution is the only distribution with a finite number (two) of non-zero cumulants.

2. If X and Y are jointly normal and uncorrelated, then they are independent. The requirement that X and Y should be
Jjointly normal is essential, without it the property does not hold. [O17Proofl B hon-normal random variables
uncorrelatedness does not imply independence.

3. The Kullback—Leibler divergence of one normal distributions X L~ N(u E o’ | )from another X 5~ Nu > (722 )is

given by:[g]

_ 2 1 0.2 0.2
2

The Hellinger distance between the same distributions is equal to

2
20’10’2 — 1l —ug)” 27“2)
H2(X1’X2) :1 _ —5 e 4 u'1+z7'2 .
o] + o3

4. The Fisher information matrix for a normal distribution is diagonal and takes the form

L0
T =1{2a
(5 &
1

5. Normal distributions belongs to an exponential family with natural parameters #1=-23and #2=_=;, and natural

statistics x and x°. The dual, expectation parameters for normal distribution are n,=u and n,= uz +0%

6. The conjugate prior of the mean of a normal distribution is another normal distribution. Specifically, if Xpswens X
are iid N(u, (72) and the prior is u ~ N(‘MO’ o2
0), then the posterior distribution for the estimator of ¢ will be

o2 2 il
g+ oix n 1
#|I1:"-7$n ~ N nt? 3 ’ ( 2 2)

o2 2
? 0'0 ag 0’0
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7. Of all probability distributions over the reals with mean y and variance 62, the normal distribution N(u, 02) is the

one with the maximum entropy.

8. The family of normal distributions forms a manifold with constant curvature —1. The same family is flat with

respect to the (£1)-connections V' and V.

Related distributions

Operations on a single random variable

If X is distributed normally with mean g and variance 02, then

The exponential of X is distributed log-normally: K~ In(N (u, 62)).

The absolute value of X has folded normal distribution: IX] ~ N f(u, 02). If 4 = 0 this is known as the half-normal
distribution.

The square of X/o has the noncentral chi-squared distribution with one degree of freedom: X?/o? ~ xz 1(‘LLZ/GZ). Ifu
= 0, the distribution is called simply chi-squared.

The distribution of the variable X restricted to an interval [a, b] is called the truncated normal distribution.

X - #)—2 has a Lévy distribution with location 0 and scale o2

Combination of two independent random variables

If X and X are two independent standard normal random variables with mean 0 and variance 1, then

Their sum and difference is distributed normally with mean zero and variance two: X + X ~ N(O, 2)

Their product Z = X X follows the "product-normal” dlstrlbutlon[ ]w1th density functlon f )=m 'k (Izl)
where K is the modlfled Bessel function of the second kind. This distribution is symmetric around zero,
unbounded at z = 0, and has the characteristic function @, =0+t ) 1/2

Their ratio follows the standard Cauchy distribution: X, + L X2 Cauchy(0, 1).
Their Euclidean norm /X2 + X2 has the Rayleigh distribution.

Combination of two or more independent random variables

IfxX E Xz’ cen Xn are independent standard normal random variables, then the sum of their squares has the

chi-squared distribution with n degrees of freedom

2 2 2
Xl +...+X'n, ~ Xn-
IfX E X2, oo Xn are independent normally distributed random variables with means ¢ and variances 62, then their
sample mean is independent from the sample standard deviation, which can be demonstrated using Basu's
theorem or Cochran's theorem. The ratio of these two quantities will have the Student's t-distribution with n — 1

degrees of freedom:

_X—p_ LXi 4+ X,) - .
g — — ~ lp—1-
/\/_ \/'n('n—l) - X)2 +-- (X"l - X)2]
IfX P Xn, Y IR Ym are independent standard normal random variables, then the ratio of their normalized

sums of squares will have the F-distribution with (n, m) degrees of freedom:
_(XF+ X34+ X7) [
Y2+Y24+---+Y2)/m

~ Fm.
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Operations on the density function

The split normal distribution is most directly defined in terms of joining scaled sections of the density functions of
different normal distributions and rescaling the density to integrate to one. The truncated normal distribution results

from rescaling a section of a single density function.

Extensions

The notion of normal distribution, being one of the most important distributions in probability theory, has been
extended far beyond the standard framework of the univariate (that is one-dimensional) case (Case 1). All these

extensions are also called normal or Gaussian laws, so a certain ambiguity in names exists.

* The multivariate normal distribution describes the Gaussian law in the k-dimensional Euclidean space. A vector X
€ Rfis multivariate-normally distributed if any linear combination of its components > k
j=1aj XJ, has a (univariate) normal distribution. The variance of X is a kxk symmetric positive-definite matrix V.
The multivariate normal distribution is a special case of the elliptical distributions. As such, its iso-density loci in
the k£ = 2 case are ellipses and in the case of arbitrary & are ellipsoids.

» Rectified Gaussian distribution a rectified version of normal distribution with all the negative elements reset to 0

e Complex normal distribution deals with the complex normal vectors. A complex vector X € Ckis said to be
normal if both its real and imaginary components jointly possess a 2k-dimensional multivariate normal
distribution. The variance-covariance structure of X is described by two matrices: the variance matrix I', and the
relation matrix C.

* Matrix normal distribution describes the case of normally distributed matrices.

* Gaussian processes are the normally distributed stochastic processes. These can be viewed as elements of some
infinite-dimensional Hilbert space H, and thus are the analogues of multivariate normal vectors for the case k = oo.
A random element s € H is said to be normal if for any constant a € H the scalar product (a, /) has a (univariate)
normal distribution. The variance structure of such Gaussian random element can be described in terms of the
linear covariance operator K: H — H. Several Gaussian processes became popular enough to have their own

names:

e Brownian motion,
* Brownian bridge,
* Ornstein—Uhlenbeck process.
* Gaussian g-distribution is an abstract mathematical construction that represents a "q-analogue" of the normal
distribution.
* the g-Gaussian is an analogue of the Gaussian distribution, in the sense that it maximises the Tsallis entropy, and

is one type of Tsallis distribution. Note that this distribution is different from the Gaussian g-distribution above.

One of the main practical uses of the Gaussian law is to model the empirical distributions of many different random
variables encountered in practice. In such case a possible extension would be a richer family of distributions, having
more than two parameters and therefore being able to fit the empirical distribution more accurately. The examples of
such extensions are:

* Pearson distribution— a four-parametric family of probability distributions that extend the normal law to include

different skewness and kurtosis values.
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Normality tests

Normality tests assess the likelihood that the given data set {x e xn} comes from a normal distribution. Typically
the null hypothesis HO is that the observations are distributed normally with unspecified mean ¢ and variance 62,
versus the alternative Ha that the distribution is arbitrary. Many tests (over 40) have been devised for this problem,

the more prominent of them are outlined below:

* "Visual" tests are more intuitively appealing but subjective at the same time, as they rely on informal human

judgement to accept or reject the null hypothesis.

* Q-Q plot—is a plot of the sorted values from the data set against the expected values of the corresponding

quantiles from the standard normal distribution. That is, it's a plot of point of the form (CD_I(p k), x, ), where

plotting points p, are equal to P= (k—a)/(n+ 1 -2a) and « is an adjustment constant, which carikl;e anything
between 0 and 1. If the null hypothesis is true, the plotted points should approximately lie on a straight line.

e P-P plot— similar to the Q-Q plot, but used much less frequently. This method consists of plotting the points
(P P,
(0,0) and (1, 1).

* Shapiro-Wilk test employs the fact that the line in the Q-Q plot has the slope of ¢. The test compares the least

), where zy=(z)—4)/5 . For normally distributed data this plot should lie on a 45° line between

squares estimate of that slope with the value of the sample variance, and rejects the null hypothesis if these two
quantities differ significantly.

* Normal probability plot (rankit plot)
* Moment tests:

* D'Agostino's K-squared test

e Jarque—Bera test
¢ Empirical distribution function tests:

 Lilliefors test (an adaptation of the Kolmogorov—Smirnov test)

* Anderson—Darling test

Estimation of parameters

It is often the case that we don't know the parameters of the normal distribution, but instead want to estimate them.
That is, having a sample (x], s xn) from a normal N(u, 62) population we would like to learn the approximate
values of parameters u and o°. The standard approach to this problem is the maximum likelihood method, which
requires maximization of the log-likelihood function:
~ n n 1 <&
In L(p,0°) = lenf(zi; p,a%) = —5111(2#) — 5111(72 ~ 52 Zl(zz:Z — u)?

= =
Taking derivatives with respect to ¢ and o” and solving the resulting system of first order conditions yields the
maximum likelihood estimates:

L

[L:leixi, &2:l2($1-—f)2.
n 21

7 “
=1

Estimator f is called the sample mean, since it is the arithmetic mean of all observations. The statistic zis complete

and sufficient for u, and therefore by the Lehmann—Scheffé theorem, & is the uniformly minimum variance unbiased

(UMVU) estimator. In finite samples it is distributed normally:

p* ~ N(,U,, 02/n)'
The variance of this estimator is equal to the yu-element of the inverse Fisher information matrix z—1. This implies
that the estimator is finite-sample efficient. Of practical importance is the fact that the standard error of i is
proportional to 1/4/n, that is, if one wishes to decrease the standard error by a factor of 10, one must increase the

number of points in the sample by a factor of 100. This fact is widely used in determining sample sizes for opinion
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polls and the number of trials in Monte Carlo simulations.

From the standpoint of the asymptotic theory, & is consistent, that is, it converges in probability to g as n — oo. The

estimator is also asymptotically normal, which is a simple corollary of the fact that it is normal in finite samples:

vl — p) 5 N(0, o?).
The estimator s2is called the sample variance, since it is the variance of the sample (x xn). In practice, another
estimator is often used instead of the 2. This other estimator is denoted s , and is also called the sample variance,
which represents a certain ambiguity in terminology; its square root s is called the sample standard deviation. The
estimator s2 differs from s2by having (n — 1) instead of n in the denominator (the so-called Bessel's correction):
n
2= 5% L z:(:r;z — )2
n—1 n—1=

The difference between s> and &2 becomes negligibly small for large n's. In finite samples however, the motivation

behind the use of s is that it is an unbiased estimator of the underlying parameter 02, whereas s2is biased. Also, by
the Lehmann—Scheffé theorem the estimator s is uniformly minimum variance unbiased (UMVU), which makes it
the "best" estimator among all unbiased ones. However it can be shown that the biased estimator s2is "better" than
the s° in terms of the mean squared error (MSE) criterion. In finite samples both s% and &#2have scaled chi-squared
distribution with (n — 1) degrees of freedom:

2 2
2 g 2 ) a 2
S ~ ) Xn—IJ o ~ ; ) Xn—l '

n—1
The first of these expressions shows that the variance of 52 s equal to 2(74/(71—1), which is slightly greater than the
oo-element of the inverse Fisher information matrix z—1. Thus, s2 is not an efficient estimator for 62, and moreover,

since s is UMVU, we can conclude that the finite-sample efficient estimator for o does not exist.

Applying the asymptotic theory, both estimators s> and g2are consistent, that is they converge in probability to 0% as

the sample size n — oo. The two estimators are also both asymptotically normal:
~ d
Vvn(6? — o?) ~ /n(s* — a*) 5 N0, 26).
In particular, both estimators are asymptotically efficient for .

By Cochran's theorem, for normal distributions the sample mean /& and the sample variance 5% are independent,
which means there can be no gain in considering their joint distribution. There is also a reverse theorem: if in a
sample the sample mean and sample variance are independent, then the sample must have come from the normal

distribution. The independence between & and s can be employed to construct the so-called ¢-statistic:
B T—p ot
= = - — —

S/\/ﬁ \/m Z(Z,, — 1‘)2

This quantity ¢ has the Student's t-distribution with (n — 1) degrees of freedom, and it is an ancillary statistic

(independent of the value of the parameters). Inverting the distribution of this #-statistics will allow us to construct
the confidence interval for y; similarly, inverting the xz distribution of the statistic s> will give us the confidence

interval for 62:

e+t . TR . b — |2a/2] - 1+ | zage| .

n—1,0/2 ——5, n—1,1-af2 ——95 | &2 — [2a —F5S, 2o —FS$

L L La/2 Jn H 1,1—a/2 Jn L /2 Jn H /2 vn
n—1)s? n—1)s?

ote | DT e Y2

Xn—11-e/2  Xn-1,a/2 v

where tkp and X2

s—|—|z

|\/_
/2 \/— )

kp are the p quantlles of the ¢- and x -distributions respectively. These confidence intervals are of the level 1 — «,
meaning that the true values ¢ and ¢ 2 fall outside of these intervals with probability . In practice people usually take

a = 5%, resulting in the 95% confidence intervals. The approximate formulas in the display above were derived from
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the asymptotic distributions of 2 and s%. The approximate formulas become valid for large values of n, and are more
convenient for the manual calculation since the standard normal quantiles 2. do not depend on . In particular, the

most popular value of a = 5%, results in Izo 025I = 1.96.

Bayesian analysis of the normal distribution

Bayesian analysis of normally distributed data is complicated by the many different possibilities that may be

considered:

 Either the mean, or the variance, or neither, may be considered a fixed quantity.

*  When the variance is unknown, analysis may be done directly in terms of the variance, or in terms of the
precision, the reciprocal of the variance. The reason for expressing the formulas in terms of precision is that the
analysis of most cases is simplified.

* Both univariate and multivariate cases need to be considered.

 Either conjugate or improper prior distributions may be placed on the unknown variables.

* An additional set of cases occurs in Bayesian linear regression, where in the basic model the data is assumed to be
normally distributed, and normal priors are placed on the regression coefficients. The resulting analysis is similar

to the basic cases of independent identically distributed data, but more complex.

The formulas for the non-linear-regression cases are summarized in the conjugate prior article.

The sum of two quadratics

Scalar form

The following auxiliary formula is useful for simplifying the posterior update equations, which otherwise become

fairly tedious.

2
ay + bz ab .
a+b ) a—l—b(y 2

This equation rewrites the sum of two quadratics in x by expanding the squares, grouping the terms in x, and

a(z —y)? +b(x — 2)* = (a +b) (m—

completing the square. Note the following about the complex constant factors attached to some of the terms:

a bz
1. The factor L has the form of a weighted average of y and z.
a+b
ab 1 i el
2. b = 1—_'_1 = (a +b ) - This shows that this factor can be thought of as resulting from a
al = —_
73 b

situation where the reciprocals of quantities a and b add directly, so to combine a and b themselves, it's necessary

to reciprocate, add, and reciprocate the result again to get back into the original units. This is exactly the sort of

is one-half the harmonic mean of a

operation performed by the harmonic mean, so it is not surprising that b
a+

and b.
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Vector form

A similar formula can be written for the sum of two vector quadratics: If x, y, z are vectors of length k, and A and B

are symmetric, invertible matrices of size k x k , then

(y—x)'A(y—x)}+(x~2z) B(x~2) = (x—c)'(A+B)(x—c)+(y-2z) (A" +B ™) "'(y~2)
where

c=(A+B) Ay + Bz)
Note that the form x” A x is called a quadratic form and is a scalar:

X,AX = Z A3 T, T4

1.3

In other words, it sums up all possible combinations of products of pairs of elements from x, with a separate
coefficient for each. In addition, since ZiTj = ZjZ;, only the sum @;; + @j; matters for any off-diagonal

elements of A, and there is no loss of generality in assuming that A is symmetric. Furthermore, if A is symmetric,
then the form X’ Ay = y'Ax.

The sum of differences from the mean

Another useful formula is as follows:

T "

Y (@i —p)? =) (3 — 2)* +n(z — p)*

i=1 i=1

1 n

where T = — in.
(R
i=1

With known variance

For a set of i.i.d. normally distributed data points X of size n where each individual point x follows z ~ Ay, 0-2)

with known variance 02, the conjugate prior distribution is also normally distributed.
This can be shown more easily by rewriting the variance as the precision, i.e. using T = 1/6%. Then if z~N (,u, 7-)

and gy ~ N (po, T9), We proceed as follows.
First, the likelihood function is (using the formula above for the sum of differences from the mean):

P(Xlp,7) = lj \/;eXp (— %r(zi - #)2)

Then, we proceed as follows:
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p(p|X) o< p(X|p)p(pe)

2 1 (& 1
= (21) Cexp | —o7 | Y (3~ 2)* + (3 — p)? ;—; exp (—§To(n - ;uo)2)

Y

=1
1 g _\2 - 2 2
ccexp | g (| Doles— 2 4 n(E - ) ) + (i o)
o
coxp (3 (@ — w0 + ol po)?)
B 1 nTT + Tolo 2 nrig ,_ P)
= exp —§(n7-+7-0) (#— ———" ) +m_+T0(-’U—#0)

1 NTI + Tolo 2
X exp —E(TLT —+ ’Tg) (,Ub e m)

In the above derivation, we used the formula above for the sum of two quadratics and eliminated all constant factors

. : : o : NTT + Tofo .
not involving w. The result is the kernel of a normal distribution, with mean fand precision 17T + Ty,
nT + To

i.e.

nTI + Tolo

Pl X) ~ 7 ( o+

This can be written as a set of Bayesian update equations for the posterior parameters in terms of the prior

nr + 1

parameters:

7'(') =710+ nT
, NTI + Tolo

Ho = nr -+ Ty

1>
r=— Z xT;
n =1
That is, to combine n data points with total precision of nt (or equivalently, total variance of n/oz) and mean of
values 7 , derive a new total precision simply by adding the total precision of the data to the prior total precision,
and form a new mean through a precision-weighted average, i.e. a weighted average of the data mean and the prior
mean, each weighted by the associated total precision. This makes logical sense if the precision is thought of as
indicating the certainty of the observations: In the distribution of the posterior mean, each of the input components is
weighted by its certainty, and the certainty of this distribution is the sum of the individual certainties. (For the
intuition of this, compare the expression "the whole is (or is not) greater than the sum of its parts". In addition,
consider that the knowledge of the posterior comes from a combination of the knowledge of the prior and likelihood,

so it makes sense that we are more certain of it than of either of its components.)

The above formula reveals why it is more convenient to do Bayesian analysis of conjugate priors for the normal
distribution in terms of the precision. The posterior precision is simply the sum of the prior and likelihood precisions,
and the posterior mean is computed through a precision-weighted average, as described above. The same formulas

can be written in terms of variance by reciprocating all the precisions, yielding the more ugly formulas
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2/ 1
O-U =
o+ 5
a? o5
nE | po
; o2 + o'g
Ho = —, 1
T o
1 T
Tr = ﬁ xT;
=1

With known mean

For a set of i.i.d. normally distributed data points X of size n where each individual point x follows 7 ~ A/ ( L, 0-2)

with known mean @, the conjugate prior of the variance has an inverse gamma distribution or a scaled inverse
chi-squared distribution. The two are equivalent except for having different parameterizations. Although the inverse
gamma is more commonly used, we use the scaled inverse chi-squared for the sake of convenience. The prior for o

is as follows:

S

—voe? . |
P, 72) = (‘1{3("?)70 exp | it] exp [

2) @)FF T (@)

The likelihood function from above, written in terms of the variance, is:

i

1\ 1 <
pX1 o) = (5703 ) o | ~503 D (as =

2o ) —

Then:

1\ 5 1 (e3p)% o |55
= exp |—
202

2 T(p)  (o9)*%
x i ’ 71 exp —i + L

o2 (02)1"'52‘l 202 202
B 1 vop + 5
T (o2t [_ 202 ]

The above is also a scaled inverse chi-squared distribution where
T/6 =1+n

n
P 2
Voo = oy + E (zi — p)
i=1

or equivalently

vi=uv+n

o _ w0 (= )’
0 g+n
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Reparameterizing in terms of an inverse gamma distribution, the result is:
;. n
o =oa+ 5
i (Ti — p)?*
2

g =8+

With unknown mean and unknown variance

For a set of i.i.d. normally distributed data points X of size n where each individual point x follows  ~ A ( 15 0-2)

with unknown mean p and unknown variance 02, a combined (multivariate) conjugate prior is placed over the mean

and variance, consisting of a normal-inverse-gamma distribution. Logically, this originates as follows:

1. From the analysis of the case with unknown mean but known variance, we see that the update equations involve
sufficient statistics computed from the data consisting of the mean of the data points and the total variance of the
data points, computed in turn from the known variance divided by the number of data points.

2. From the analysis of the case with unknown variance but known mean, we see that the update equations involve
sufficient statistics over the data consisting of the number of data points and sum of squared deviations.

3. Keep in mind that the posterior update values serve as the prior distribution when further data is handled. Thus,
we should logically think of our priors in terms of the sufficient statistics just described, with the same semantics
kept in mind as much as possible.

4. To handle the case where both mean and variance are unknown, we could place independent priors over the mean
and variance, with fixed estimates of the average mean, total variance, number of data points used to compute the
variance prior, and sum of squared deviations. Note however that in reality, the total variance of the mean
depends on the unknown variance, and the sum of squared deviations that goes into the variance prior (appears to)
depend on the unknown mean. In practice, the latter dependence is relatively unimportant: Shifting the actual
mean shifts the generated points by an equal amount, and on average the squared deviations will remain the same.
This is not the case, however, with the total variance of the mean: As the unknown variance increases, the total
variance of the mean will increase proportionately, and we would like to capture this dependence.

5. This suggests that we create a conditional prior of the mean on the unknown variance, with a hyperparameter
specifying the mean of the pseudo-observations associated with the prior, and another parameter specifying the
number of pseudo-observations. This number serves as a scaling parameter on the variance, making it possible to
control the overall variance of the mean relative to the actual variance parameter. The prior for the variance also
has two hyperparameters, one specifying the sum of squared deviations of the pseudo-observations associated
with the prior, and another specifying once again the number of pseudo-observations. Note that each of the priors
has a hyperparameter specifying the number of pseudo-observations, and in each case this controls the relative
variance of that prior. These are given as two separate hyperparameters so that the variance (aka the confidence)
of the two priors can be controlled separately.

6. This leads immediately to the normal-inverse-gamma distribution, which is the product of the two distributions
just defined, with conjugate priors used (an inverse gamma distribution over the variance, and a normal

distribution over the mean, conditional on the variance) and with the same four parameters just defined.
The priors are normally defined as follows:
2, 2
p(ﬂ|0 i Mo, ’n,()) ~ N(#O: g /no)
2 2 2 2 2
p(o* v, 05) ~ Ix“(v,05) = IG(/2,v905/2)

The update equations can be derived, and look as follows:
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The respective numbers of pseudo-observations add the number of actual observations to them. The new mean
hyperparameter is once again a weighted average, this time weighted by the relative numbers of observations.

Finally, the update for y(l)o'g’ is similar to the case with known mean, but in this case the sum of squared deviations

is taken with respect to the observed data mean rather than the true mean, and as a result a new "interaction term"

needs to be added to take care of the additional error source stemming from the deviation between prior and data

mean.

Proof is as follows.

Occurrence

The occurrence of normal distribution in practical problems can be loosely classified into three categories:

1. Exactly normal distributions;

2. Approximately normal laws, for example when such approximation is justified by the central limit theorem; and

3. Distributions modeled as normal — the normal distribution being the distribution with maximum entropy for a

given mean and variance.

Exact normality

Certain quantities in physics are distributed normally, as was first
demonstrated by James Clerk Maxwell. Examples of such quantities

are:

* Velocities of the molecules in the ideal gas. More generally,
velocities of the particles in any system in thermodynamic
equilibrium will have normal distribution, due to the maximum
entropy principle.

* Probability density function of a ground state in a quantum harmonic
oscillator.

* The position of a particle that experiences diffusion. If initially the
particle is located at a specific point (that is its probability
distribution is the dirac delta function), then after time ¢ its location

Ey =t [n+:

The ground state of a quantum harmonic

oscillator has the Gaussian distribution.

is described by a normal distribution with variance ¢, which satisfies the diffusion equation 8/ar f(x,) = 1/2 8°/8x>

fix, ). If the initial location is given by a certain density function g(x), then the density at time 7 is the convolution

of g and the normal PDF.
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Approximate normality

Approximately normal distributions occur in many situations, as explained by the central limit theorem. When the
outcome is produced by many small effects acting additively and independently, its distribution will be close to
normal. The normal approximation will not be valid if the effects act multiplicatively (instead of additively), or if

there is a single external influence that has a considerably larger magnitude than the rest of the effects.

* In counting problems, where the central limit theorem includes a discrete-to-continuum approximation and where

infinitely divisible and decomposable distributions are involved, such as

* Binomial random variables, associated with binary response variables;
¢ Poisson random variables, associated with rare events;
e Thermal light has a Bose—FEinstein distribution on very short time scales, and a normal distribution on longer

timescales due to the central limit theorem.

Assumed normality

I can only recognize the occurrence of the normal curve — the
Laplacian curve of errors — as a very abnormal phenomenon. It
is roughly approximated to in certain distributions; for this
reason, and on account for its beautiful simplicity, we may,
perhaps, use it as a first approximation, particularly in theoretical
investigations.

—Pearson (1901)

There are statistical methods to empirically test that assumption, see

Histogram of sepal widths for Iris versicolor

the above Normality tests section. from Fisher's Iris flower data set, with

* In biology, the logarithm of various variables tend to have a normal superimposed best-fitting normal distribution.
distribution, that is, they tend to have a log-normal distribution

(after separation on male/female subpopulations), with examples including:

* Measures of size of living tissue (length, height, skin area, weight);

* The length of inert appendages (hair, claws, nails, teeth) of biological specimens, in the direction of growth;
presumably the thickness of tree bark also falls under this category;

* Certain physiological measurements, such as blood pressure of adult humans.

* In finance, in particular the Black—Scholes model, changes in the logarithm of exchange rates, price indices, and
stock market indices are assumed normal (these variables behave like compound interest, not like simple interest,
and so are multiplicative). Some mathematicians such as Benoit Mandelbrot have argued that log-Levy
distributions, which possesses heavy tails would be a more appropriate model, in particular for the analysis for
stock market crashes.

e Measurement errors in physical experiments are often modeled by a normal distribution. This use of a normal
distribution does not imply that one is assuming the measurement errors are normally distributed, rather using the
normal distribution produces the most conservative predictions possible given only knowledge about the mean

and variance of the errors.
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In standardized testing, results can be made to have a

Cumulative frequency analysis. October rainfall
Fitting the ranked data to a normal distribution

normal distribution by either selecting the number and

Cumulative frequency (%)
difficulty of questions (as in the IQ test) or transforming ok Tl .
the raw test scores into "output” scores by fitting them to

the normal distribution. For example, the SAT's traditional
range of 200—800 is based on a normal distribution with a

mean of 500 and a standard deviation of 100.

Many scores are derived from the normal distribution,
including percentile ranks ("percentiles" or "quantiles"),

normal curve equivalents, stanines, z-scores, and T-scores.

CumFreq program at www.waterlog.info/cumfreq him

Additionally’ some behavioral statistical procedures Fitted cumulative normal distribution to October rainfalls,
assume that scores are normally distributed; for example, see distribution fitting
t-tests and ANOV As. Bell curve grading assigns relative

grades based on a normal distribution of scores.

In hydrology the distribution of long duration river discharge or rainfall, e.g. monthly and yearly totals, is often
thought to be practically normal according to the central limit theorem. The blue picture illustrates an example of
fitting the normal distribution to ranked October rainfalls showing the 90% confidence belt based on the binomial

distribution. The rainfall data are represented by plotting positions as part of the cumulative frequency analysis.

Generating values from normal distribution

In computer simulations, especially in applications of
the Monte-Carlo method, it is often desirable to
generate values that are normally distributed. The
algorithms listed below all generate the standard
normal deviates, since a N(u, 62

) can be generated as X = u + oZ, where Z is standard
normal. All these algorithms rely on the availability of
a random number generator U capable of producing

uniform random variates.

The most straightforward method is based on the
probability integral transform property: if U is
distributed uniformly on (0,1), then &~ (U) will
have the standard normal distribution. The drawback

The bean machine, a device invented by Francis Galton, can be

of this method is thlat it relies on calculation of the called the first generator of normal random variables. This machine

probit function @, which cannot be done consists of a vertical board with interleaved rows of pins. Small balls

analytically. Some approximate methods are are dropped from the top and then bounce randomly left or right as

described in Hart (1968) and in the erf article they hit the pins. The balls are collected into bins at the bottom and

Wich i £ | thm f ine thi settle down into a pattern resembling the Gaussian curve.
ichura gives a fast algorithm for computing this

function to 16 decimal places, which is used by R to

compute random variates of the normal distribution.

An easy to program approximate approach, that relies on the central limit theorem, is as follows: generate 12
uniform U(0,1) deviates, add them all up, and subtract 6 — the resulting random variable will have approximately
standard normal distribution. In truth, the distribution will be Irwin—Hall, which is a 12-section eleventh-order

polynomial approximation to the normal distribution. This random deviate will have a limited range of (-6, 6).
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e The Box—Muller method uses two independent random numbers U and V distributed uniformly on (0,1). Then the

two random variables X and Y

X =v-2InU cos(27V),
Y =+v-2InU sin(27V).

will both have the standard normal distribution, and will be independent. This formulation arises because for a
bivariate normal random vector (X Y) the squared norm X%+ Y will have the chi-squared distribution with two
degrees of freedom, which is an easily generated exponential random variable corresponding to the quantity
—2In(U) in these equations; and the angle is distributed uniformly around the circle, chosen by the random
variable V.

* Marsaglia polar method is a modification of the Box—Muller method algorithm, which does not require
computation of functions sin () and cos (). In this method U and V are drawn from the uniform (-1,1)
distribution, and then S = U+ Vs computed. If S is greater or equal to one then the method starts over,

otherwise two quantities

[—2In S [-21n S
X=Uy === Y=V =2
5 S

are returned. Again, X and Y will be independent and standard normally distributed.

* The Ratio method is a rejection method. The algorithm proceeds as follows:

* Generate two independent uniform deviates U and V;
« Compute X = V8/e (V = 0.5)/U;

« Optional: if X* < 5 — 4¢'*
e Optional: if X2 = 471

e If X’ < —4InU then accept X, otherwise start over the algorithm.

U then accept X and terminate algorithm;

/U + 1.4 then reject X and start over from step 1;

* The ziggurat algorithm is faster than the Box—Muller transform and still exact. In about 97% of all cases it uses
only two random numbers, one random integer and one random uniform, one multiplication and an if-test. Only in
3% of the cases, where the combination of those two falls outside the "core of the ziggurat" (a kind of rejection
sampling using logarithms), do exponentials and more uniform random numbers have to be employed.

* There is also some investigation into the connection between the fast Hadamard transform and the normal
distribution, since the transform employs just addition and subtraction and by the central limit theorem random
numbers from almost any distribution will be transformed into the normal distribution. In this regard a series of
Hadamard transforms can be combined with random permutations to turn arbitrary data sets into a normally
distributed data.

Numerical approximations for the normal CDF

The standard normal CDF is widely used in scientific and statistical computing. The values ®(x) may be
approximated very accurately by a variety of methods, such as numerical integration, Taylor series, asymptotic series

and continued fractions. Different approximations are used depending on the desired level of accuracy.

* Zelen & Severo (1964) give the approximation for ®(x) for x > 0 with the absolute error le(x)l < 7.5.1078
(algorithm 26.2.17 1))

d(z) =1 — ¢(z) (blt + bot® + bst® + byt* + b5t5) +e(x), t= #,
]_ —|— bo.’E
where ¢(x) is the standard normal PDF, and b, = 0.2316419, b, = 0.319381530, b, = -0.356563782, b, =
1.781477937, b4 =-1.821255978, b5 = 1.330274429.
* Hart (1968) lists almost a hundred of rational function approximations for the erfc () function. His algorithms
vary in the degree of complexity and the resulting precision, with maximum absolute precision of 24 digits. An

algorithm by West (2009) combines Hart's algorithm 5666 with a continued fraction approximation in the tail to
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provide a fast computation algorithm with a 16-digit precision.
e Cody (1969) after recalling Hart68 solution is not suited for erf, gives a solution for both erf and erfc, with
maximal relative error bound, via Rational Chebyshev Approximation.

* Marsaglia (2004) suggested a simple algorithm“ Ubased on the Taylor series expansion

T T

1 $3 $5 7 9
@(z)=§+¢)(z)($+—+ + + +)

3 3-5 3-5-7 3-5-7-9
for calculating ®(x) with arbitrary precision. The drawback of this algorithm is comparatively slow calculation
time (for example it takes over 300 iterations to calculate the function with 16 digits of precision when x = 10).
* The GNU Scientific Library calculates values of the standard normal CDF using Hart's algorithms and
approximations with Chebyshev polynomials.

History

Development

Some authors attribute the credit for the discovery of the normal distribution to de Moivre, who in 173812 published
in the second edition of his "The Doctrine of Chances" the study of the coefficients in the binomial expansion of (a +
b)". De Moivre proved that the middle term in this expansion has the approximate magnitude of 2/+/Zzn, and that
"If m or Y2n be a Quantity infinitely great, then the Logarithm of the Ratio, which a Term distant from the middle by
the Interval [, has to the middle Term, is —znﬂ."m] Although this theorem can be interpreted as the first obscure
expression for the normal probability law, Stigler points out that de Moivre himself did not interpret his results as
anything more than the approximate rule for the binomial coefficients, and in particular de Moivre lacked the
concept of the probability density function.

In 1809 Gauss published his monograph "Theoria motus corporum
coelestium in sectionibus conicis solem ambientium" where among
other things he introduces several important statistical concepts, such
as the method of least squares, the method of maximum likelihood, and
the normal distribution. Gauss used M, M’, M", ... to denote the
measurements of some unknown quantity V, and sought the "most
probable" estimator: the one that maximizes the probability p(M-V) -
eM’=V) - (M”’-V) - ... of obtaining the observed experimental
results. In his notation @A is the probability law of the measurement
errors of magnitude A. Not knowing what the function ¢ is, Gauss

requires that his method should reduce to the well-known answer: the
[

arithmetic mean of the measured values.'¥! Starting from these

principles, Gauss demonstrates that the only law that rationalizes the

E it . . . . . .
\ o 2 choice of arithmetic mean as an estimator of the location parameter, is
~u

Carl Friedrich Gauss discovered the normal the normal law of errors:

distribution in 1809 as a way to rationalize the 3
method of least squares. _ —hhAA
4 pA=—ce

2
N4
where & is "the measure of the precision of the observations". Using this normal law as a generic model for errors in

the experiments, Gauss formulates what is now known as the non-linear weighted least squares (NWLS) method.
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Although Gauss was the first to suggest the normal distribution law,
Laplace made significant contributions.">! It was Laplace who first
posed the problem of aggregating several observations in 1774,
although his own solution led to the Laplacian distribution. It was
Laplace who first calculated the value of the integral [ e dt =z in
1782, providing the normalization constant for the normal distribution.
Finally, it was Laplace who in 1810 proved and presented to the
Academy the fundamental central limit theorem, which emphasized the

theoretical importance of the normal distribution.

It is of interest to note that in 1809 an American mathematician Adrain
published two derivations of the normal probability law,
simultaneously and independently from Gauss. His works remained
largely unnoticed by the scientific community, until in 1871 they were

"rediscovered" by Abbe.

In the middle of the 19th century Maxwell demonstrated that the Marquis de Laplace proved the central limit
normal distribution is not just a convenient mathematical tool, but may  theorem in 1810, consolidating the importance of
also occur in natural phenomena: "The number of particles whose the normal distribution in statistics.

velocity, resolved in a certain direction, lies between x and x + dx is
1 o2

-4
aﬁea o

Naming

N

Since its introduction, the normal distribution has been known by many different names: the law of error, the law of
facility of errors, Laplace's second law, Gaussian law, etc. Gauss himself apparently coined the term with reference
to the "normal equations" involved in its applications, with normal having its technical meaning of orthogonal rather

U7 had started using the name normal

than "usual".[®! However, by the end of the 19th century some authors
distribution, where the word "normal" was used as an adjective — the term now being seen as a reflection of the fact
that this distribution was seen as typical, common — and thus "normal". Peirce (one of those authors) once defined

"

"normal" thus: "...the 'normal' is not the average (or any other kind of mean) of what actually occurs, but of what
would, in the long run, occur under certain circumstances."!'® Around the turn of the 20th century Pearson

popularized the term normal as a designation for this distribution.
Many years ago I called the Laplace—Gaussian curve the normal curve, which name, while it avoids an
international question of priority, has the disadvantage of leading people to believe that all other distributions

of frequency are in one sense or another 'abnormal'.
—Pearson (1920)
Also, it was Pearson who first wrote the distribution in terms of the standard deviation ¢ as in modern notation. Soon

after this, in year 1915, Fisher added the location parameter to the formula for normal distribution, expressing it in

the way it is written nowadays:

1 _wfmgz
e 202 dx

df =
f0'271'

The term "standard normal”, which denotes the normal distribution with zero mean and unit variance came into
general use around 1950s, appearing in the popular textbooks by P.G. Hoel (1947) "Introduction to mathematical
statistics" and A.M. Mood (1950) "Introduction to the theory of statistics".

When the name is used, the "Gaussian distribution” was named after Carl Friedrich Gauss, who introduced the

distribution in 1809 as a way of rationalizing the method of least squares as outlined above. Among English
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speakers, both "normal distribution" and "Gaussian distribution" are in common use, with different terms preferred

by different communities.

Notes

[11 Normal Distribution (http://findarticles.com/p/articles/mi_g2699/is_0002/ai_2699000241), Gale Encyclopedia of Psychology

[2] WolframAlpha.com (http://www.wolframalpha.com/input/?i=Table[ { N(Erf(n/Sqrt(2)),+12),+N(1-Erf(n/Sqrt(2)),+12),+N(1/(1-Erf(n/
Sqrt(2))),+12)},+{n,1,6}1)

[3] part 1 (http://www.wolframalpha.com/input/?i=Table[Sqrt(2)*InverseErf(x),+{x,+N({8/10,+9/10,+19/20,+49/50,+99/100,+995/
1000,+998/1000},+13)}]), part 2 (http://www.wolframalpha.com/input/

%i=Table[ {N(1-107(-x),9),N(Sqrt(2)*InverseErf(1-10°(-x)),13)},{x,3,9}])

[4] Normal Approximation to Poisson()) Distribution, http://www.stat.ucla.edu/ (http://www.stat.ucla.edu/~dinov/courses_students.dir/
Applets.dir/Normal Approx2PoissonApplet.html)

[51 Quine, M.P. (1993) "On three characterisations of the normal distribution" (http://www.math.uni.wroc.pl/~pms/publicationsArticle.
php?nr=14.2&nrA=8&ppB=257&ppE=263), Probability and Mathematical Statistics, 14 (2), 257-263

[6] UIUC, Lecture 21. The Multivariate Normal Distribution (http://www.math.uiuc.edu/~r-ash/Stat/StatLec21-25.pdf), 21.6:"Individually
Gaussian Versus Jointly Gaussian".

[7]1 Edward L. Melnick and Aaron Tenenbein, "Misspecifications of the Normal Distribution", The American Statistician, volume 36, number 4
November 1982, pages 372-373

[8] http://www.allisons.org/Il/MML/KL/Normal/

[91 Normal Product Distribution (http://mathworld. wolfram.com/NormalProductDistribution.html), Mathworld

[10] http://www.math.sfu.ca/~cbm/aands/page_932.htm

[11] For example, this algorithm is given in the article Bc programming language.

[12] De Moivre first published his findings in 1733, in a pamphlet "Approximatio ad Summam Terminorum Binomii in Seriem Expansi" that was
designated for private circulation only. But it was not until the year 1738 that he made his results publicly available. The original pamphlet
was reprinted several times, see for example .

[13] De Moivre, Abraham (1733), Corollary I — see

[14] "It has been customary certainly to regard as an axiom the hypothesis that if any quantity has been determined by several direct
observations, made under the same circumstances and with equal care, the arithmetical mean of the observed values affords the most probable
value, if not rigorously, yet very nearly at least, so that it is always most safe to adhere to it." —

[15] "My custom of terming the curve the Gauss—Laplacian or normal curve saves us from proportioning the merit of discovery between the two
great astronomer mathematicians." quote from

[16] Jaynes, Edwin J.; Probability Theory: The Logic of Science, Ch 7 (http://www-biba.inrialpes.fr/Jaynes/cc07s.pdf)

[17] Besides those specifically referenced here, such use is encountered in the works of Peirce, Galton () and Lexis (, ) c. 1875.

[18] Peirce, Charles S. (c. 1909 MS), Collected Papers v. 6, paragraph 327
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Student's t-distribution
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. Kv(x): Modified Bessel function of the second kind[l]

In probability and statistics, Student's ¢-distribution (or simply the #-distribution) is a family of continuous
probability distributions that arises when estimating the mean of a normally distributed population in situations
where the sample size is small and population standard deviation is unknown. It plays a role in a number of widely
used statistical analyses, including the Student's r-test for assessing the statistical significance of the difference
between two sample means, the construction of confidence intervals for the difference between two population
means, and in linear regression analysis. The Student's #-distribution also arises in the Bayesian analysis of data from

a normal family.

If we take a sample of n = v+1 observations from a normal distribution (the black curve on the figure on the right of
this page, representing a very large v), compute the sample mean and plot it, and repeat this process infinitely many

times (for the same n), we get the probability density function for that n, as shown in the image on the right.

If we also compute the sample variance for these n observations, then the 7-distribution (for n-7) can be defined as
the distribution of the location of the true mean, relative to the sample mean and divided by the sample standard

deviation, after multiplying by the normalizing term \/E , where n is the sample size. In this way, the -distribution

can be used to estimate how likely it is that the true mean lies in any given range.

The r-distribution is symmetric and bell-shaped, like the normal distribution, but has heavier tails, meaning that it is
more prone to producing values that fall far from its mean. This makes it useful for understanding the statistical
behavior of certain types of ratios of random quantities, in which variation in the denominator is amplified and may
produce outlying values when the denominator of the ratio falls close to zero. The Student's ¢-distribution is a special

case of the generalised hyperbolic distribution.

History and etymology
In statistics, the #-distribution was first derived as a posterior distribution in 1876 by Helmert and Liiroth.

In the English-language literature it takes its name from William Sealy Gosset's 1908 paper in Biometrika under the
pseudonym "Student".””) Gosset worked at the Guinness Brewery in Dublin, Ireland, and was interested in the
problems of small samples, for example of the chemical properties of barley where sample sizes might be as low as
3. One version of the origin of the pseudonym is that Gosset's employer forbade members of its staff from publishing
scientific papers, so he had to hide his identity. Another version is that Guinness did not want their competitors to

know that they were using the #-test to test the quality of raw material.l*!

Gosset's paper refers to the distribution as the "frequency distribution of standard deviations of samples drawn from

a normal population”. It became well-known through the work of Ronald A. Fisher, who called the distribution

"Student's distribution" and referred to the value as t.[4]
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Definition

Probability density function
Student's ¢-distribution has the probability density function given by
v41
I'( v_+l) £2\ "7
flt)=——5"~ 1+ ,
NZINEd) v
where v is the number of degrees of freedom and T"is the gamma function. This may also be written as

_ vl

f(t)=m(1+§) g

where B is the Beta function.

For v even,
ref) _ @-1)E-3)--5-3
V() ~ 2 /u(v—2)(v—4)--4-2
For v odd,
red) -1 -3)--4-2

Ver (%) m/v(v—2)(v —4)---5-3"
The probability density function is symmetric, and its overall shape resembles the bell shape of a normally
distributed variable with mean 0 and variance 1, except that it is a bit lower and wider. As the number of degrees of
freedom grows, the t-distribution approaches the normal distribution with mean 0 and variance 1.
The following images show the density of the #-distribution for increasing values of . The normal distribution is
shown as a blue line for comparison. Note that the ¢-distribution (red line) becomes closer to the normal distribution
as v increases.

Density of the ¢-distribution (red) for 1, 2, 3, 5, 10, and 30 degrees of freedom compared to
the standard normal distribution (blue).
Previous plots shown in green.
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Cumulative distribution function

The cumulative distribution function can be written in terms of /, the regularized incomplete beta function. For 7 > 0,

Ft) = / fluydu=1- 4L (5.4).

with

v
t) = }
z(?) 24 v

Other values would be obtained by symmetry. An alternative formula, valid for P < v, is

/:o flu)du=1+ tr(\/‘i_gy—s_(;;)zfi (%, Hw+1)3 —%)

where 2F . is a particular case of the hypergeometric function.

Special cases
Certain values of v give an especially simple form.
e v=1

Distribution function:

F(z) = % + % arctan(z).

Density function:
1

&)= oy
See Cauchy distribution

e v=2
Distribution function:

F(z)= 3+

T

2/2 + 2

Density function:
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1

f(I)=(2+T)%-

e v=3

Density function:

Density function:

1 =2
f(:z):\/%e .

See Normal distribution

How the ¢-distribution arises

Sampling distribution
Let Xps e X be the numbers observed in a sample from a continuously distributed population with expected value p.

The sample mean and sample variance are given by:

- 1t Ty
= f
2 1 - =12
s = n—l;(l‘i_m)
The resulting #-value is
T—p

t= . / \/ﬁ
The t-distribution with n — 1 degrees of freedom is the sampling distribution of the 7-value when the samples consist
of independent identically distributed observations from a normally distributed population. Thus for inference
purposes ¢ is a useful "pivotal quantity" in the case when the mean and variance (u, 02) are unknown population

parameters, in the sense that the #-value has then a probability distribution that depends on neither u nor o’

Bayesian inference
In Bayesian statistics, a (scaled, shifted) #-distribution arises as the marginal distribution of the unknown mean of a

normal distribution, when the dependence on an unknown variance has been marginalised out:1!

p(uD,1) = [ plp, oD, 1) do”

_ f p(u|D, 0% T) p(o®|D, I) do

where D stands for the data {xi} and [ represents any other information that may have been used to create the model.
The distribution is thus the compounding of the conditional distribution of u given the data and o” with the marginal
distribution of o given the data.

With n data points, if uninformative location and scale priors p{z|s2,7)=constand p(c?|I)  1/52can be taken for p

and 02, then Bayes' theorem gives
p(ulD, 0, I) ~N(z,0*/n)
p(c?| D, I) ~Scale-inv-x*(v, s%)
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a Normal distribution and a scaled inverse chi-squared distribution respectively, where v=n — 1 and

=12
T, — I
ooy @2
n—1
The marginalisation integral thus becomes

<1 1
p(p|D,I) x ‘/0 ﬁexp (—ﬁn(u — 5:)2> - 0" 2 exp(—vs?/20%) do?

o 1
o /u o " 2 exp (_ﬁ (n(p—z)° + VS2)) do?

This can be evaluated by substituting z=A4/202, where A=n(u—z)?+vs?, giving

A 2
dZ = —ﬁdd 3

SO

_rfl oo -
p(p|D,I) x Az / 207 V/2 exp(—2)dz
0
But the z integral is now a standard Gamma integral, which evaluates to a constant, leaving

p(p|D, 1) o A~

x (1 + nip — 2)” V;QE)Q)

This is a form of the ¢ distribution with an explicit scaling and shifting that will be explored in more detail in a

—_vrfl
2

further section below. It can be related to the standardised ¢ distribution by the substitution
u—=x
"~ s/\/n

The derivation above has been presented for the case of uninformative priors for u and 02; but it will be apparent that

t

any priors which lead to a Normal distribution being compounded with a scaled inverse chi-squared distribution will
lead to a ¢ distribution with scaling and shifting for P(ulD,I), although the scaling parameter corresponding to s*in

above will then be influenced both by the prior information and the data, rather than just by the data as above.

Characterization

As the distribution of a test statistic

Student's ¢-distribution with v degrees of freedom can be defined as the distribution of the random variable 7 with

[rel
zZ
T = = Z,/=,
Viv v

where

* Zis normally distributed with expected value O and variance 1;
* Vhas a chi-squared distribution with v degrees of freedom;
e Zand V are independent.

A different distribution is defined as that of the random variable defined, for a given constant u, by

(Z+#)\/g-

This random variable has a noncentral #-distribution with noncentrality parameter . This distribution is important in

studies of the power of Student's 7-test.
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Derivation

Suppose Xl, vy Xn are independent random variables that are normally distributed with expected value u and

variance o°. Let
S 1
X, = H(XIJF'“JFX”)
be the sample mean, and
1 & — 2
St=—-Y(x,-X,
P (X

be an unbiased estimate of the variance from the sample. It can be shown that the random variable

SQ
V=n-1)—=
(n - 1)
has a chi-squared distribution with v=n—1 degrees of freedom (by Cochran's theorem). It is readily shown that the
quantity
- n
Z=(Xn—p) vn
o

is normally distributed with mean 0 and variance 1, since the sample mean Yﬂ is normally distributed with mean p

and variance 02/n. Moreover, it is possible to show that these two random variables (the normally distributed one Z
and the chi-squared-distributed one V) are independent. ConsequentlyWikipedia:Please clarify the pivotal quantity,
zZ . Vn
T=——=(X.—p) 5
v/ S

which differs from Z in that the exact standard deviation o is replaced by the random variable Sn, has a Student's

<

t-distribution as defined above. Notice that the unknown population variance o does not appear in 7, since it was in
both the numerator and the denominator, so it canceled. Gosset intuitively obtained the probability density function

stated above, with v equal to n — 1, and Fisher proved it in 1925.

The distribution of the test statistic, 7, depends on v, but not u or o; the lack of dependence on p and o is what makes

the #-distribution important in both theory and practice.

As a maximum entropy distribution

Student's #-distribution is the maximum entropy probability distribution for a random variate X for which

E(ln(y + X?))is fixed.

Properties

Moments

The raw moments of the ¢-distribution are

0 kodd, 0<k<uv

E(T*) = sk
(") e [LERIT ()] keven, 0<k<y

Moments of order v or higher do not exist.

(71

The term for O < k < v, k even, may be simplified using the properties of the gamma function to
k
P a
K 2i—1
E(T*) = v2 || keven, 0<k<uw.

11,9
i=1
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For a r-distribution with v degrees of freedom, the expected value is 0, and its variance is v/(v — 2) if v > 2. The

skewness is 0 if v > 3 and the excess kurtosis is 6/(v — 4) if v > 4.

Relation to F distribution

* Y ~ F(v; = 1, vy = v)has an F-distribution if ¥ = X% and X ~ t(v) has a Student's r-distribution.

Monte Carlo sampling

There are various approaches to constructing random samples from the Student's #-distribution. The matter depends
on whether the samples are required on a stand-alone basis, or are to be constructed by application of a quantile

[citation needed] In

function to uniform samples; e.g., in the multi-dimensional applications basis of copula-dependency.
the case of stand-alone sampling, an extension of the Box—Muller method and its polar form is easily deployed. It
has the merit that it applies equally well to all real positive degrees of freedom, v, while many other candidate

methods fail if v is close to zero.

Integral of Student's probability density function and p-value

The function A(#lv) is the integral of Student's probability density function, f(#) between —¢ and ¢, for ¢ = 0. It thus
gives the probability that a value of ¢ less than that calculated from observed data would occur by chance. Therefore,
the function A(zlv) can be used when testing whether the difference between the means of two sets of data is
statistically significant, by calculating the corresponding value of ¢ and the probability of its occurrence if the two
sets of data were drawn from the same population. This is used in a variety of situations, particularly in #-tests. For
the statistic ¢, with v degrees of freedom, A(#lv) is the probability that  would be less than the observed value if the
two means were the same (provided that the smaller mean is subtracted from the larger, so that # = 0). It can be easily

calculated from the cumulative distribution function F' V(t) of the t-distribution:

A(tly) = Fult) = FA(—t) =1 - I, (g %) ,

where Ix is the regularized incomplete beta function (a, b).

For statistical hypothesis testing this function is used to construct the p-value.

Non-standardized Student's z-distribution

In terms of scaling parameter o, or o’

Student's t distribution can be generalized to a three parameter location-scale family, introducing a location
parameter u and a scale parameter o, through the relation
X=pn+ol
The resulting non-standardized Student's ¢-distribution has a density defined by
v+1
v+l 2\ "2
I'(%)7ve v o

Here, o does not correspond to a standard deviation: it is not the standard deviation of the scaled ¢ distribution, which

may not even exist; nor is it the standard deviation of the underlying normal distribution, which is unknown. o
simply sets the overall scaling of the distribution. In the Bayesian derivation of the marginal distribution of an

unknown Normal mean p above, o as used here corresponds to the quantity s/+/n, where
=12
T, — I
S=Y (= = 2)°

n—1
Equivalently, the distribution can be written in terms of 02, the square of this scale parameter:
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r+1
() 1)
L, 2y -~ v2 J [ S v
p(zlv, p, o?) T (%) ave? o o2

Other properties of this version of the distribution are:
E(X)=p for v > 1,

var(X) = 2yi2 for v > 2,

mode(X) = p.
This distribution results from compounding a Gaussian distribution (normal distribution) with mean p and unknown

variance, with an inverse gamma distribution placed over the variance with parameters a = v/2 and p = yo'2 / 2.In

other words, the random variable X is assumed to have a Gaussian distribution with an unknown variance distributed
as inverse gamma, and then the variance is marginalized out (integrated out). The reason for the usefulness of this
characterization is that the inverse gamma distribution is the conjugate prior distribution of the variance of a
Gaussian distribution. As a result, the non-standardized Student's ¢-distribution arises naturally in many Bayesian
inference problems. See below.

Equivalently, this distribution results from compounding a Gaussian distribution with a scaled-inverse-chi-squared
distribution with parameters v and o°. The scaled-inverse-chi-squared distribution is exactly the same distribution as
the inverse gamma distribution, but with a different parameterization, i.e. v = a/2, 02 = bla.

In terms of inverse scaling parameter A

An alternative parameterization in terms of an inverse scaling parameter A (analogous to the way precision is the

reciprocal of variance), defined by the relation A = o2 Then the density is defined by

p($|V7M,/\):L%1)()‘)%(1+)\($——p,)2)_UTH.

TV

o(3) y
Other properties of this version of the distribution are:
E(X)=u for v > 1,
1 v
var(X) = — for v > 2
mode(X) = p.

This distribution results from compounding a Gaussian distribution with mean p and unknown precision (the
reciprocal of the variance), with a gamma distribution placed over the precision with parameters a = v/2 and b =
v/(2\). In other words, the random variable X is assumed to have a normal distribution with an unknown precision

distributed as gamma, and then this is marginalized over the gamma distribution.
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Related distributions

Noncentral ¢-distribution

The noncentral z-distribution is a different way of generalizing the #-distribution to include a location parameter.
Unlike the nonstandardized z-distributions, the noncentral distributions are not symmetric (the median is not the

same as the mode).

Discrete Student's ¢-distribution

The discrete Student's ¢-distribution is defined by its probability mass function at r being proportional tol®!
b 1

11 r=...,—1,0,1,....

milr+i+a)y?+8

Here a, b, and k are parameters. This distribution arises from the construction of a system of discrete distributions
[9]

similar to that of the Pearson distributions for continuous distributions.

Uses

In frequentist statistical inference

Student's ¢-distribution arises in a variety of statistical estimation problems where the goal is to estimate an unknown
parameter, such as a mean value, in a setting where the data are observed with additive errors. If (as in nearly all
practical statistical work) the population standard deviation of these errors is unknown and has to be estimated from
the data, the ¢-distribution is often used to account for the extra uncertainty that results from this estimation. In most
such problems, if the standard deviation of the errors were known, a normal distribution would be used instead of the

t-distribution.

Confidence intervals and hypothesis tests are two statistical procedures in which the quantiles of the sampling
distribution of a particular statistic (e.g. the standard score) are required. In any situation where this statistic is a
linear function of the data, divided by the usual estimate of the standard deviation, the resulting quantity can be
rescaled and centered to follow Student's ¢-distribution. Statistical analyses involving means, weighted means, and
regression coefficients all lead to statistics having this form.

Quite often, textbook problems will treat the population standard deviation as if it were known and thereby avoid the
need to use the Student's ¢-distribution. These problems are generally of two kinds: (1) those in which the sample
size is so large that one may treat a data-based estimate of the variance as if it were certain, and (2) those that
illustrate mathematical reasoning, in which the problem of estimating the standard deviation is temporarily ignored

because that is not the point that the author or instructor is then explaining.

Hypothesis testing

A number of statistics can be shown to have ¢-distributions for samples of moderate size under null hypotheses that
are of interest, so that the r-distribution forms the basis for significance tests. For example, the distribution of

Spearman's rank correlation coefficient g, in the null case (zero correlation) is well approximated by the ¢ distribution

for sample sizes above about 20 [ciation needed]

Confidence intervals
Suppose the number A is so chosen that
Pr(—A<T < A)=0.9,
when T has a ¢-distribution with n — 1 degrees of freedom. By symmetry, this is the same as saying that A satisfies

Pr(T < A) = 0.95,
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s0 A is the "95th percentile" of this probability distribution, or A = t(0.05,n_1). Then
X —

Pr|-A<Z2_fa)=09,

Vv

and this is equivalent to

_ S — S,
Pr|X,—-A—=<u<X,+A—=]=0.0.
( Ja SHS AT \/ﬁ)

Therefore the interval whose endpoints are
Sn
NG

is @ 90% confidence interval for p. Therefore, if we find the mean of a set of observations that we can reasonably

X, tA

expect to have a normal distribution, we can use the 7-distribution to examine whether the confidence limits on that

mean include some theoretically predicted value — such as the value predicted on a null hypothesis.

It is this result that is used in the Student's t-tests: since the difference between the means of samples from two
normal distributions is itself distributed normally, the z-distribution can be used to examine whether that difference

can reasonably be supposed to be zero.

If the data are normally distributed, the one-sided (1 — a)-upper confidence limit (UCL) of the mean, can be
calculated using the following equation:

S
v

The resulting UCL will be the greatest average value that will occur for a given confidence interval and population

UCLl—a = Yn, + ta,n—l

size. In other words, Xn being the mean of the set of observations, the probability that the mean of the distribution

is inferior to UCL Ia is equal to the confidence level 1 — a.

Prediction intervals

The t-distribution can be used to construct a prediction interval for an unobserved sample from a normal distribution

with unknown mean and variance.

In Bayesian statistics

The Student's r-distribution, especially in its three-parameter (location-scale) version, arises frequently in Bayesian
statistics as a result of its connection with the normal distribution. Whenever the variance of a normally distributed
random variable is unknown and a conjugate prior placed over it that follows an inverse gamma distribution, the
resulting marginal distribution of the variable will follow a Student's #-distribution. Equivalent constructions with the
same results involve a conjugate scaled-inverse-chi-squared distribution over the variance, or a conjugate gamma
distribution over the precision. If an improper prior proportional to o 2is placed over the variance, the #-distribution
also arises. This is the case regardless of whether the mean of the normally distributed variable is known, is unknown
distributed according to a conjugate normally distributed prior, or is unknown distributed according to an improper

constant prior.
Related situations that also produce a r-distribution are:

* The marginal posterior distribution of the unknown mean of a normally distributed variable, with unknown prior
mean and variance following the above model.

* The prior predictive distribution and posterior predictive distribution of a new normally distributed data point
when a series of independent identically distributed normally distributed data points have been observed, with

prior mean and variance as in the above model.
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Robust parametric modeling

The r-distribution is often used as an alternative to the normal distribution as a model for data. It is frequently the
case that real data have heavier tails than the normal distribution allows for. The classical approach was to identify
outliers and exclude or downweight them in some way. However, it is not always easy to identify outliers (especially
in high dimensions), and the s-distribution is a natural choice of model for such data and provides a parametric

approach to robust statistics.

Lange et al. explored the use of the 7-distribution for robust modeling of heavy tailed data in a variety of contexts. A
Bayesian account can be found in Gelman et al. The degrees of freedom parameter controls the kurtosis of the
distribution and is correlated with the scale parameter. The likelihood can have multiple local maxima and, as such,
it is often necessary to fix the degrees of freedom at a fairly low value and estimate the other parameters taking this
as given. Some authors report that values between 3 and 9 are often good choices. Venables and Ripley suggest that

a value of 5 is often a good choice.

Table of selected values

Most statistical textbooks list ¢ distribution tables. Nowadays, the better way to a fully precise critical ¢ value or a
cumulative probability is the statistical function implemented in spreadsheets (Office Excel, OpenOffice Calc, etc.),
or an interactive calculating web page. The relevant spreadsheet functions are TDIST and TINV, while online
calculating pages save troubles like positions of parameters or names of functions. For example, a MediaWiki page
supported by R extension can easily give the interactive result of critical values or cumulative probability, even for

noncentral z-distribution.

The following table lists a few selected values for r-distributions with v degrees of freedom for a range of one-sided
or two-sided critical regions. For an example of how to read this table, take the fourth row, which begins with 4; that
means v, the number of degrees of freedom, is 4 (and if we are dealing, as above, with n values with a fixed sum, n =
5). Take the fifth entry, in the column headed 95% for one-sided (90% for two-sided). The value of that entry is
"2.132". Then the probability that T is less than 2.132 is 95% or Pr(—eo < T' < 2.132) = 0.95; or mean that Pr(-2.132
<T<2.132)=0.9.

This can be calculated by the symmetry of the distribution,
Pr(T<-2132)=1-Pr(T>-2.132) =1 -0.95=0.05,
and so
Pr(-2.132<T<2.132) =1 -2(0.05) =0.9.

Note that the last row also gives critical points: a #-distribution with infinitely many degrees of freedom is a normal

distribution. (See Related distributions above).

The first column is the number of degrees of freedom.

One Sided | 715% | 80% | 85% | 90% | 95% | 97.5% | 99% | 99.5% | 99.75% | 99.9% | 99.95%

Two Sided | 50% | 60% | 70% | 80% | 90% | 95% | 98% | 99% | 99.5% |99.8% | 99.9%

1 1.000 | 1.376 | 1.963 | 3.078 | 6.314 | 12.71 |31.82|63.66 |127.3 |318.3 |636.6

2 0.816 | 1.061 | 1.386 | 1.886 | 2.920 | 4.303 | 6.965|9.925 |14.09 |22.33 |31.60

3 0.765|0.978 | 1.250 | 1.638 | 2.353 | 3.182 | 4.541|5.841 |7.453 10.21 | 12.92

4 0.7410.941 | 1.190 | 1.533 | 2.132 | 2.776 |3.747 | 4.604 |5.598 |7.173 |8.610

5 0.7270.920 | 1.156 | 1.476 | 2.015 | 2.571 |3.365|4.032 |4.773 |5.893 |6.869

6 0.718 | 0.906 | 1.134 | 1.440 | 1.943 | 2.447 |3.143|3.707 |4.317 |5.208 |5.959

7 0.711|0.896 | 1.119 | 1.415 | 1.895 | 2.365 |2.998 |3.499 |4.029 |4.785 |5.408
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8 0.706 | 0.889 | 1.108 | 1.397 | 1.860 | 2.306 |2.896|3.355 |3.833 |4.501 |5.041

9 0.703|0.883 | 1.100 | 1.383 | 1.833 | 2.262 | 2.821|3.250 |3.690 |4.297 |4.781

10 0.700 | 0.879 | 1.093 | 1.372 | 1.812 | 2.228 | 2.764 | 3.169 |3.581 4.144 | 4.587

11 0.697|0.876 | 1.088 | 1.363 | 1.796 | 2.201 |2.718 |3.106 |3.497 |4.025 |4.437

12 0.695|0.873 | 1.083 | 1.356 | 1.782 | 2.179 | 2.681 | 3.055 |3.428 |3.930 |4.318

13 0.694|0.870 | 1.079 | 1.350 | 1.771 | 2.160 | 2.650|3.012 |3.372 |3.852 |4.221

14 0.692|0.868 | 1.076 | 1.345 | 1.761 | 2.145 | 2.624 |2.977 |3.326 |3.787 |4.140

15 0.691|0.866 | 1.074 | 1.341 | 1.753 | 2.131 |2.602|2.947 |3.286 |3.733 |4.073

16 0.690 | 0.865 | 1.071 | 1.337 | 1.746 | 2.120 |2.583 2921 |3.252 |3.686 |4.015

17 0.689 | 0.863 | 1.069 | 1.333 | 1.740 | 2.110 |2.567 |2.898 |3.222 |3.646 |3.965

18 0.688 | 0.862 | 1.067 | 1.330 | 1.734 | 2.101 |2.552|2.878 |3.197 |3.610 |3.922

19 0.688 | 0.861 | 1.066 | 1.328 | 1.729 | 2.093 | 2.539|2.861 |3.174 |3.579 |3.883

20 0.687|0.860 | 1.064 | 1.325 | 1.725 | 2.086 |2.528 |2.845 |3.153 |3.552 |3.850

21 0.686 | 0.859 | 1.063 | 1.323 | 1.721 | 2.080 |2.518|2.831 |3.135 |3.527 |3.819

22 0.686 | 0.858 | 1.061 | 1.321 | 1.717 | 2.074 |2.508 | 2.819 |3.119 |3.505 |3.792

23 0.685|0.858 | 1.060 | 1.319 | 1.714 | 2.069 |2.500 | 2.807 |3.104 |3.485 |3.767

24 0.685|0.857 | 1.059 | 1.318 | 1.711 | 2.064 | 2.492|2.797 |3.091 3.467 |3.745

25 0.684 | 0.856 | 1.058 | 1.316 | 1.708 | 2.060 |2.485|2.787 |3.078 |3.450 |3.725

26 0.684 | 0.856 | 1.058 | 1.315 | 1.706 | 2.056 |2.479|2.779 |3.067 |3.435 |3.707

27 0.684 | 0.855|1.057 | 1.314 | 1.703 | 2.052 | 2.473|2.771 |3.057 |3.421 |3.690

28 0.683|0.855|1.056 | 1.313 | 1.701 | 2.048 | 2.467 | 2.763 |3.047 |3.408 |3.674

29 0.683|0.854 | 1.055 | 1.311 | 1.699 | 2.045 |2.462|2.756 |3.038 |3.396 |3.659

30 0.683|0.854 | 1.055 | 1.310 | 1.697 | 2.042 | 2.457 | 2.750 |3.030 |3.385 |3.646

40 0.681|0.851 | 1.050 | 1.303 | 1.684 | 2.021 |2.423|2.704 |2.971 3.307 |3.551

50 0.679 | 0.849 | 1.047 | 1.299 | 1.676 | 2.009 |2.403 | 2.678 |2.937 |3.261 |3.496

60 0.679 | 0.848 | 1.045 | 1.296 | 1.671 | 2.000 |2.390|2.660 |2.915 |3.232 |3.460

80 0.678 | 0.846 | 1.043 | 1.292 | 1.664 | 1.990 |2.374|2.639 |2.887 |3.195 |3.416

100 0.677|0.845|1.042 {1.290 | 1.660 | 1.984 |2.364 |2.626 |2.871 3.174 | 3.390

120 0.677|0.845|1.041 | 1.289 | 1.658 | 1.980 |2.358|2.617 |2.860 |3.160 |3.373

o¢) 0.674|0.842 | 1.036 | 1.282 | 1.645 | 1.960 | 2.326|2.576 |2.807 |3.090 |3.291

The number at the beginning of each row in the table above is v which has been defined above as n — 1. The
percentage along the top is 100%(1 — a). The numbers in the main body of the table are toy If a quantity T is
distributed as a Student's t distribution with v degrees of freedom, then there is a probability 1 — a that T will be less

than . (Calculated as for a one-tailed or one-sided test, as opposed to a two-tailed test.)

For example, given a sample with a sample variance 2 and sample mean of 10, taken from a sample set of 11 (10

degrees of freedom), using the formula
Sn
v

We can determine that at 90% confidence, we have a true mean lying below

X, +A
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2
10 + 1.37218£ = 10.58510.

V11

(In other words, on average, 90% of the times that an upper threshold is calculated by this method, this upper
threshold exceeds the true mean.) And, still at 90% confidence, we have a true mean lying over

V2

10 — 1.37218 —— = 9.41490.

V11

(In other words, on average, 90% of the times that a lower threshold is calculated by this method, this lower
threshold lies below the true mean.) So that at 80% confidence (calculated from 1 — 2 x (1 — 90%) = 80%), we have
a true mean lying within the interval

2 2
(10 — 1.37218£, 10 + 1.37218£) = (9.41490, 10.58510) .

V11 V11

This is generally expressed in interval notation, e.g., for this case, at 80% confidence the true mean is within the
interval [9.41490, 10.58510].

(In other words, on average, 80% of the times that upper and lower thresholds are calculated by this method, the true
mean is both below the upper threshold and above the lower threshold. This is not the same thing as saying that there
is an 80% probability that the true mean lies between a particular pair of upper and lower thresholds that have been

calculated by this method—see confidence interval and prosecutor's fallacy.)

For information on the inverse cumulative distribution function see quantile function.

Notes

[1]1 Hurst, Simon. The Characteristic Function of the Student-t Distribution (http://wwwmaths.anu.edu.au/research.reports/srr/95/044/),
Financial Mathematics Research Report No. FMRR006-95, Statistics Research Report No. SRR044-95

[2] "Student" (William Sealy Gosset), original Biometrika paper as a scan (http://www.atmos.washington.edu/~robwood/teaching/451/
student_in_biometrika_vol6_nol.pdf)

[3] Mortimer, Robert G. (2005) Mathematics for Physical Chemistry, Academic Press. 3 edition. ISBN 0-12-508347-5 (page 326)

[4] Walpole, Ronald; Myers, Raymond; Myers, Sharon; Ye, Keying. (2002) Probability and Statistics for Engineers and Scientists. Pearson
Education, 7th edition, pg. 237 ISBN 81-7758-404-9

[5]1 A. Gelman et al (1995), Bayesian Data Analysis, Chapman & Hall. ISBN 0-412-03991-5. p. 68

[6] Hogg & Craig (1978, Sections 4.4 and 4.8.)

[7] See, for example, page 56 of Casella and Berger, Statistical Inference, 1990 Duxbury.

[8] Ord, J.K. (1972) Families of Frequency Distributions, Griffin. ISBN 0-85264-137-0 (Table 5.1)

[9] Ord, J.K. (1972) Families of Frequency Distributions, Griffin. ISBN 0-85264-137-0 (Chapter 5)
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External links
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* Earliest Known Uses of Some of the Words of Mathematics (S) (http://jeff560.tripod.com/s.html) (Remarks
on the history of the term "Student's distribution”)
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Skewness | (94, 1 4, — 2),/8(d; — 4)
(dy — 6)4/dy(dy + do — 2)

for d2 >0

Ex. kurtosis | see rext

MGF does not exist, raw moments defined in text and in

CF see text

In probability theory and statistics, the F-distribution is a continuous probability distribution.!"! It is also known as
Snedecor's F distribution or the Fisher-Snedecor distribution (after R.A. Fisher and George W. Snedecor). The
F-distribution arises frequently as the null distribution of a test statistic, most notably in the analysis of variance; see
F-test.

Definition

If a random variable X has an F-distribution with parameters d | and d2, we write X ~ F(d E dz)' Then the probability
density function for X is given by

(d 2)" 2
(d1 z+da)d1 42

55,9

4
1 A\ 4 d \~
=W(d—l) m%_l(Hd—ll‘)
B(%, %) \d 2

for real x = 0. Here RBis the beta function. In many applications, the parameters d | and d2 are positive integers, but

f($: dl'; dQ) =

dy+dy

the distribution is well-defined for positive real values of these parameters.

The cumulative distribution function is

Flz;di,dp) =1 _a=_ (%,%2),
di@tdg

20172

where I is the regularized incomplete beta function.
The expectation, variance, and other details about the F(dl, dz) are given in the sidebox; for d2 > &, the excess
kurtosis is
d1(5d2 = 22)(d1 + dy — 2) + (d2 = 4)(d2 — 2)2

d1(ds — 6)(dy — 8)(dy + dg — 2)
The k-th moment of an F(d E d2) distribution exists and is finite only when 2k < d2 and it is equal to

() = (dg)kr(%+k)r(d2—z_k)
XAV =\ g d d
d/ T(3) T(9)

The F-distribution is a particular parametrization of the beta prime distribution, which is also called the beta

Y2 =12

distribution of the second kind.
The characteristic function is listed incorrectly in many standard references (e.g., ). The correct expression 215
di+d
Py L) (d
gadl dz(s) - d A - _,__'LS
= (%) 2 27 d

where Ul(a, b, z) is the confluent hypergeometric function of the second kind.
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Characterization

A random variate of the F-distribution with parameters d1 and d2 arises as the ratio of two appropriately scaled

chi-squared variates:!*!

_ U / dq
Us/ds
where

e U | and U ) have chi-squared distributions with d | and d2 degrees of freedom respectively, and

e U ’ and U , are independent.

In instances where the F-distribution is used, for example in the analysis of variance, independence of U | and U2

might be demonstrated by applying Cochran's theorem.

Equivalently, the random variable of the F-distribution may also be written

2 2
s s
X=2/%
gy 03

where s12 and s22 are the sums of squares S 12 and Sz2 from two normal processes with variances (512 and 022 divided

by the corresponding number of X2 degrees of freedom, d | and d2 respectively.

12, 022), with the F

In a Frequentist context, a scaled F-distribution therefore gives the probability p(s 2/522 | o
distribution itself, without any scaling, applying where 012 is being taken equal to 0, This is the context in which
the F-distribution most generally appears in F-tests: where the null hypothesis is that two independent normal
variances are equal, and the observed sums of some appropriately selected squares are then examined to see whether

their ratio is significantly incompatible with this null hypothesis.
The quantity X has the same distribution in Bayesian statistics, if an uninformative rescaling-invariant Jeffreys prior

is taken for the prior probabilities of (512 and 0.2 In this context, a scaled F-distribution thus gives the posterior

2

probability p(022/0 lzlslz, s22), where now the observed sums s, > and s22 are what are taken as known.

1

Generalization

A generalization of the (central) F-distribution is the noncentral F-distribution.

Related distributions and properties

X/d;
Y/d,

o X ~ le and Y ~ Xﬁz are independent, then ~ F(dy, ds)

« If X ~ Beta(d/2, da/2)(Beta distribution) then

di1 X /dy
1+d,X/dy
. R Y — I dX . e 2

IfX F(dl’dz) then dzgﬂw 14+ has the chi-squared distribution &

dy
— 2~ F(dy,d
di(1 - X) (1, )

* Equivalently, if X ~ F(d,, d,), then ~ Beta(d,/2,d2/2).

do
T
di(di+ds — 1)

* F(d,. d,) is equivalent to the scaled Hotelling's T-squared distribution 2 (dy,dy +dg — 1)

. IfX-~ F(d,.d,) then X' ~ F(d,, d).
e If X ~ t(n) then

X? ~F(1,n)

X2 ~F(n,1)

» F-distribution is a special case of type 6 Pearson distribution
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e If X and Y are independent, with X, Y ~ Laplace(u, b) then
X -
| X—p| F(2,2)

[Y —pl

* If X ~ F(n, m) then % e~ FisherZ('n,, m) (Fisher's z-distribution)
* The noncentral F-distribution simplifies to the F-distribution if A = 0.

* The doubly noncentral F-distribution simplifies to the F-distribution if Ay = Ao = 0

* If Q(p)is the quantile p for X ~ Fd,, d,) and Qy (1 — p)is the quantile 1—p for ¥ ~ F(d, d)), then

1
QX(p) = Qy(l _p)‘

References

[1] NIST (2006). Engineering Statistics Handbook - F Distribution (http://www.itl.nist.gov/div898/handbook/eda/section3/eda3665.htm)
[2] Phillips, P. C. B. (1982) "The true characteristic function of the F distribution," Biometrika, 69: 261-264

[3] M.H. DeGroot (1986), Probability and Statistics (2nd Ed), Addison-Wesley. ISBN 0-201-11366-X, p. 500

[4] G.E.P.Box and G.C. Tiao (1973), Bayesian Inference in Statistical Analysis, Addison-Wesley. p.110

External links

» Table of critical values of the F-distribution (http://www.itl.nist.gov/div898/handbook/eda/section3/
eda3673.htm)

» Earliest Uses of Some of the Words of Mathematics: entry on F-distribution contains a brief history (http://
jeff560.tripod.com/f.html)

* Free calculator for F-testing (http://www.waterlog.info/f-test.htm)

Feature scaling

Feature scaling is a method used to standardize the range of independent variables or features of data. In data

processing, it is also known as data normalization and is generally performed during the data preprocessing step.

Motivation

Since the range of values of raw data varies widely, in some machine learning algorithms, objective functions will
not work properly without normalization. For example, the majority of classifiers calculate the distance between two
points by the distance. If one of the features has a broad range of values, the distance will be governed by this
particular feature. Therefore, the range of all features should be normalized so that each feature contributes

approximately proportionately to the final distance.

Methods

Rescaling

The simplest method is rescaling the range of features to make the features independent of each other and aims to
scale the range in [0, 1] or [-1, 1]. Selecting the target range depends on the nature of the data. The general formula

is given as:

o z — min(z)

max(z) — min(z)
where  is an original value, 4/is the normalized value. For example, suppose that we have the students' weight

data, and the students' weights span [160 pounds, 200 pounds]. To rescale this data, we first subtract 160 from each
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student's weight and divide the result by 40 (the difference between the maximum and minimum weights).

Standardization

In machine learning, we can handle various types of data, e.g., audio signals, pixel values for image data, and etc.,
and this data can include multiple dimensions. Feature standardization makes the values of each feature in the data
have zero-mean and unit-variance. This method is widely used for normalization in many machine learning
algorithms (e.g., support vector machines, logistic regression, and neural networks). In general, we first calculate the
mean and standard deviation for each feature, and then, subtract the mean in each feature. Then, we divide the values

(mean is already subtracted) of each feature by its standard deviation.

Scaling to unit length

Another option that is widely used in machine-learning is to scale the components of a feature vector such that the
complete vector has length one. This usually means dividing each component by the Euclidean length of the vector.
In some applications (e.g. Histogram features) it can be more practical to use the L1 norm (i.e. Manhattan or
City-Block Length) of the feature vector:
oz

|||

This is especially important if in the following learning steps the Scalar Metric is used as a distance measure.

!
I

Application

In gradient descent, feature scaling can improve the convergence speed of the algorithm. In SVM, it reduces the time

to find support vectors and helps the data points be properly placed in the space of kernel function.
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External links

* Lecture by Andrew Ng on feature scaling (http://openclassroom.stanford.edu/MainFolder/VideoPage.
php?course=MachinelLearning&video=03. 1-LinearRegressionll-FeatureScaling&speed=100/)
* Gradient Descent using feature scaling (http://www.statalgo.com/2011/10/17/

stanford-ml-1-2-gradient-descent/)

* Feature normalization (http://mipa.med.upatras.gr/educational resources/Data Normalization.pdf)
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Correlation and Regression

Covariance

In probability theory and statistics, covariance is a measure of how much two random variables change together. If
the greater values of one variable mainly correspond with the greater values of the other variable, and the same holds
for the smaller values, i.e., the variables tend to show similar behavior, the covariance is positive.[l] In the opposite
case, when the greater values of one variable mainly correspond to the smaller values of the other, i.e., the variables
tend to show opposite behavior, the covariance is negative. The sign of the covariance therefore shows the tendency
in the linear relationship between the variables. The magnitude of the covariance is not easy to interpret. The
normalized version of the covariance, the correlation coefficient, however, shows by its magnitude the strength of

the linear relation.

A distinction must be made between (1) the covariance of two random variables, which is a population parameter
that can be seen as a property of the joint probability distribution, and (2) the sample covariance, which serves as an

estimated value of the parameter.

Definition

The covariance between two jointly distributed real-valued random variables x and y with finite second moments is
defined' as

o(z,y) = E[(z — E[z])(y — E[y])],
where E[x] is the expected value of x, also known as the mean of x. By using the linearity property of expectations,

this can be simplified to

o(z,y) =E[(z - E[z]) (y - E[y])]
=El[zy — zE[y] - E[z]y + E[z] E[3]]
= Elzy] - E[z] E[y] - E[z] E[y] + E [2] E [y]
=E[zy] - E[z] E[y].
However, when E[.’cy] N E[z]E[y] , this last equation is prone to catastrophic cancellation when computed with
floating point arithmetic and thus should be avoided in computer programs when the data has not been centered

before.B]

For random vectors X and ¥ (of dimension m and n respectively) the mxn cross covariance matrix (also known as

. . . . . . [4
dlspersmn matrix or variance—covariance matrlx,l ]

a(x,y) =E [(x - E[x])(y - Ely])"]
=E [xy'] - EXE[y]",

where m! is the transpose of the vector (or matrix) m.

or simply called covariance matrix) is equal to

The (i,j)-th element of this matrix is equal to the covariance Cov(xl., yj) between the i-th scalar component of x and

the j-th scalar component of y. In particular, Cov(y, x) is the transpose of Cov(x, y).

For a vector x — [3;1 Ty ... _rmj| Tofm jointly distributed random variables with finite second moments, its

covariance matrix is defined as
2(x) = o(x,x).

Random variables whose covariance is zero are called uncorrelated.
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The units of measurement of the covariance Cov(x, y) are those of x times those of y. By contrast, correlation
coefficients, which depend on the covariance, are a dimensionless measure of linear dependence. (In fact, correlation

coefficients can simply be understood as a normalized version of covariance.)

Properties

e Variance is a special case of the covariance when the two variables are identical:

o(z,z) = o*(z).
e Ifx,y, w, and v are real-valued random variables and a, b, c, d are constant ("constant” in this context means

non-random), then the following facts are a consequence of the definition of covariance:
o({z,a) =0
o(z,z) = o*(x)
o(z,y) = oly, )
o(az,by) = abo(z,y)
o(z+a,y+b)=o0(z,y)
o(az + by, cw + dv) = aco(z,w) + ado(z,v) + beo(y,w) + bdo(y, v)

For a sequence Xps oo X of random variables, and constants a P e G WE have
n k)
2 _ 2 2 —
[#) Zai:ci) = Zaia (.’EZ) + 2 Z aiajo(zi,:cj) = Zaiaja(zi,mj)
i=1 i=1 i,:14<] i

A more general identity for covariance matrices

Let X be a random vector with covariance matrix E(x), and let A be a matrix that can act on X. The covariance
matrix of the vector 4xis:

T(Ax) = AX(x) AT.
This is a direct result of the linearity of expectation and is useful when applying a linear transformation, such as a

whitening transformation, to a vector.

Uncorrelatedness and independence

If x and y are independent, then their covariance is zero. This follows because under independence,

E [zy] = E[z] - E[y].
The converse, however, is not generally true. For example, let x be uniformly distributed in [-1, 1] and let y = X%

Clearly, x and y are dependent, but

2
o(z,y) = o{z,z°)
= E[z - z°] — E[z] - E[z?]
= E[;ES} — E[E]E[Eﬂ
=0-0-E[z?]
= 0.
In this case, the relationship between y and x is non-linear, while correlation and covariance are measures of linear
dependence between two variables. This example shows that if two variables are uncorrelated, that does not in
general imply that they are independent. However, if two variables are jointly normally distributed (but not if they

are merely individually normally distributed), uncorrelatedness does imply independence.



https://en.wikipedia.org/w/index.php?title=Unit_of_measurement
https://en.wikipedia.org/w/index.php?title=Correlation
https://en.wikipedia.org/w/index.php?title=Correlation
https://en.wikipedia.org/w/index.php?title=Dimensionless_number
https://en.wikipedia.org/w/index.php?title=Random_vector
https://en.wikipedia.org/w/index.php?title=Expected_value
https://en.wikipedia.org/w/index.php?title=Linear_transformation
https://en.wikipedia.org/w/index.php?title=Whitening_transformation
https://en.wikipedia.org/w/index.php?title=Statistical_independence
https://en.wikipedia.org/w/index.php?title=Multivariate_normal_distribution
https://en.wikipedia.org/w/index.php?title=Normally_distributed_and_uncorrelated_does_not_imply_independent

Covariance 136

Relationship to inner products

Many of the properties of covariance can be extracted elegantly by observing that it satisfies similar properties to

those of an inner product:

1. bilinear: for constants a@ and » and random variables x, y, z, o(ax + by, z) = a o(x, 2) + b o(y, 2);
2. symmetric: o(x, y) = o(y, x);
3. positive semi-definite: oz(x) = 0(x, x) 2 0 for all random variables x, and o(x, x) = 0 implies that x is a constant

random variable (K).

In fact these properties imply that the covariance defines an inner product over the quotient vector space obtained by
taking the subspace of random variables with finite second moment and identifying any two that differ by a constant.
(This identification turns the positive semi-definiteness above into positive definiteness.) That quotient vector space
is isomorphic to the subspace of random variables with finite second moment and mean zero; on that subspace, the

covariance is exactly the L% inner product of real-valued functions on the sample space.
As a result for random variables with finite variance, the inequality

o(z,3)| < o(2)o(y)
holds via the Cauchy—Schwarz inequality.

Proof: If Oz(y) = 0, then it holds trivially. Otherwise, let random variable

a*(y)

Then we have

0<o?(z) =0 (E _ ”(Wf))% L oz, y)y)

o*(y o?(y)

(o(z,y))*
o¥(y) -

= o*(z) —

Calculating the sample covariance

The sample covariance of N observations of K variables is the K-by-K matrix g = [[g;z]]with the entries
1 N
ik = = > (%ij — Z5) (Tax — Ta)»

N-1-
which is an estimate of the covariance between variable j and variable k.
The sample mean and the sample covariance matrix are unbiased estimates of the mean and the covariance matrix of
the random vector X, a row vector whose jth element (j = 1, ..., K) is one of the random variables. The reason the
sample covariance matrix has N — ]in the denominator rather than Jy is essentially that the population mean
E(z) is not known and is replaced by the sample mean X . If the population mean E(z) is known, the analogous
unbiased estimate is given by

1 XN

Gk = 3 Y (zij — E(z))) (zir — E(zx))

i=1
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Comments

The covariance is sometimes called a measure of "linear dependence" between the two random variables. That does
not mean the same thing as in the context of linear algebra (see linear dependence). When the covariance is
normalized, one obtains the correlation coefficient. From it, one can obtain the Pearson coefficient, which gives us
the goodness of the fit for the best possible linear function describing the relation between the variables. In this sense

covariance is a linear gauge of dependence.

Applications

In genetics and molecular biology

Covariance is an important measure in biology. Certain sequences of DNA are conserved more than others among
species, and thus to study secondary and tertiary structures of proteins, or of RNA structures, we compare sequences
in closely related species. If we find sequence changes or no changes at all in noncoding RNA (such as microRNA),

we can find out about which sequences are necessary for common structural motifs, such as an RNA loop.

In financial economics

Covariances play a key role in financial economics, especially in portfolio theory and in the capital asset pricing
model. Covariances among various assets' returns are used to determine, under certain assumptions, the relative
amounts of different assets that investors should (in a normative analysis) or are predicted to (in a positive analysis)

choose to hold in a context of diversification.
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* Covariance Tutorial using R (http://www.r-tutor.com/elementary-statistics/numerical-measures/covariance)
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Correlation and dependence

In statistics, dependence is any statistical relationship between two random variables or two sets of data.

Correlation refers to any of a broad class of statistical relationships involving dependence.

Familiar examples of dependent phenomena include the correlation between the physical statures of parents and their
offspring, and the correlation between the demand for a product and its price. Correlations are useful because they
can indicate a predictive relationship that can be exploited in practice. For example, an electrical utility may produce
less power on a mild day based on the correlation between electricity demand and weather. In this example there is a
causal relationship, because extreme weather causes people to use more electricity for heating or cooling; however,
statistical dependence is not sufficient to demonstrate the presence of such a causal relationship (i.e., correlation does

not imply causation).

Formally, dependence refers to any situation in which random variables do not satisfy a mathematical condition of
probabilistic independence. In loose usage, correlation can refer to any departure of two or more random variables
from independence, but technically it refers to any of several more specialized types of relationship between mean
values. There are several correlation coefficients, often denoted ¢ or r, measuring the degree of correlation. The
most common of these is the Pearson correlation coefficient, which is sensitive only to a linear relationship between
two variables (which may exist even if one is a nonlinear function of the other). Other correlation coefficients have
been developed to be more robust than the Pearson correlation— that is, more sensitive to nonlinear

relationships.“"zm} Mutual information can also be applied to measure dependence between two variables.

Pearson's
product-moment
coefficient

The most familiar measure of
dependence between two quantities is
the Pearson product-moment

correlation coefficient, or "Pearson's

correlation coefficient”, commonly

called simply "the correlation
s . . Lo Several sets of (x, y) points, with the Pearson correlation coefficient of x and y for each
coefficient". It is obtained by dividing . . o . N
set. Note that the correlation reflects the noisiness and direction of a linear relationship
the covariance of the two variables by (top row), but not the slope of that relationship (middle), nor many aspects of nonlinear
the product of their standard relationships (bottom). N.B.: the figure in the center has a slope of 0 but in that case the

deviations. Karl Pearson develo pe d the correlation coefficient is undefined because the variance of Y is zero.

coefficient from a similar but slightly

different idea by Francis Galton.!#!

The population correlation coefficient Pyy between two random variables X and Y with expected values Wy and w,

and standard deviations Oy and Gyis defined as:

cov(X,Y) _ E[(X — px) (Y — pv)]

oXxTy x0Ty

where E is the expected value operator, cov means covariance, and, corr a widely used alternative notation for the

pxy =corr(X,Y) =

correlation coefficient.

The Pearson correlation is defined only if both of the standard deviations are finite and both of them are nonzero. It
is a corollary of the Cauchy—Schwarz inequality that the correlation cannot exceed 1 in absolute value. The

correlation coefficient is symmetric: corr(X,Y) = corr(Y,X).
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The Pearson correlation is +1 in the case of a perfect direct(increasing) linear relationship (correlation), —1 in the
case of a perfect decreasing (inverse) linear relationship (anticorrelation),[S] and some value between —1 and 1 in all
other cases, indicating the degree of linear dependence between the variables. As it approaches zero there is less of a
relationship (closer to uncorrelated). The closer the coefficient is to either —1 or 1, the stronger the correlation
between the variables.

If the variables are independent, Pearson's correlation coefficient is 0, but the converse is not true because the
correlation coefficient detects only linear dependencies between two variables. For example, suppose the random
variable X is symmetrically distributed about zero, and ¥ = X% Then Y is completely determined by X, so that X and
Y are perfectly dependent, but their correlation is zero; they are uncorrelated. However, in the special case when X

and Y are jointly normal, uncorrelatedness is equivalent to independence.

If we have a series of n measurements of X and Y written as X, and Y; where i = 1, 2, ..., n, then the sample correlation
coefficient can be used to estimate the population Pearson correlation r between X and Y. The sample correlation
coefficient is written

SE-nEm-9)  YE-D)w-9)

T =
w (n—1)s.8y
where x and y are the sample means of X and Y, and 5. and s, are the sample standard deviations of X and Y.
This can also be written as:
1Ty —nTY N Ty — 2T 2 Y

(n=Dsesy  (/nTa?— (T2)? JnTy? - (T2

If x and y are results of measurements that contain measurement error, the realistic limits on the correlation

Tay

coefficient are not —1 to +1 but a smaller range.

For the case of a linear model with a single independent variable, the coefficient of determination (R squared) is the

square of r, Pearson's product-moment coefficient .

Rank correlation coefficients

Rank correlation coefficients, such as Spearman's rank correlation coefficient and Kendall's rank correlation
coefficient (t) measure the extent to which, as one variable increases, the other variable tends to increase, without
requiring that increase to be represented by a linear relationship. If, as the one variable increases, the other decreases,
the rank correlation coefficients will be negative. It is common to regard these rank correlation coefficients as
alternatives to Pearson's coefficient, used either to reduce the amount of calculation or to make the coefficient less
sensitive to non-normality in distributions. However, this view has little mathematical basis, as rank correlation
coefficients measure a different type of relationship than the Pearson product-moment correlation coefficient, and are
best seen as measures of a different type of association, rather than as alternative measure of the population

correlation coefficient.[6l"]

To illustrate the nature of rank correlation, and its difference from linear correlation, consider the following four

pairs of numbers (x, y):
(0, 1), (10, 100), (101, 500), (102, 2000).

As we go from each pair to the next pair x increases, and so does y. This relationship is perfect, in the sense that an
increase in x is always accompanied by an increase in y. This means that we have a perfect rank correlation, and both
Spearman's and Kendall's correlation coefficients are 1, whereas in this example Pearson product-moment
correlation coefficient is 0.7544, indicating that the points are far from lying on a straight line. In the same way if y

always decreases when x increases, the rank correlation coefficients will be —1, while the Pearson product-moment
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correlation coefficient may or may not be close to —1, depending on how close the points are to a straight line.
Although in the extreme cases of perfect rank correlation the two coefficients are both equal (being both +1 or both
—1) this is not in general so, and values of the two coefficients cannot meaningfully be compared. For example, for
the three pairs (1, 1) (2, 3) (3, 2) Spearman's coefficient is 1/2, while Kendall's coefficient is 1/3.

Other measures of dependence among random variables

The information given by a correlation coefficient is not enough to define the dependence structure between random
variables. The correlation coefficient completely defines the dependence structure only in very particular cases, for
example when the distribution is a multivariate normal distribution. (See diagram above.) In the case of elliptical
distributions it characterizes the (hyper-)ellipses of equal density, however, it does not completely characterize the
dependence structure (for example, a multivariate t-distribution's degrees of freedom determine the level of tail
dependence).

Distance correlation and Brownian covariance / Brownian correlation [811]

were introduced to address the deficiency
of Pearson's correlation that it can be zero for dependent random variables; zero distance correlation and zero

Brownian correlation imply independence.

[citation needed]

The correlation ratio is able to detect almost any functional dependency Wikipedia:Please clarify, and

the entropy-based mutual information, total correlation and dual total correlation are capable of detecting even more
[citation needed]

general dependencies. These are sometimes referred to as multi-moment correlation measures in

comparison to those that consider only second moment (pairwise or quadratic) dependence.

The polychoric correlation is another correlation applied to ordinal data that aims to estimate the correlation between

theorised latent variables.
One way to capture a more complete view of dependence structure is to consider a copula between them.

The coefficient of determination generalizes the correlation coefficient for relationships beyond simple linear

regression.

Sensitivity to the data distribution

The degree of dependence between variables X and Y does not depend on the scale on which the variables are
expressed. That is, if we are analyzing the relationship between X and Y, most correlation measures are unaffected by
transforming X to @ + bX and Y to ¢ + dY, where a, b, c, and d are constants. This is true of some correlation statistics
as well as their population analogues. Some correlation statistics, such as the rank correlation coefficient, are also

invariant to monotone transformations of the marginal distributions of X and/or Y.
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Most correlation measures are sensitive to

the manner in which X and Y are sampled. 3 : : : . —s
Dependencies tend to be stronger if viewed © 0.89/0.88 o

over a wider range of values. Thus, if we 2r o 0.51/0.48 © T
consider the correlation coefficient between ° N C()) o

the heights of fathers and their sons over all 1r . o Q 8%6 o 1
adult males, and compare it to the same 0639592 2 @

correlation coefficient calculated when the > or © % (9(5%00 i
fathers are selected to be between 165 cm o) O(% o °

and 170 cm in height, the correlation will be -1 Ocog S %8 |
weaker in the latter case. Several techniques 5 o ® oog oo

have been developed that attempt to correct

for range restriction in one or both variables, _3 . ‘ . . .

and are commonly used in meta-analysis; -3 -2 -1 0 1 2 3
the most common are Thorndike's case II X

and case III equations. Pearson/Spearman correlation coefficients between X and Y are shown when the

two variables' ranges are unrestricted, and when the range of X is restricted to the

Various correlation measures in use may be interval (0,1).

undefined for certain joint distributions of X

and Y. For example, the Pearson correlation coefficient is defined in terms of moments, and hence will be undefined
if the moments are undefined. Measures of dependence based on quantiles are always defined. Sample-based
statistics intended to estimate population measures of dependence may or may not have desirable statistical
properties such as being unbiased, or asymptotically consistent, based on the spatial structure of the population from

which the data were sampled.

Sensitivity to the data distribution can be used to an advantage. For example, scaled correlation is designed to use the
sensitivity to the range in order to pick out correlations between fast components of time series.!!"] By reducing the
range of values in a controlled manner, the correlations on long time scale are filtered out and only the correlations

on short time scales are revealed.

Correlation matrices

The correlation matrix of n random variables X o Xn is the n x n matrix whose i,j entry is corr(Xl_, XJ_). If the
measures of correlation used are product-moment coefficients, the correlation matrix is the same as the covariance
matrix of the standardized random variables Xi/ o (Xi) for i = 1, ..., n. This applies to both the matrix of population
correlations (in which case "¢" is the population standard deviation), and to the matrix of sample correlations (in
which case "o0" denotes the sample standard deviation). Consequently, each is necessarily a positive-semidefinite

matrix.

The correlation matrix is symmetric because the correlation between Xl, and Xj is the same as the correlation between
X and X .
J 4

Common misconceptions

Correlation and causality

The conventional dictum that "correlation does not imply causation" means that correlation cannot be used to infer a
causal relationship between the variables. This dictum should not be taken to mean that correlations cannot indicate
the potential existence of causal relations. However, the causes underlying the correlation, if any, may be indirect

and unknown, and high correlations also overlap with identity relations (tautologies), where no causal process exists.
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Consequently, establishing a correlation between two variables is not a sufficient condition to establish a causal
relationship (in either direction).

A correlation between age and height in children is fairly causally transparent, but a correlation between mood and
health in people is less so. Does improved mood lead to improved health, or does good health lead to good mood, or
both? Or does some other factor underlie both? In other words, a correlation can be taken as evidence for a possible
causal relationship, but cannot indicate what the causal relationship, if any, might be.

Correlation and linearity

The Pearson correlation coefficient

indicates the strength of a linear
relationship between two variables, but
its value generally does not completely

characterize their relationship. In

particular, if the conditional mean of Y

given X, denoted E(Y1X), is not linear

in X, the correlation coefficient will not

fully determine the form of E(Y1X). ] ° o
The image on the right shows 107 . 107
© B @ 3 -
scatterplots of Anscombe's quartet, a > ¢ (e > ¢ :
6 6
set of four different pairs of variables N N °
created by Francis Anscombe. The T T
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
four y variables have the same mean X3 X4

(7.5), variance (4.12), correlation Four sets of data with the same correlation of 0.816

(0.816) and regression line

(y =3 + 0.5x). However, as can be seen on the plots, the distribution of the variables is very different. The first one
(top left) seems to be distributed normally, and corresponds to what one would expect when considering two
variables correlated and following the assumption of normality. The second one (top right) is not distributed
normally; while an obvious relationship between the two variables can be observed, it is not linear. In this case the
Pearson correlation coefficient does not indicate that there is an exact functional relationship: only the extent to
which that relationship can be approximated by a linear relationship. In the third case (bottom left), the linear
relationship is perfect, except for one outlier which exerts enough influence to lower the correlation coefficient from
1 to 0.816. Finally, the fourth example (bottom right) shows another example when one outlier is enough to produce

a high correlation coefficient, even though the relationship between the two variables is not linear.

These examples indicate that the correlation coefficient, as a summary statistic, cannot replace visual examination of
the data. Note that the examples are sometimes said to demonstrate that the Pearson correlation assumes that the data

follow a normal distribution, but this is not correct.
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Life-time of correlation

Most analyses do not take into account variation of the correlation coefficient with time. If the variables are
non-stationary, then some concepts of choosing optimal time intervals are needed. The durability of correlation

should also be calculated in such a case.[1 1

Bivariate normal distribution

If a pair (X, Y) of random variables follows a bivariate normal distribution, the conditional mean E(X1Y) is a linear
function of Y, and the conditional mean E(Y1X) is a linear function of X. The correlation coefficient r between X and

Y, along with the marginal means and variances of X and Y, determines this linear relationship:
X — E(X)
-

T

where E(X) and E(Y) are the expected values of X and Y, respectively, and o, and oy are the standard deviations of X

E(Y | X)=E{Y) +ro,
and Y, respectively.

Partial correlation

If a population or data-set is characterized by more than two variables, a partial correlation coefficient measures the
strength of dependence between a pair of variables that is not accounted for by the way in which they both change in

response to variations in a selected subset of the other variables.
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Further reading

e Cohen, J., Cohen P., West, S.G., & Aiken, L.S. (2002). Applied multiple regression/correlation analysis for the

behavioral sciences (3rd ed.). Psychology Press. ISBN 0-8058-2223-2.

* Hazewinkel, Michiel, ed. (2001), "Correlation (in statistics)" (http://www.encyclopediaofmath.org/index.

php?title=p/c026560), Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4

External links

* MathWorld page on (cross-) correlation coefficient(s) of a sample. (http://mathworld.wolfram.com/
CorrelationCoefficient.html)
* Compute Significance between two correlations (http://peaks.informatik.uni-erlangen.de/cgi-bin/

usignificance.cgi) — A useful website if one wants to compare two correlation values.

* A MATLAB Toolbox for computing Weighted Correlation Coefficients (http://www.mathworks.com/

matlabcentral/fileexchange/20846)

* Proof that the Sample Bivariate Correlation Coefficient has Limits 1 (http://www.docstoc.com/docs/

3530180/Proof-that-the-Sample-Bivariate-Correlation-Coefficient-has-Limits-(Plus-or-Minus)-1)

 Interactive Flash simulation on the correlation of two normally distributed variables. (http://nagysandor.eu/

AsimovTeka/correlation_en/index.html) Author: Juha Puranen.
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In statistics, regression analysis is a statistical process for estimating the relationships among variables. It includes
many techniques for modeling and analyzing several variables, when the focus is on the relationship between a
dependent variable and one or more independent variables. More specifically, regression analysis helps one
understand how the typical value of the dependent variable (or 'Criterion Variable') changes when any one of the
independent variables is varied, while the other independent variables are held fixed. Most commonly, regression

analysis estimates the conditional expectation of the dependent variable given the independent variables — that is, the
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average value of the dependent variable when the independent variables are fixed. Less commonly, the focus is on a
quantile, or other location parameter of the conditional distribution of the dependent variable given the independent
variables. In all cases, the estimation target is a function of the independent variables called the regression function.
In regression analysis, it is also of interest to characterize the variation of the dependent variable around the
regression function which can be described by a probability distribution.

Regression analysis is widely used for prediction and forecasting, where its use has substantial overlap with the field
of machine learning. Regression analysis is also used to understand which among the independent variables are
related to the dependent variable, and to explore the forms of these relationships. In restricted circumstances,
regression analysis can be used to infer causal relationships between the independent and dependent variables.
However this can lead to illusions or false relationships, so caution is advisable; for example, correlation does not

imply causation.

Many techniques for carrying out regression analysis have been developed. Familiar methods such as linear
regression and ordinary least squares regression are parametric, in that the regression function is defined in terms of
a finite number of unknown parameters that are estimated from the data. Nonparametric regression refers to
techniques that allow the regression function to lie in a specified set of functions, which may be infinite-dimensional.

The performance of regression analysis methods in practice depends on the form of the data generating process, and
how it relates to the regression approach being used. Since the true form of the data-generating process is generally
not known, regression analysis often depends to some extent on making assumptions about this process. These
assumptions are sometimes testable if a sufficient quantity of data is available. Regression models for prediction are
often useful even when the assumptions are moderately violated, although they may not perform optimally.
However, in many applications, especially with small effects or questions of causality based on observational data,

regression methods can give misleading results. 1]

History

The earliest form of regression was the method of least squares, which was published by Legendre in 1805,[4]

and by
Gauss in 1809.°! Legendre and Gauss both applied the method to the problem of determining, from astronomical
observations, the orbits of bodies about the Sun (mostly comets, but also later the then newly discovered minor

.6

planets). Gauss published a further development of the theory of least squares in 182 including a version of the

Gauss—Markov theorem.

The term "regression" was coined by Francis Galton in the nineteenth century to describe a biological phenomenon.
The phenomenon was that the heights of descendants of tall ancestors tend to regress down towards a normal
average (a phenomenon also known as regression toward the mean). For Galton, regression had only this biological
meaning,m[S] but his work was later extended by Udny Yule and Karl Pearson to a more general statistical context.
In the work of Yule and Pearson, the joint distribution of the response and explanatory variables is assumed to be
Gaussian. This assumption was weakened by R.A. Fisher in his works of 1922 and 1925. Fisher assumed that the
conditional distribution of the response variable is Gaussian, but the joint distribution need not be. In this respect,

Fisher's assumption is closer to Gauss's formulation of 1821.

In the 1950s and 1960s, economists used electromechanical desk calculators to calculate regressions. Before 1970, it

sometimes took up to 24 hours to receive the result from one regression.[g]

Regression methods continue to be an area of active research. In recent decades, new methods have been developed
for robust regression, regression involving correlated responses such as time series and growth curves, regression in
which the predictor or response variables are curves, images, graphs, or other complex data objects, regression
methods accommodating various types of missing data, nonparametric regression, Bayesian methods for regression,
regression in which the predictor variables are measured with error, regression with more predictor variables than

observations, and causal inference with regression.
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Regression models
Regression models involve the following variables:

* The unknown parameters, denoted as f3, which may represent a scalar or a vector.
¢ The independent variables, X.
* The dependent variable, Y.

In various fields of application, different terminologies are used in place of dependent and independent variables.

A regression model relates Y to a function of X and f.

Y~ f(X,B)
The approximation is usually formalized as E(Y | X) = fiX, ). To carry out regression analysis, the form of the
function f must be specified. Sometimes the form of this function is based on knowledge about the relationship
between Y and X that does not rely on the data. If no such knowledge is available, a flexible or convenient form for f

is chosen.

Assume now that the vector of unknown parameters f is of length k. In order to perform a regression analysis the

user must provide information about the dependent variable Y:

» If N data points of the form (¥, X) are observed, where N < k, most classical approaches to regression analysis
cannot be performed: since the system of equations defining the regression model is underdetermined, there are
not enough data to recover f3.

o If exactly N = k data points are observed, and the function f'is linear, the equations Y = f{iX, ) can be solved
exactly rather than approximately. This reduces to solving a set of NV equations with N unknowns (the elements of
), which has a unique solution as long as the X are linearly independent. If f is nonlinear, a solution may not
exist, or many solutions may exist.

* The most common situation is where N > k data points are observed. In this case, there is enough information in
the data to estimate a unique value for f§ that best fits the data in some sense, and the regression model when

applied to the data can be viewed as an overdetermined system in f3.
In the last case, the regression analysis provides the tools for:

1. Finding a solution for unknown parameters 3 that will, for example, minimize the distance between the measured
and predicted values of the dependent variable Y (also known as method of least squares).
2. Under certain statistical assumptions, the regression analysis uses the surplus of information to provide statistical

information about the unknown parameters f§ and predicted values of the dependent variable Y.

Necessary number of independent measurements

Consider a regression model which has three unknown parameters, [30, Bl, and [32. Suppose an experimenter
performs 10 measurements all at exactly the same value of independent variable vector X (which contains the
independent variables X E X 5 and X3). In this case, regression analysis fails to give a unique set of estimated values
for the three unknown parameters; the experimenter did not provide enough information. The best one can do is to
estimate the average value and the standard deviation of the dependent variable Y. Similarly, measuring at two
different values of X would give enough data for a regression with two unknowns, but not for three or more

unknowns.

If the experimenter had performed measurements at three different values of the independent variable vector X, then

regression analysis would provide a unique set of estimates for the three unknown parameters in 3.

In the case of general linear regression, the above statement is equivalent to the requirement that the matrix XX is

invertible.
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Statistical assumptions

When the number of measurements, N, is larger than the number of unknown parameters, k, and the measurement
errors . are normally distributed then the excess of information contained in (N — k) measurements is used to make
statistical predictions about the unknown parameters. This excess of information is referred to as the degrees of

freedom of the regression.

Underlying assumptions
Classical assumptions for regression analysis include:

* The sample is representative of the population for the inference prediction.

* The error is a random variable with a mean of zero conditional on the explanatory variables.

* The independent variables are measured with no error. (Note: If this is not so, modeling may be done instead
using errors-in-variables model techniques).

* The predictors are linearly independent, i.e. it is not possible to express any predictor as a linear combination of
the others.

* The errors are uncorrelated, that is, the variance—covariance matrix of the errors is diagonal and each non-zero
element is the variance of the error.

* The variance of the error is constant across observations (homoscedasticity). If not, weighted least squares or

other methods might instead be used.

These are sufficient conditions for the least-squares estimator to possess desirable properties; in particular, these
assumptions imply that the parameter estimates will be unbiased, consistent, and efficient in the class of linear
unbiased estimators. It is important to note that actual data rarely satisfies the assumptions. That is, the method is
used even though the assumptions are not true. Variation from the assumptions can sometimes be used as a measure
of how far the model is from being useful. Many of these assumptions may be relaxed in more advanced treatments.
Reports of statistical analyses usually include analyses of tests on the sample data and methodology for the fit and
usefulness of the model.

Assumptions include the geometrical support of the variables.[IO]Wikipedia:Please clarify Independent and
dependent variables often refer to values measured at point locations. There may be spatial trends and spatial
autocorrelation in the variables that violate statistical assumptions of regression. Geographic weighted regression is
one technique to deal with such data. Also, variables may include values aggregated by areas. With aggregated data
the modifiable areal unit problem can cause extreme variation in regression parameters. When analyzing data
aggregated by political boundaries, postal codes or census areas results may be very distinct with a different choice

of units.

Linear regression

In linear regression, the model specification is that the dependent variable, ¥iis a linear combination of the
parameters (but need not be linear in the independent variables). For example, in simple linear regression for

modeling 7 data points there is one independent variable: Z;, and two parameters, Jgand [3;:
straight line: y; = G + Biz; + &5, =1,...,n
In multiple linear regression, there are several independent variables or functions of independent variables.
Adding a term in xl_2 to the preceding regression gives:
parabola: y; = By + Bix; + ﬁﬂc? +eg,1i=1,...,n.
This is still linear regression; although the expression on the right hand side is quadratic in the independent variable

I;, itis linear in the parameters 3y, B1and (3.

In both cases, €;is an error term and the subscript 4 indexes a particular observation.
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Given a random sample from the population, we estimate the population parameters and obtain the sample linear

regression model:

¥i = Bo + Bz
The residual, €; = y; — @} , is the difference between the value of the dependent variable predicted by the model,
7; » and the true value of the dependent variable, ¥i. One method of estimation is ordinary least squares. This

method obtains parameter estimates that minimize the sum of squared residuals, SSE,[“]“Z] also sometimes denoted
RSS:

"
_ 2
SSE = Z e;.
=1
Minimization of this function results in a set of normal equations, a set of simultaneous linear equations in the

parameters, which are solved to yield the parameter estimators, BO: Bl .

In the case of simple regression, the

formulas for the least squares estimates are e
=~ zi —Z)Yi— ¥ A A
B =28 DD g fy— g Bz

>z —1)°
where I is the mean (average) of the x

values and ¥ is the mean of the ¥ values.

Under the assumption that the population
error term has a constant variance, the

estimate of that variance is given by:

.o SSE

T2 . . . . . | . |
This is called the mean square error (MSE) -20 -10 10 20 30 40 50 60
of the regression. The denominator is the Ilustration of linear regression on a data set.

sample size reduced by the number of model
parameters estimated from the same data, (n-p) for p regressors or (n-p-1) if an intercept is used.'"®! In this case, p=1

so the denominator is n-2.

The standard errors of the parameter estimates are given by

1 z2

T

Uﬁo = U¢

0"31 = O¢

Under the further assumption that the population error term is normally distributed, the researcher can use these
estimated standard errors to create confidence intervals and conduct hypothesis tests about the population

parameters.
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General linear model

In the more general multiple regression model, there are p independent variables:

Yi = Pz + Bozig + - -+ Bpxip + &4,
where X is the i™ observation on the jth independent variable, and where the first independent variable takes the

ij
value 1 for all i (so S31is the regression intercept).

The least squares parameter estimates are obtained from p normal equations. The residual can be written as

€ =Y — BTy — - — IBpIip'
The normal equations are

n p o
Z Z Xij XinBr = ZXijyz‘, i=1...,p

i=1 k=1 i=1
In matrix notation, the normal equations are written as

X™X)B=X"Y,
where the ij element of X is xij’ the i element of the column vector Y is Yo and the j element of )(T} is /éj . Thus X is

nxp, Y is nx1, and /é is px1. The solution is

B=X"X)"XTY.

Diagnostics

Once a regression model has been constructed, it may be important to confirm the goodness of fit of the model and
the statistical significance of the estimated parameters. Commonly used checks of goodness of fit include the
R-squared, analyses of the pattern of residuals and hypothesis testing. Statistical significance can be checked by an

F-test of the overall fit, followed by t-tests of individual parameters.

Interpretations of these diagnostic tests rest heavily on the model assumptions. Although examination of the
residuals can be used to invalidate a model, the results of a t-test or F-test are sometimes more difficult to interpret if
the model's assumptions are violated. For example, if the error term does not have a normal distribution, in small
samples the estimated parameters will not follow normal distributions and complicate inference. With relatively
large samples, however, a central limit theorem can be invoked such that hypothesis testing may proceed using

asymptotic approximations.

""Limited dependent'' variables
The phrase "limited dependent” is used in econometric statistics for categorical and constrained variables.

The response variable may be non-continuous ("limited" to lie on some subset of the real line). For binary (zero or
one) variables, if analysis proceeds with least-squares linear regression, the model is called the linear probability
model. Nonlinear models for binary dependent variables include the probit and logit model. The multivariate probit
model is a standard method of estimating a joint relationship between several binary dependent variables and some
independent variables. For categorical variables with more than two values there is the multinomial logit. For ordinal
variables with more than two values, there are the ordered logit and ordered probit models. Censored regression
models may be used when the dependent variable is only sometimes observed, and Heckman correction type models
may be used when the sample is not randomly selected from the population of interest. An alternative to such
procedures is linear regression based on polychoric correlation (or polyserial correlations) between the categorical
variables. Such procedures differ in the assumptions made about the distribution of the variables in the population. If
the variable is positive with low values and represents the repetition of the occurrence of an event, then count models

like the Poisson regression or the negative binomial model may be used instead.
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Interpolation and extrapolation

Regression models predict a value of the Y variable given known values of the X variables. Prediction within the
range of values in the dataset used for model-fitting is known informally as interpolation. Prediction outside this
range of the data is known as extrapolation. Performing extrapolation relies strongly on the regression assumptions.
The further the extrapolation goes outside the data, the more room there is for the model to fail due to differences

between the assumptions and the sample data or the true values.

It is generally advised (€74 needed] ot when performing extrapolation, one should accompany the estimated value
of the dependent variable with a prediction interval that represents the uncertainty. Such intervals tend to expand

rapidly as the values of the independent variable(s) moved outside the range covered by the observed data.

For such reasons and others, some tend to say that it might be unwise to undertake extrapolation.[m]

However, this does not cover the full set of modelling errors that may be being made: in particular, the assumption of
a particular form for the relation between Y and X. A properly conducted regression analysis will include an
assessment of how well the assumed form is matched by the observed data, but it can only do so within the range of
values of the independent variables actually available. This means that any extrapolation is particularly reliant on the

assumptions being made about the structural form of the regression relationship. Best-practice advice herel“™ "

needed] 5o that a linear-in-variables and linear-in-parameters relationship should not be chosen simply for
computational convenience, but that all available knowledge should be deployed in constructing a regression model.
If this knowledge includes the fact that the dependent variable cannot go outside a certain range of values, this can be
made use of in selecting the model — even if the observed dataset has no values particularly near such bounds. The
implications of this step of choosing an appropriate functional form for the regression can be great when
extrapolation is considered. At a minimum, it can ensure that any extrapolation arising from a fitted model is

"realistic" (or in accord with what is known).

Nonlinear regression

When the model function is not linear in the parameters, the sum of squares must be minimized by an iterative
procedure. This introduces many complications which are summarized in Differences between linear and non-linear

least squares

Power and sample size calculations

There are no generally agreed methods for relating the number of observations versus the number of independent
variables in the model. One rule of thumb suggested by Good and Hardin is N — yn™, where }V is the sample
size, 7 is the number of independent variables and 4m is the number of observations needed to reach the desired
precision if the model had only one independent variable. For example, a researcher is building a linear regression
model using a dataset that contains 1000 patients ( /Y ). If he decides that five observations are needed to precisely

define a straight line ( 772 ), then the maximum number of independent variables his model can support is 4, because
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Other methods

Although the parameters of a regression model are usually estimated using the method of least squares, other

methods which have been used include:

* Bayesian methods, e.g. Bayesian linear regression

* Percentage regression, for situations where reducing percentage errors is deemed more appropriate.

* Least absolute deviations, which is more robust in the presence of outliers, leading to quantile regression
* Nonparametric regression, requires a large number of observations and is computationally intensive

» Distance metric learning, which is learned by the search of a meaningful distance metric in a given input space.

Software

All major statistical software packages perform least squares regression analysis and inference. Simple linear
regression and multiple regression using least squares can be done in some spreadsheet applications and on some
calculators. While many statistical software packages can perform various types of nonparametric and robust
regression, these methods are less standardized; different software packages implement different methods, and a
method with a given name may be implemented differently in different packages. Specialized regression software

has been developed for use in fields such as survey analysis and neuroimaging.
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regression mistakes can appear when Y-range is much smaller than X-range
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Path analysis (statistics)

In statistics, path analysis is used to describe the directed dependencies among a set of variables. This includes
models equivalent to any form of multiple regression analysis, factor analysis, canonical correlation analysis,
discriminant analysis, as well as more general families of models in the multivariate analysis of variance and
covariance analyses (MANOVA, ANOVA, ANCOVA).

In addition to being thought of as a form of multiple regression focusing on causality, path analysis can be viewed as
a special case of structural equation modeling (SEM) — one in which only single indicators are employed for each of
the variables in the causal model. That is, path analysis is SEM with a structural model, but no measurement model.
Other terms used to refer to path analysis include causal modeling, analysis of covariance structures, and latent

variable models.

History

Path analysis was developed around 1918 by geneticist Sewall Wright, who wrote about it more extensively in the
1920s. It has since been applied to a vast array of complex modeling areas, including biology, sociology, and

econometrics.[”

Path modeling

In the model below, the two exogenous variables (Ex | and Exz) are modeled as being correlated and as having both
direct and indirect (through En 1) effects on En2 (the two dependent or 'endogenous’ variables). In most real models,
the endogenous variables are also affected by factors outside the model (including measurement error). The effects

of such extraneous variables are depicted by the "e" or error terms in the model.

e e

E}'h

EKQ

Using the same variables, alternative models are conceivable. For example, it may be hypothesized that Ex1 has only
an indirect effect on Enz, deleting the arrow from Ex | to Enz; and the likelihood or 'fit' of these two models can be

compared statistically.
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Path tracing rules

In order to validly calculate the relationship between any two boxes in the diagram, Wright (1934) proposed a simple
set of path tracing rules, for calculating the correlation between two variables. The correlation is equal to the sum of
the contribution of all the pathways through which the two variables are connected. The strength of each of these

contributing pathways is calculated as the product of the path-coefficients along that pathway.
The rules for path tracing are:

1. You can trace backward up an arrow and then forward along the next, or forwards from one variable to the other,
but never forward and then back.
2. You can pass through each variable only once in a given chain of paths.

3. No more than one bi-directional arrow can be included in each path-chain.

Another way to think of rule one is that you can never pass out of one arrow head and into another arrowhead:

heads-tails, or tails-heads, not heads-heads.

Again, the expected correlation due to each chain traced between two variables is the product of the standardized
path coefficients, and the total expected correlation between two variables is the sum of these contributing

path-chains.

NB: Wright's rules assume a model without feedback loops: the directed graph of the model must contain no cycles.

Path tracing in unstandardized models

If the modeled variables have not been standardized, an additional rule allows the expected covariances to be

calculated as long as no paths exist connecting dependent variables to other dependent variables.

The simplest case obtains where all residual variances are modeled explicitly. In this case, in addition to the three

rules above, calculate expected covariances by:

1. Compute the product of coefficients in each route between the variables of interest, tracing backwards, changing
direction at a two-headed arrow, then tracing forwards.
2. Sum over all distinct routes, where pathways are considered distinct if they contain different coefficients, or

encounter those coefficients in a different order.

Where residual variances are not explicitly included, or as a more general solution, at any change of direction
encountered in a route (except for at two-way arrows), include the variance of the variable at the point of change.
That is, in tracing a path from a dependent variable to an independent variable, include the variance of the
independent-variable except where so doing would violate rule 1 above (passing through adjacent arrowheads: i.e.,
when the independent variable also connects to a double-headed arrow connecting it to another independent
variable). In deriving variances (which is necessary in the case where they are not modeled explicitly), the path from

a dependent variable into an independent variable and back is counted once only.

References
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Analysis

Moving average

In statistics, a moving average (rolling average or running average) i o s oo
is a calculation to analyze data points by creating a series of averages ’
of different subsets of the full data set. It is also called a moving mean
(MM)“] or rolling mean and is a type of finite impulse response filter.
Variations include: simple, and cumulative, or weighted forms
(described below).

Given a series of numbers and a fixed subset size, the first element of

the moving average is obtained by taking the average of the initial

fixed subset of the number series. Then the subset is modified by

"shifting forward"; that is, excluding the first number of the series and including the next number following the
original subset in the series. This creates a new subset of numbers, which is averaged. This process is repeated over
the entire data series. The plot line connecting all the (fixed) averages is the moving average. A moving average is a
set of numbers, each of which is the average of the corresponding subset of a larger set of datum points. A moving
average may also use unequal weights for each datum value in the subset to emphasize particular values in the

subset.

A moving average is commonly used with time series data to smooth out short-term fluctuations and highlight
longer-term trends or cycles. The threshold between short-term and long-term depends on the application, and the
parameters of the moving average will be set accordingly. For example, it is often used in technical analysis of
financial data, like stock prices, returns or trading volumes. It is also used in economics to examine gross domestic
product, employment or other macroeconomic time series. Mathematically, a moving average is a type of
convolution and so it can be viewed as an example of a low-pass filter used in signal processing. When used with
non-time series data, a moving average filters higher frequency components without any specific connection to time,

although typically some kind of ordering is implied. Viewed simplistically it can be regarded as smoothing the data.

Simple moving average

In financial applications a simple moving average (SMA) is the
unweighted mean of the previous n datum points. However, in science
and engineering the mean is normally taken from an equal number of
data on either side of a central value. This ensures that variations in the
mean are aligned with the variations in the data rather than being
shifted in time. An example of a simple equally weighted running
mean for a n-day sample of closing price is the mean of the previous n

days' closing prices. If those prices are PM;PM—1;- -3 PM—(n—1)

then the formula is

PMtpPM—1+ -+ PM—(n-1)
n
When calculating successive values, a new value comes into the sum and an old value drops out, meaning a full

SMA =

summation each time is unnecessary for this simple case,
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SMAtoday = SMAyesterda.y - pﬂil_n + p?M

The period selected depends on the type of movement of interest, such as short, intermediate, or long-term. In
financial terms moving-average levels can be interpreted as support in a rising market, or resistance in a falling

market.

If the data used are not centered around the mean, a simple moving average lags behind the latest datum point by
half the sample width. An SMA can also be disproportionately influenced by old datum points dropping out or new
data coming in. One characteristic of the SMA is that if the data have a periodic fluctuation, then applying an SMA
of that period will eliminate that variation (the average always containing one complete cycle). But a perfectly

regular cycle is rarely encountered.'!

For a number of applications, it is advantageous to avoid the shifting induced by using only 'past' data. Hence a
central moving average can be computed, using data equally spaced on either side of the point in the series where

the mean is calculated. This requires using an odd number of datum points in the sample window.

A major drawback of the SMA is that it lets though a significant amount of the signal shorter than the window
length. Worse, it actually inverts it. This can lead to unexpected artifacts, such as peaks in the "smoothed" result
appearing where there were troughs in the data. It also leads to the result being less "smooth" than expected since

some of the higher frequencies are not properly removed.

The problem can be over-come by repeating the process three times with the window being shortened by a factor of
1.4303 at each step.m This removes the negation effects and provides a well-behaved filter. This solution is often
used in real-time audio filtering since it is computationally quicker than other comparable filters such as a gaussian

kernel.

An example of inversion defect in SMA and the application of repeating SMA to avoid it can be illustrated here:
http://www.woodfortrees. org/plot/rss/from:1980/plot/rss/from: 1980/ mean:60/plot/rss/from:1980/mean:30/
mean:22/mean:17

Cumulative moving average

In a cumulative moving average, the data arrive in an ordered datum stream, and the user would like to get the
average of all of the data up until the current datum point. For example, an investor may want the average price of all
of the stock transactions for a particular stock up until the current time. As each new transaction occurs, the average
price at the time of the transaction can be calculated for all of the transactions up to that point using the cumulative
average, typically an equally weighted average of the sequence of i values x
T _|_ aaa + Z;

—i .

The brute-force method to calculate this would be to store all of the data and calculate the sum and divide by the

|7 e X, UP to the current time:

CA.E =

number of datum points every time a new datum point arrived. However, it is possible to simply update cumulative

average as a new value, X becomes available, using the formula:

Ti+1 + ZCAI
1+ 1

where (' Agcan be taken to be equal to 0.

CAip =

?

Thus the current cumulative average for a new datum point is equal to the previous cumulative average, times i, plus
the latest datum point, all divided by the number of points received so far, i+1. When all of the datum points arrive (i

= N), then the cumulative average will equal the final average.
The derivation of the cumulative average formula is straightforward. Using
$1+"'+Ii:iCAi,

and similarly for i + 1, it is seen that
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Tiy1 = ($1—|—"'+.’L',;+1) — (.’El+ "'+.’Ei) = (Z"— 1)CA1;+1 —ZCAI

Solving this equation for CAi+1 results in:

1 +iCA; 1 — CA;
CA'i+1 — ($z+l.+ 4 z) — CA,‘ + -'L'z-l—l‘ i .
1+ 1 i+1

Weighted moving average

A weighted average is any average that has multiplying factors to give different weights to data at different positions
in the sample window. Mathematically, the moving average is the convolution of the datum points with a fixed

weighting function. One application is removing pixelisation from a digital graphical image.
In technical analysis of financial data, a weighted moving average (WMA) has the specific meaning of weights that

decrease in arithmetical progression. In an n-day WMA the latest day has weight n, the second latest n — 1, etc.,

down to one.

npy + (n— payr—1+--- + 2D(M—nt2) + P(M—n+1)
n+n—-—1)+---+2+1

ni(n + 1)

The denominator is a triangle number equal to . In the more

general case the denominator will always be the sum of the individual
weights.

When calculating the WMA across successive values, the difference
between the numerators of WMAM+1 and WMAM is

"t P T Pt If we denote the sum Pyt Py by
TotalM, then :
Totalpr 1 = Totalpy + pyv1 — PM—nt1 WMA weights n = 15

Numerator, 1 = Numeratory + nppyy1 — Totaly

Numeratorasi
n+n-—-1)+---+2+1

The graph at the right shows how the weights decrease, from highest weight for the most recent datum points, down

WMAM+1 ==

to zero. It can be compared to the weights in the exponential moving average which follows.

Exponential moving average

An exponential moving average (EMA), also known as an

exponentially weighted moving average (EWMA),[4] is a type of
infinite impulse response filter that applies weighting factors which

decrease exponentially. The weighting for each older datum decreases

exponentially, never reaching zero. The graph at right shows an |

example of the weight decrease.

The EMA for a series Y may be calculated recursively: | I | I I |
S =Y, , u“"llllu

for ¢ > 1’ St - - Yi-f—l + (1 . O{) A St—l EMA weights N=15
Where:
» The coefficient a represents the degree of weighting decrease, a constant smoothing factor between 0 and 1. A

higher a discounts older observations faster.

. Yt is the value at a time period .
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. S[ is the value of the EMA at any time period ¢.

Sl is undefined. Sl may be initialized in a number of different ways, most commonly by setting S1 to Y E though
other techniques exist, such as setting S | to an average of the first 4 or 5 observations. The importance of the § 1
initialisations effect on the resultant moving average depends on «; smaller « values make the choice of Sl relatively

more important than larger o values, since a higher « discounts older observations faster.

Whatever is done for § 1 it assumes something about values prior to the available data and is necessarily in error. In
view of this the early results should be regarded as unreliable until the iterations have had time to converge. This is
sometimes called a 'spin-up' interval. One way to assess when it can be regarded as reliable is consider the required
accuracy of the result. For example, if 3% accuracy is required, initialising with Y1 and taking data after five time
constants (defined above) will ensure that the calculation has converged to within 3% (only <3% of Yl will remain in
the result ). Sometimes with very small alpha, this can mean little of the result is useful. This is analogous to the

problem of using a convolution filter (such as a weighted average) with a very long window.
This formulation is according to Hunter (1986).[5] By repeated application of this formula for different times, we can
eventually write SI as a weighted sum of the datum points Y[, as:
2 k k41
S, =ax (Y;g_l—F(]_—Oé) X YE_Q—F(]_—O{) XY, 3+ - —|—(1 —O[) XY;;_(k_F]))—l—(l —Ol) o XSt—(k+1)

for any suitable k = 0, 1, 2, ... The weight of the general datum point Y;_; is oz(l — a)i_l.

6]

An alternate approach by Roberts (1959) uses Yt in lieu of Yt_ |

St, alternate — & * Yi; + (1 - O[) - St—l
This formula can also be expressed in technical analysis terms as follows, showing how the EMA steps towards the
latest datum point, but only by a proportion of the difference (each time):

EMAtoda.y — EMAyesterday +a X (pricetoday - EMAyesterday)
Expanding out EMAyesterday each time results in the following power series, showing how the weighting factor on
each datum point P> P, LC, decreases exponentially:

2 3

EMAjaay =ax (m+(1—a)pe+ (1 —a)'ps+ (1 —a)’pa+---)
where
e Piis pricetoday
» Pais priceyesterday

e and soon

A . Pt —cp+(l—a)p+(1—a)pt---
— l+(l-a)+(1—-aP2+(1-aB+---

sincel/a:1+(1_a)+(1_a)2+...

This is an infinite sum with decreasing terms.

The N periods in an N-day EMA only specify the « factor. N is not a stopping point for the calculation in the way it
is in an SMA or WMA. For sufficiently large N, the first N datum points in an EMA represent about 86% of the total
weight in the calculation when v = 2/(N + 1) 7

ax(1+(1-a)+(1-af+---+(1-a)") , 9 N+
ax(1+(1-a)+{1-a)2+---+(1—a)°) _( B N+1)
2 N+1
ie. I\ITE»HOO [1 — (1 - m) 1 simplified,™ tends to 1 _ o2 ~ ().8647.
The above discussion requires a bit of clarification. The sum of the weights of all the terms (i.e., infinite number of

terms) in an exponential moving average is 1. The sum of the weights of \ termsis 1 — (1 = a)N +1. Both of

these sums can be derived by using the formula for the sum of a geometric series. The weight omitted after }y terms
is given by subtracting this from 1, and you get 1 — (1 — (1 — a)N‘H) = (1 — a)N‘H(this is essentially the
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formula given below for the weight omitted). Note that there is no "accepted" value that should be chosen for c
although there are some recommended values based on the application. In the above discussion, we have substituted

a commonly used value for v = 2 / (N + 1) in the formula for the weight of J\ terms. This value for c comes from setting the av

of the data from a SMA equal to the average age of the data from an EWA and solving for o . Again, it is just a

. a \"
recommendation—not a requirement. If you make this substitution, and you make use of” lim (1 + 1T ) = €%, then yo
—0C T

approximation. Intuitively, what this is telling us is that the weight after }\ terms of an ™ }\ -period" exponential moving
average converges to 0.864.

The power formula above gives a starting value for a particular day, after which the successive days formula shown

first can be applied. The question of how far back to go for an initial value depends, in the worst case, on the data.
Large price values in old data will affect on the total even if their weighting is very small. If prices have small

variations then just the weighting can be considered. The weight omitted by stopping after k terms is

ax ((1—a) +(1—af + (1ol +-),

which is

ax(l-afx(1+{1-a)+1-a)+-),
i.e. a fraction

weight omitted by stopping after k terms  a X [(1 —a)f+ (1 — )+ (1 — )24 .. ]

total weight N ax[l+(1—-a)+(1-a)2+--]
a(l — a)* x

1
— 1-(1—a)

[2]

1-(1-a)
=(1-a)
out of the total weight.
For example, to have 99.9% of the weight, set above ratio equal to 0.1% and solve for k:
_ log(0.001)
~ log(1l — @)

as N increases,[lol

terms should be used. Since log (1 = a)approaches this simplifies to

N+1
: [11]

approximately
k=345(N +1)

for this example (99.9% weight).

Modified moving average

A modified moving average (MMA), running moving average (RMA), or smoothed moving average is defined

as:

(N — 1) x MMA  osterday + price
N

In short, this is an exponential moving average, with ¢y = 1 / N.

MMAtoday =

Application to measuring computer performance

Some computer performance metrics, e.g. the average process queue length, or the average CPU utilization, use a

form of exponential moving average.

Sn = a(tn — tn—l) X Yn + (]_ — Ol(tn — tn—l)) X Sn—l-
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Here o is defined as a function of time between two readings. An example of a coefficient giving bigger weight to

the current reading, and smaller weight to the older readings is

tn_tn—l
t, —t, 1) =1— _
a(n nl) eXp( WXGO)

where exp() is the exponential function, time for readings 1 is expressed in seconds, and J}/ is the period of time in
minutes over which the reading is said to be averaged (the mean lifetime of each reading in the average). Given the

above definition of v, the moving average can be expressed as

t, — th— tn —t,_
Sn = (1 —oxp (e ) X Yo (T ) X S

For example, a 15-minute average L of a process queue length O, measured every 5 seconds (time difference is 5
seconds), is computed as

1
))xQn—i-e_ﬁ X Lp—1 = (1—exp <——))><Qn—|—e‘1/18° XL, 1 = Qn+6_1/180X(Ln_1—Qn)

180

5
Ln = (1—exp <_15 X 60

Other weightings

Other weighting systems are used occasionally — for example, in share trading a volume weighting will weight each

time period in proportion to its trading volume.

A further weighting, used by actuaries, is Spencer's 15-Point Moving Average[lz] (a central moving average). The
symmetric weight coefficients are -3, -6, -5, 3, 21, 46, 67, 74, 67, 46, 21, 3, -5, -6, -3.

Outside the world of finance, weighted running means have many forms and applications. Each weighting function
or "kernel" has its own characteristics. In engineering and science the frequency and phase response of the filter is
often of primary importance in understanding the desired and undesired distortions that a particular filter will apply
to the data.

A mean does not just "smooth" the data. A mean is a form of low-pass filter. The effects of the particular filter used
should be understood in order to make an appropriate choice. On this point, the French version of this article

discusses the spectral effects of 3 kinds of means (cumulative, exponential, Gaussian).

Moving median

From a statistical point of view, the moving average, when used to estimate the underlying trend in a time series, is
susceptible to rare events such as rapid shocks or other anomalies. A more robust estimate of the trend is the simple

moving median over n time points:

SMM = Median(par, Prm—1, - - - » PM—nt1)
where the median is found by, for example, sorting the values inside the brackets and finding the value in the middle.

For larger values of n, the median can be efficiently computed by updating an indexable skiplist.[m

Statistically, the moving average is optimal for recovering the underlying trend of the time series when the
fluctuations about the trend are normally distributed. However, the normal distribution does not place high
probability on very large deviations from the trend which explains why such deviations will have a
disproportionately large effect on the trend estimate. It can be shown that if the fluctuations are instead assumed to
be Laplace distributed, then the moving median is statistically optimal.[m For a given variance, the Laplace
distribution places higher probability on rare events than does the normal, which explains why the moving median

tolerates shocks better than the moving mean.

When the simple moving median above is central, the smoothing is identical to the median filter which has

applications in, for example, image signal processing.
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Student's t-test

A t-test is any statistical hypothesis test in which the test statistic follows a Student's ¢ distribution if the null
hypothesis is supported. It can be used to determine if two sets of data are significantly different from each other,
and is most commonly applied when the test statistic would follow a normal distribution if the value of a scaling
term in the test statistic were known. When the scaling term is unknown and is replaced by an estimate based on the

data, the test statistic (under certain conditions) follows a Student's ¢ distribution.

History

The t-statistic was introduced in 1908 by William Sealy Gosset, a chemist working for the Guinness brewery in
Dublin, Ireland ("Student" was his pen name).[l][z] Gosset had been hired due to Claude Guinness's policy of
recruiting the best graduates from Oxford and Cambridge to apply biochemistry and statistics to Guinness's industrial
processes. Gosset devised the #-test as a cheap way to monitor the quality of stout. The student t-test work was
submitted to and accepted in the journal Biometrika, the journal that Karl Pearson had co-founded and was the
Editor-in-Chief; the article was published in 1908. Company policy at Guinness forbade its chemists from publishing
their findings, so Gosset published his mathematical work under the pseudonym "Student". Actually, Guinness had a
policy of allowing technical staff leave for study (so-called study leave), which Gosset used during the first two
terms of the 1906-1907 academic year in Professor Karl Pearson's Biometric Laboratory at University College
London. Gosset's identity was then known to fellow statisticians and the Editor-in-Chief Karl Pearson. It is not clear
how much of the work Gosset performed while he was at Guinness and how much was done when he was on study

leave at University College London.
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Uses
Among the most frequently used #-tests are:
* A one-sample location test of whether the mean of a population has a value specified in a null hypothesis.

* A two-sample location test of the null hypothesis that the means of two populations are equal. All such tests are
usually called Student's ¢-tests, though strictly speaking that name should only be used if the variances of the two
populations are also assumed to be equal; the form of the test used when this assumption is dropped is sometimes
called Welch's t-test. These tests are often referred to as "unpaired" or "independent samples" #-tests, as they are

typically applied when the statistical units underlying the two samples being compared are non-overlapping.

* A test of the null hypothesis that the difference between two responses measured on the same statistical unit has a
mean value of zero. For example, suppose we measure the size of a cancer patient's tumor before and after a
treatment. If the treatment is effective, we expect the tumor size for many of the patients to be smaller following

the treatment. This is often referred to as the "paired"” or "repeated measures" 7-test: see paired difference test.

* A test of whether the slope of a regression line differs significantly from 0.

Assumptions

Most t-test statistics have the form ¢ = Z/s, where Z and s are functions of the data. Typically, Z is designed to be
sensitive to the alternative hypothesis (i.e., its magnitude tends to be larger when the alternative hypothesis is true),
whereas s is a scaling parameter that allows the distribution of ¢ to be determined.

As an example, in the one-sample r-test Z = X / (6- / \/ﬁ) , where X is the sample mean of the data, 72 is the

sample size, and & is the population standard deviation of the data. s is the sample standard deviation.
The assumptions underlying a -test are that

e Z follows a standard normal distribution under the null hypothesis
o s> follows a X2 distribution with p degrees of freedom under the null hypothesis, where p is a positive constant
* Zand s are independent.

In a specific type of #-test, these conditions are consequences of the population being studied, and of the way in
which the data are sampled. For example, in the #-test comparing the means of two independent samples, the
following assumptions should be met:

* Each of the two populations being compared should follow a normal distribution. This can be tested using a
normality test, such as the Shapiro—Wilk or Kolmogorov—Smirnov test, or it can be assessed graphically using a
normal quantile plot.

» If using Student's original definition of the #-test, the two populations being compared should have the same
variance (testable using F test, Levene's test, Bartlett's test, or the Brown—Forsythe test; or assessable graphically
using a Q—Q plot). If the sample sizes in the two groups being compared are equal, Student's original #-test is
highly robust to the presence of unequal variances. Welch's #-test is insensitive to equality of the variances
regardless of whether the sample sizes are similar.

* The data used to carry out the test should be sampled independently from the two populations being compared.
This is in general not testable from the data, but if the data are known to be dependently sampled (i.e. if they were
sampled in clusters), then the classical #-tests discussed here may give misleading results.
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Unpaired and paired two-sample z-tests

Two-sample t-tests for a difference in mean involve independent samples, paired samples and overlapping samples.
Paired r-tests are a form of blocking, and have greater power than unpaired tests when the paired units are similar
with respect to "noise factors" that are independent of membership in the two groups being compared.m In a

different context, paired 7-tests can be used to reduce the effects of confounding factors in an observational study.

Independent (unpaired) samples

The independent samples ¢-test is used when two separate sets of independent and identically distributed samples are
obtained, one from each of the two populations being compared. For example, suppose we are evaluating the effect
of a medical treatment, and we enroll 100 subjects into our study, then randomly assign 50 subjects to the treatment
group and 50 subjects to the control group. In this case, we have two independent samples and would use the
unpaired form of the z-test. The randomization is not essential here — if we contacted 100 people by phone and
obtained each person's age and gender, and then used a two-sample #-test to see whether the mean ages differ by

gender, this would also be an independent samples #-test, even though the data are observational.

Paired samples

Paired samples #-tests typically consist of a sample of matched pairs of similar units, or one group of units that has

been tested twice (a "repeated measures" z-test).

A typical example of the repeated measures -test would be where subjects are tested prior to a treatment, say for
high blood pressure, and the same subjects are tested again after treatment with a blood-pressure lowering
medication. By comparing the same patient's numbers before and after treatment, we are effectively using each
patient as their own control. That way the correct rejection of the null hypothesis (here: of no difference made by the
treatment) can become much more likely, with statistical power increasing simply because the random
between-patient variation has now been eliminated. Note however that an increase of statistical power comes at a
price: more tests are required, each subject having to be tested twice. Because half of the sample now depends on the
other half, the paired version of Student's #-test has only 'n/2 - 1' degrees of freedom (with 'n' being the total number
of observations). Pairs become individual test units, and the sample has to be doubled to achieve the same number of

degrees of freedom.

A paired samples #-test based on a "matched-pairs sample" results from an unpaired sample that is subsequently used
to form a paired sample, by using additional variables that were measured along with the variable of interest. The
matching is carried out by identifying pairs of values consisting of one observation from each of the two samples,
where the pair is similar in terms of other measured variables. This approach is sometimes used in observational

studies to reduce or eliminate the effects of confounding factors.

Paired samples #-tests are often referred to as "dependent samples #-tests" (as are ¢-tests on overlapping samples).
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Overlapping samples

An overlapping samples #-test is used when there are paired samples with data missing in one or the other samples
(e.g., due to selection of "Don't know" options in questionnaires or because respondents are randomly assigned to a
subset question). These tests are widely used in commercial survey research (e.g., by polling companies) and are

available in many standard crosstab software packages.

Calculations

Explicit expressions that can be used to carry out various #-tests are given below. In each case, the formula for a test
statistic that either exactly follows or closely approximates a z-distribution under the null hypothesis is given. Also,
the appropriate degrees of freedom are given in each case. Each of these statistics can be used to carry out either a

one-tailed test or a two-tailed test.

Once a ¢ value is determined, a p-value can be found using a table of values from Student's t-distribution. If the
calculated p-value is below the threshold chosen for statistical significance (usually the 0.10, the 0.05, or 0.01 level),

then the null hypothesis is rejected in favor of the alternative hypothesis.

One-sample #-test

In testing the null hypothesis that the population mean is equal to a specified value u,, one uses the statistic

POl L

s/v/n
where 7 is the sample mean, s is the sample standard deviation of the sample and » is the sample size. The degrees
of freedom used in this test are n — 1. Although the parent population does not need to be normally distributed, the
distribution of the population of sample means, 7 , is assumed to be normal. By the central limit theorem, if the
sampling of the parent population is random then the sample means will be approximately normal.[ (The degree of

approximation will depend on how close the parent population is to a normal distribution and the sample size, n.)

Slope of a regression line
Suppose one is fitting the model
Yi = + ﬁ L + 61',:
where X, i=1, ..., nare known, « and § are unknown, and &, are independent identically normally distributed random
errors with expected value 0 and unknown variance 02, and Yl., i=1, ..., n are observed. It is desired to test the null

hypothesis that the slope f is equal to some specified value [3’0 (often taken to be 0, in which case the hypothesis is
that x and y are unrelated).

Let

a, E = least-squares estimators,
SE;, SEE = the standard errors of least-squares estimators.
Then

B — o
tscore - ~ IZ;L—
SE; ?

has a t-distribution with n — 2 degrees of freedom if the null hypothesis is true. The standard error of the slope

coefficient:

(Y — )2

i (zi — 7)?

SEEZ
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can be written in terms of the residuals. Let

=Y, -y=Y,-(a+ ,’6\.’12'1) = residuals = estimated errors,

SSR = Z £2 = sum of squares of residuals.
i=1
Then £goreis given by:

e = BBV
VSSR/ YL, (s — 7)°

Independent two-sample #-test

Equal sample sizes, equal variance
This test is only used when both:

* the two sample sizes (that is, the number, 7, of participants of each group) are equal;

¢ it can be assumed that the two distributions have the same variance.

Violations of these assumptions are discussed below.

The ¢ statistic to test whether the means are different can be calculated as follows:
X1 — X,

2
SX1Xs " \/;

where

2

X, and

Here §x, x,is the grand standard deviation (or pooled standard deviation), 1 = group one, 2 = group two. §

53(2 are the unbiased estimators of the variances of the two samples. The denominator of ¢ is the standard error of

the difference between two means.
For significance testing, the degrees of freedom for this test is 2n — 2 where n is the number of participants in each

group.

Unequal sample sizes, equal variance

This test is used only when it can be assumed that the two distributions have the same variance. (When this

assumption is violated, see below.) The 7 statistic to test whether the means are different can be calculated as follows:

; X1 —Xo
B 1 1
SX:X2 "\ ni T my
where

2 2
N (TL] - 1)5X1 + (ﬂ'2 - ]‘)'st
X1Xy — 0
1 1 + Ny — 2
Note that the formulae above are generalizations of the case where both samples have equal sizes (substitute n for n,

and nz).

SX, X,is an estimator of the common standard deviation of the two samples: it is defined in this way so that its
square is an unbiased estimator of the common variance whether or not the population means are the same. In these
formulae, n = number of participants, 1 = group one, 2 = group two. n — 1 is the number of degrees of freedom for
either group, and the total sample size minus two (that is, n. + n_ — 2) is the total number of degrees of freedom,

1 2
which is used in significance testing.
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Equal or Unequal sample sizes, unequal variances

This test, also known as Welch's #-test, is used only when the two population variances are not assumed to be equal
(the two sample sizes may or may not be equal) and hence must be estimated separately. The ¢ statistic to test

whether the population means are different is calculated as:

X, - Xy
{t= ——
x,-X3
where
si 3
Sfl—fz = - e
n Tig

Here s is the unbiased estimator of the variance of the two samples, n = number of participants in group i, i=1 or 2.

Note that in this case sfl_ffis not a pooled variance. For use in significance testing, the distribution of the test
statistic is approximated as an ordinary Student's t distribution with the degrees of freedom calculated using

2 2 2
(s1/m1 + s3/m2)

~ (s3/m0)2/(ny — 1) + (s3/n2)?/(ng — 1)

This is known as the Welch—Satterthwaite equation. The true distribution of the test statistic actually depends

d.f.

(slightly) on the two unknown population variances (see Behrens—Fisher problem).

Dependent ¢-test for paired samples

This test is used when the samples are dependent; that is, when there is only one sample that has been tested twice
(repeated measures) or when there are two samples that have been matched or "paired". This is an example of a

paired difference test.

:M
SD/\/’.'_I.

For this equation, the differences between all pairs must be calculated. The pairs are either one person's pre-test and

t

post-test scores or between pairs of persons matched into meaningful groups (for instance drawn from the same
family or age group: see table). The average (X D) and standard deviation (s D) of those differences are used in the
equation. The constant “, is non-zero if you want to test whether the average of the difference is significantly

different from u o The degree of freedom used is n — 1.

Example of repeated measures

Number | Name | Test 1| Test 2

1 Mike 35% | 67%
2 Melanie | 50% | 46%
3 Melissa | 90% | 86%

4 Mitchell | 78% | 91%
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Example of matched pairs

Pair | Name | Age | Test

1 John |35 250

1 Jane 36 340

2 Jimmy | 22 460

2 Jessy |21 200

Worked examples
Let A1 denote a set obtained by taking 6 random samples out of a larger set:

A; = {30.02, 20.99, 30.11, 29.97, 30.01, 29.99}

and let A2 denote a second set obtained similarly:
A, = {29.89, 20.93, 29.72, 29.98, 30.02, 29.98}
These could be, for example, the weights of screws that were chosen out of a bucket.

We will carry out tests of the null hypothesis that the means of the populations from which the two samples were

taken are equal.

The difference between the two sample means, each denoted by 71‘ , which appears in the numerator for all the

two-sample testing approaches discussed above, is

Xl —_ XQ = 0095
The sample standard deviations for the two samples are approximately 0.05 and 0.11, respectively. For such small
samples, a test of equality between the two population variances would not be very powerful. Since the sample sizes

are equal, the two forms of the two sample #-test will perform similarly in this example.

Unequal variances

If the approach for unequal variances (discussed above) is followed, the results are

2 2
L+ 2 50,0485
T 9

df ~ 7.03.
The test statistic is approximately 1.959. The two-tailed test p-value is approximately 0.091 and the one-tailed

and

p-value is approximately 0.045.

Equal variances

If the approach for equal variances (discussed above) is followed, the results are

Sx,x, ~ 0.084
and

df = 10.
Since the sample sizes are equal (both are 6), the test statistic is again approximately equal to 1.959. Since the
degrees of freedom is different from what it is in the unequal variances test, the p-values will differ slightly from
what was found above. Here, the two-tailed p-value is approximately 0.078, and the one-tailed p-value is

approximately 0.039. Thus if there is good reason to believe that the population variances are equal, the results

become somewhat more suggestive of a difference in the mean weights for the two populations of screws.
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Alternatives to the #-test for location problems

The t-test provides an exact test for the equality of the means of two normal populations with unknown, but equal,
variances. (The Welch's 7-test is a nearly exact test for the case where the data are normal but the variances may
differ.) For moderately large samples and a one tailed test, the ¢ is relatively robust to moderate violations of the

normality assumption.

For exactness, the z-test and Z-test require normality of the sample means, and the #-test additionally requires that the
sample variance follows a scaled X2 distribution, and that the sample mean and sample variance be statistically
independent. Normality of the individual data values is not required if these conditions are met. By the central limit
theorem, sample means of moderately large samples are often well-approximated by a normal distribution even if the
data are not normally distributed. For non-normal data, the distribution of the sample variance may deviate
substantially from a X2 distribution. However, if the sample size is large, Slutsky's theorem implies that the
distribution of the sample variance has little effect on the distribution of the test statistic. If the data are substantially
non-normal and the sample size is small, the 7-test can give misleading results. See Location test for Gaussian scale

mixture distributions for some theory related to one particular family of non-normal distributions.

When the normality assumption does not hold, a non-parametric alternative to the r-test can often have better
statistical power. For example, for two independent samples when the data distributions are asymmetric (that is, the
distributions are skewed) or the distributions have large tails, then the Wilcoxon rank-sum test (also known as the
Mann—Whitney U test) can have three to four times higher power than the #-test. The nonparametric counterpart to
the paired samples t test is the Wilcoxon signed-rank test for paired samples. For a discussion on choosing between

the t and nonparametric alternatives, see Sawilowsky.

One-way analysis of variance generalizes the two-sample #-test when the data belong to more than two groups.

Multivariate testing

A generalization of Student's ¢ statistic, called Hotelling's T-square statistic, allows for the testing of hypotheses on
multiple (often correlated) measures within the same sample. For instance, a researcher might submit a number of
subjects to a personality test consisting of multiple personality scales (e.g. the Minnesota Multiphasic Personality
Inventory). Because measures of this type are usually positively correlated, it is not advisable to conduct separate
univariate #-tests to test hypotheses, as these would neglect the covariance among measures and inflate the chance of
falsely rejecting at least one hypothesis (Type I error). In this case a single multivariate test is preferable for
hypothesis testing. Fisher's Method for combining multiple tests with alpha reduced for positive correlation among
tests is one. Another is Hotelling's T2 statistic follows a T distribution. However, in practice the distribution is

rarely used, since tabulated values for T2 are hard to find. Usually, T2 is converted instead to an F statistic.

One-sample T 2 fest
For a one-sample multivariate test, the hypothesis is that the mean vector ( 1 ) is equal to a given vector ( 0). The
test statistic is Hotelling's T2

T? = n(X — po)'S™(X — po)

where 7 is the sample size, X is the vector of column means and §is a 7n X 1 sample covariance matrix.

Two-sample T 2 test

For a two-sample multivariate test, the hypothesis is that the mean vectors ( (1, #2) of two samples are equal. The
test statistic is Hotelling's 2—samp1eT2:

. = _ %
T* = ﬁ(il — X2)'Spocted H(%1 — %)
1+ 7o
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Software implementations

Many spreadsheet programs and statistics packages, such as QtiPlot, OpenOffice.org Calc, LibreOffice Calc,
Microsoft Excel, SAS, SPSS, Stata, DAP, gretl, R, Python ([5]), PSPP, and Minitab, include implementations of

Student's #-test.

Language/Program Function Notes
Microsoft Excel pre 2010 TTEST (arrayl, array2, tails, type) See [6]
Microsoft Excel 2010 and later | T. TEST (arrayl, array2, tails, type) See [7]
OpenOffice.org TTEST (datal; dataZ2; mode; type)

Python scipy.stats.ttest_ind(a, b, axis=0, equal_var=True) See [5]
R t.test (datal, data2)
SAS PROC TTEST See [8]

Notes

[1] Richard Mankiewicz, The Story of Mathematics (Princeton University Press), p.158.

[2] http://www.aliquote.org/cours/2012_biomed/biblio/Student1908.pdf

[3] John A. Rice (2006), Mathematical Statistics and Data Analysis, Third Edition, Duxbury Advanced.
[4] George Box, William Hunter, and J. Stuart Hunter, "Statistics for Experimenters", ISBN 978-0471093152, pp. 66-67.
[5] http://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.ttest_ind.html

[6] http://office.microsoft.com/en-us/excel-help/ttest-HP005209325.aspx

[7]1 http://office.microsoft.com/en-us/excel-help/t-test-function-HA102753135.aspx

[8] http://www.sas.com/offices/europe/belux/pdf/academic/ttest.pdf

References

e (O'Mahony, Michael (1986). Sensory Evaluation of Food: Statistical Methods and Procedures. CRC Press. p. 487.

ISBN 0-8247-7337-3.

e Press, William H.; Saul A. Teukolsky, William T. Vetterling, Brian P. Flannery (1992). Numerical Recipes in C:
The Art of Scientific Computing (http://www.nr.com/). Cambridge University Press. pp. p. 616 (http://www.

nrbook.com/a/bookcpdf/c14-2.pdf). ISBN 0-521-43108-5.

Further reading

* Boneau, C. Alan (1960). "The effects of violations of assumptions underlying the ¢ test". Psychological Bulletin

57 (1): 49—-64. doi: 10.1037/h0041412 (http://dx.doi.org/10.1037/h0041412)

» Edgell, Stephen E., & Noon, Sheila M (1984). "Effect of violation of normality on the 7 test of the correlation
coefficient". Psychological Bulletin 95 (3): 576—583. doi: 10.1037/0033-2909.95.3.576 (http://dx.doi.org/10.

1037/0033-2909.95.3.576).



https://en.wikipedia.org/w/index.php?title=Spreadsheet
https://en.wikipedia.org/w/index.php?title=QtiPlot
https://en.wikipedia.org/w/index.php?title=OpenOffice.org_Calc
https://en.wikipedia.org/w/index.php?title=LibreOffice_Calc
https://en.wikipedia.org/w/index.php?title=Microsoft_Excel
https://en.wikipedia.org/w/index.php?title=SAS_%28software%29
https://en.wikipedia.org/w/index.php?title=SPSS
https://en.wikipedia.org/w/index.php?title=Stata
https://en.wikipedia.org/w/index.php?title=DAP_%28software%29
https://en.wikipedia.org/w/index.php?title=Gretl
https://en.wikipedia.org/w/index.php?title=R_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=Python_%28programming_language%29
http://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.ttest_ind.html
https://en.wikipedia.org/w/index.php?title=PSPP
https://en.wikipedia.org/w/index.php?title=Minitab
https://en.wikipedia.org/w/index.php?title=Microsoft_Excel
http://office.microsoft.com/en-us/excel-help/ttest-HP005209325.aspx
https://en.wikipedia.org/w/index.php?title=Microsoft_Excel
http://office.microsoft.com/en-us/excel-help/t-test-function-HA102753135.aspx
https://en.wikipedia.org/w/index.php?title=OpenOffice.org
https://en.wikipedia.org/w/index.php?title=Python_%28programming_language%29
http://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.ttest_ind.html
https://en.wikipedia.org/w/index.php?title=R_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=SAS_%28software%29
http://www.sas.com/offices/europe/belux/pdf/academic/ttest.pdf
http://www.aliquote.org/cours/2012_biomed/biblio/Student1908.pdf
http://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.ttest_ind.html
http://office.microsoft.com/en-us/excel-help/ttest-HP005209325.aspx
http://office.microsoft.com/en-us/excel-help/t-test-function-HA102753135.aspx
http://www.sas.com/offices/europe/belux/pdf/academic/ttest.pdf
https://en.wikipedia.org/w/index.php?title=CRC_Press
https://en.wikipedia.org/w/index.php?title=International_Standard_Book_Number
https://en.wikipedia.org/w/index.php?title=Special:BookSources/0-8247-7337-3
http://www.nr.com/
https://en.wikipedia.org/w/index.php?title=Cambridge_University_Press
http://www.nrbook.com/a/bookcpdf/c14�2.pdf
http://www.nrbook.com/a/bookcpdf/c14�2.pdf
https://en.wikipedia.org/w/index.php?title=International_Standard_Book_Number
https://en.wikipedia.org/w/index.php?title=Special:BookSources/0-521-43108-5
https://en.wikipedia.org/w/index.php?title=Digital_object_identifier
http://dx.doi.org/10.1037%2Fh0041412
https://en.wikipedia.org/w/index.php?title=Digital_object_identifier
http://dx.doi.org/10.1037%2F0033-2909.95.3.576
http://dx.doi.org/10.1037%2F0033-2909.95.3.576

Student's t-test 171

External links

* Hazewinkel, Michiel, ed. (2001), "Student test" (http://www.encyclopediaofmath.org/index.php?title=p/
s090720), Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4
* A conceptual article on the Student's 7-test (http://www.socialresearchmethods.net/kb/stat_t.php)

Contingency table

In statistics, a contingency table (also referred to as cross tabulation or cross tab) is a type of table in a matrix
format that displays the (multivariate) frequency distribution of the variables. The term contingency table was first
used by Karl Pearson in "On the Theory of Contingency and Its Relation to Association and Normal Correlation",[l]

part of the Drapers’' Company Research Memoirs Biometric Series I published in 1904.

A crucial problem of multivariate statistics is finding (direct-)dependence structure underlying the variables
contained in high dimensional contingency tables. If some of the conditional independences are revealed, then even
the storage of the data can be done in a smarter way (see Lauritzen (2002)). In order to do this one can use
information theory concepts, which gain the information only from the distribution of probability, which can be

expressed easily from the contingency table by the relative frequencies.

Example

Suppose that we have two variables, sex (male or female) and handedness (right- or left-handed). Further suppose
that 100 individuals are randomly sampled from a very large population as part of a study of sex differences in
handedness. A contingency table can be created to display the numbers of individuals who are male and
right-handed, male and left-handed, female and right-handed, and female and left-handed. Such a contingency table

is shown below.

Right-handed | Left-handed | Total

Males 43 9 52
Females 44 4 48
Totals 87 13 100

The numbers of the males, females, and right- and left-handed individuals are called marginal totals. The grand
total, i.e., the total number of individuals represented in the contingency table, is the number in the bottom right

corner.

The table allows us to see at a glance that the proportion of men who are right-handed is about the same as the
proportion of women who are right-handed although the proportions are not identical. The significance of the
difference between the two proportions can be assessed with a variety of statistical tests including Pearson's
chi-squared test, the G-test, Fisher's exact test, and Barnard's test, provided the entries in the table represent
individuals randomly sampled from the population about which we want to draw a conclusion. If the proportions of
individuals in the different columns vary significantly between rows (or vice versa), we say that there is a
contingency between the two variables. In other words, the two variables are not independent. If there is no

contingency, we say that the two variables are independent.

The example above is the simplest kind of contingency table, a table in which each variable has only two levels; this
is called a 2 x 2 contingency table. In principle, any number of rows and columns may be used. There may also be
more than two variables, but higher order contingency tables are difficult to represent on paper. The relation between
ordinal variables, or between ordinal and categorical variables, may also be represented in contingency tables,

although such a practice is rare.
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Measures of association

The degree of association between the two variables can be assessed by a number of coefficients: the simplest is the
phi coefficient defined by

_ X2
-5

where XZ is derived from Pearson's chi-squared test, and N is the grand total of observations. ¢ varies from 0
(corresponding to no association between the variables) to 1 or -1 (complete association or complete inverse
association). This coefficient can only be calculated for frequency data represented in 2 x 2 tables. ¢ can reach a
minimum value -1.00 and a maximum value of 1.00 only when every marginal proportion is equal to .50 (and two

diagonal cells are empty). Otherwise, the phi coefficient cannot reach those minimal and maximal values.!

Alternatives include the tetrachoric correlation coefficient (also only applicable to 2 x 2 tables), the contingency

coefficient C, and Cramér's V.

C suffers from the disadvantage that it does not reach a maximum of 1 or the minimum of -1; the highest it can reach
in a 2 x 2 table is .707; the maximum it can reach in a 4 x 4 table is 0.870. It can reach values closer to 1 in
contingency tables with more categories. It should, therefore, not be used to compare associations among tables with
different numbers of categories.m Moreover, it does not apply to asymmetrical tables (those where the numbers of

row and columns are not equal).

The formulae for the C and V coefficients are:

2
C = X—and
N + x?
X2
N{k—1)’

k being the number of rows or the number of columns, whichever is less.

V =

C can be adjusted so it reaches a maximum of 1 when there is complete association in a table of any number of rows

and columns by dividing C by k-1 (recall that C only applies to tables in which the number of rows is equal to
V &

the number of columns and therefore equal to k).

The tetrachoric correlation coefficient assumes that the variable underlying each dichotomous measure is normally
distributed.” The tetrachoric correlation coefficient provides "a convenient measure of [the Pearson
product-moment] correlation when graduated measurements have been reduced to two categories."[s] The tetrachoric
correlation should not be confused with the Pearson product-moment correlation coefficient computed by assigning,
say, values 0 and 1 to represent the two levels of each variable (which is mathematically equivalent to the phi
coefficient). An extension of the tetrachoric correlation to tables involving variables with more than two levels is the

polychoric correlation coefficient.

The Lambda coefficient is a measure of the strength of association of the cross tabulations when the variables are
measured at the nominal level. Values range from 0 (no association) to 1 (the theoretical maximum possible
association). Asymmetric lambda measures the percentage improvement in predicting the dependent variable.

Symmetric lambda measures the percentage improvement when prediction is done in both directions.
The uncertainty coefficient is another measure for variables at the nominal level.

The values range from -1 (100% negative association, or perfect inversion) to +1 (100% positive association, or

perfect agreement). A value of zero indicates the absence of association.

¢ Gamma test: No adjustment for either table size or ties.
* Kendall tau: Adjustment for ties.
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e Tau b: For square tables.

* Tau c: For rectangular tables.
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Analysis of variance

Analysis of variance (ANOVA) is a collection of statistical models used to analyze the differences between group

means and their associated procedures (such as "variation" among and between groups). In ANOVA setting, the
observed variance in a particular variable is partitioned into components attributable to different sources of variation.
In its simplest form, ANOVA provides a statistical test of whether or not the means of several groups are equal, and
therefore generalizes the #-test to more than two groups. Doing multiple two-sample t-tests would result in an
increased chance of committing a type I error. For this reason, ANOVAs are useful in comparing (testing) three or

more means (groups or variables) for statistical significance.

Motivating example

The analysis of variance can be used as an exploratory tool to explain

observations. A dog show provides an example. A dog show is not a ) \\\

random sampling of the breed. It is typically limited to dogs that are [:
E(v) = EE(v|X,) | V2

male, adult, pure-bred and exemplary. A histogram of dog weights

from a show might plausibly be rather complex, like the yellow-orange - \ /

E(Y1X))

distribution shown in the illustrations. An attempt to explain the weight

distribution by dividing the dog population into groups (young vs : o

Figure 2: ANOVA : No fit

old)(short-haired vs long-haired) would probably be a failure (no fit at No fit at all
all). The groups (shown in blue) have a large variance and the means

are very close. An attempt to explain the weight distribution by (pet vs

working breed)(less athletic vs more athletic) would probably be

somewhat more successful (fair fit). The heaviest show dogs are likely ) T ‘ /

to be big strong working breeds. An attempt to explain weight by breed : i r

is likely to produce a very good fit. All Chihuahuas are light and all St e }

E(YIX2)

\“/\,/

s
—

Bernards are heavy. The difference in weights between Setters and

-

Pointers does not justify separate breeds. The analysis of variance

provides the formal tools to justify these intuitive judgments. A

Figure 1: ANOVA : Fair fit

common use of the method is the analysis of experimental data or the
development of models. The method has some advantages over Fair it
correlation: not all of the data must be numeric and one result of the

method is a judgment in the confidence in an explanatory relationship.

Background and terminology

ANOVA is a particular form of statistical hypothesis testing heavily

used in the analysis of experimental data. A statistical hypothesis test is

a method of making decisions using data. A test result (calculated from

the null hypothesis and the sample) is called statistically significant if it

Very good fit

is deemed unlikely to have occurred by chance, assuming the truth of

the null hypothesis. A statistically significant result (when a probability

(p-value) is less than a threshold (significance level)) justifies the rejection of the null hypothesis, but only if the a
priori probability of the null hypothesis is not high.

In the typical application of ANOVA, the null hypothesis is that all groups are simply random samples of the same
population. This implies that all treatments have the same effect (perhaps none). Rejecting the null hypothesis

implies that different treatments result in altered effects.
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By construction, hypothesis testing limits the rate of Type I errors (false positives leading to false scientific claims)
to a significance level. Experimenters also wish to limit Type II errors (false negatives resulting in missed scientific
discoveries). The Type II error rate is a function of several things including sample size (positively correlated with
experiment cost), significance level (when the standard of proof is high, the chances of overlooking a discovery are

also high) and effect size (when the effect is obvious to the casual observer, Type II error rates are low).

The terminology of ANOVA is largely from the statistical design of experiments. The experimenter adjusts factors
and measures responses in an attempt to determine an effect. Factors are assigned to experimental units by a
combination of randomization and blocking to ensure the validity of the results. Blinding keeps the weighing

impartial. Responses show a variability that is partially the result of the effect and is partially random error.

ANOVA is the synthesis of several ideas and it is used for multiple purposes. As a consequence, it is difficult to

define concisely or precisely.
"Classical ANOVA for balanced data does three things at once:

1. As exploratory data analysis, an ANOVA is an organization of an additive data decomposition, and its sums of
squares indicate the variance of each component of the decomposition (or, equivalently, each set of terms of a
linear model).

2. Comparisons of mean squares, along with F-tests ... allow testing of a nested sequence of models.

3. Closely related to the ANOVA is a linear model fit with coefficient estimates and standard errors."[!)

In short, ANOVA is a statistical tool used in several ways to develop and confirm an explanation for the observed
data.

Additionally:
» It is computationally elegant and relatively robust against violations of its assumptions.

2. ANOVA provides industrial strength (multiple sample comparison) statistical analysis.

3. It has been adapted to the analysis of a variety of experimental designs.

As a result: ANOVA "has long enjoyed the status of being the most used (some would say abused) statistical

technique in psychological research."l?! ANOVA "is probably the most useful technique in the field of statistical

inference." 3]

ANOVA is difficult to teach, particularly for complex experiments, with split-plot designs being notorious.™! In

some cases the proper application of the method is best determined by problem pattern recognition followed by the
(5]

consultation of a classic authoritative test.
Design-of-experiments terms
(Condensed from the NIST Engineering Statistics handbook: Section 5.7. A Glossary of DOE Terminology.)
Balanced design

An experimental design where all cells (i.e. treatment combinations) have the same number of observations.
Blocking

A schedule for conducting treatment combinations in an experimental study such that any effects on the
experimental results due to a known change in raw materials, operators, machines, etc., become concentrated
in the levels of the blocking variable. The reason for blocking is to isolate a systematic effect and prevent it
from obscuring the main effects. Blocking is achieved by restricting randomization.

Design
A set of experimental runs which allows the fit of a particular model and the estimate of effects.

DOE



https://en.wikipedia.org/w/index.php?title=Design_of_experiments
https://en.wikipedia.org/w/index.php?title=Randomized_block_design
https://en.wikipedia.org/w/index.php?title=Blind_experiment
https://en.wikipedia.org/w/index.php?title=Restricted_randomization

Analysis of variance 176

Design of experiments. An approach to problem solving involving collection of data that will support valid,

defensible, and supportable conclusions.
Effect

How changing the settings of a factor changes the response. The effect of a single factor is also called a main
effect.

Error

Unexplained variation in a collection of observations. DOE's typically require understanding of both random

error and lack of fit error.
Experimental unit

The entity to which a specific treatment combination is applied.
Factors

Process inputs an investigator manipulates to cause a change in the output.
Lack-of-fit error

Error that occurs when the analysis omits one or more important terms or factors from the process model.
Including replication in a DOE allows separation of experimental error into its components: lack of fit and

random (pure) error.
Model

Mathematical relationship which relates changes in a given response to changes in one or more factors.
Random error

Error that occurs due to natural variation in the process. Random error is typically assumed to be normally

distributed with zero mean and a constant variance. Random error is also called experimental error.
Randomization

A schedule for allocating treatment material and for conducting treatment combinations in a DOE such that the

conditions in one run neither depend on the conditions of the previous run nor predict the conditions in the

subsequent runs. !

Replication

Performing the same treatment combination more than once. Including replication allows an estimate of the

random error independent of any lack of fit error.
Responses

The output(s) of a process. Sometimes called dependent variable(s).
Treatment

A treatment is a specific combination of factor levels whose effect is to be compared with other treatments.
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Classes of models

There are three classes of models used in the analysis of variance, and these are outlined here.

Fixed-effects models

The fixed-effects model of analysis of variance applies to situations in which the experimenter applies one or more
treatments to the subjects of the experiment to see if the response variable values change. This allows the
experimenter to estimate the ranges of response variable values that the treatment would generate in the population

as a whole.

Randome-effects models

Random effects models are used when the treatments are not fixed. This occurs when the various factor levels are
sampled from a larger population. Because the levels themselves are random variables, some assumptions and the
method of contrasting the treatments (a multi-variable generalization of simple differences) differ from the

fixed-effects model.m

Mixed-effects models

A mixed-effects model contains experimental factors of both fixed and random-effects types, with appropriately

different interpretations and analysis for the two types.

Example: Teaching experiments could be performed by a university department to find a good introductory
textbook, with each text considered a treatment. The fixed-effects model would compare a list of candidate texts.
The random-effects model would determine whether important differences exist among a list of randomly selected

texts. The mixed-effects model would compare the (fixed) incumbent texts to randomly selected alternatives.

Defining fixed and random effects has proven elusive, with competing definitions arguably leading toward a

linguistic quagmire.[g]

Assumptions of ANOVA

The analysis of variance has been studied from several approaches, the most common of which uses a linear model
that relates the response to the treatments and blocks. Note that the model is linear in parameters but may be
nonlinear across factor levels. Interpretation is easy when data is balanced across factors but much deeper

understanding is needed for unbalanced data.

Textbook analysis using a normal distribution

The analysis of variance can be presented in terms of a linear model, which makes the following assumptions about

the probability distribution of the responses:[g][lo]

* Independence of observations — this is an assumption of the model that simplifies the statistical analysis.
* Normality — the distributions of the residuals are normal.
* Equality (or "homogeneity") of variances, called homoscedasticity — the variance of data in groups should be the

same.

The separate assumptions of the textbook model imply that the errors are independently, identically, and normally

distributed for fixed effects models, that is, that the errors ( € 's) are independent and

e ~ N(0,0%).
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Randomization-based analysis

In a randomized controlled experiment, the treatments are randomly assigned to experimental units, following the
experimental protocol. This randomization is objective and declared before the experiment is carried out. The
objective random-assignment is used to test the significance of the null hypothesis, following the ideas of C. S.
Peirce and Ronald A. Fisher. This design-based analysis was discussed and developed by Francis J. Anscombe at
Rothamsted Experimental Station and by Oscar Kempthorne at Iowa State University.[“] Kempthorne and his

students make an assumption of unit treatment additivity, which is discussed in the books of Kempthorne and David
R. Cox [citation needed]

Unit-treatment additivity

[12]

In its simplest form, the assumption of unit-treatment additivity states that the observed response ¥i,jfrom

experimental unit § when receiving treatment jcan be written as the sum of the unit's response Y;and the

treatment-effect T , that is (131014]15]

Yij = Ui + 1.
The assumption of unit-treatment additivity implies that, for every treatment j , the j th treatment have exactly the
same effect ; on every experiment unit.
The assumption of unit treatment additivity usually cannot be directly falsified, according to Cox and Kempthorne.
However, many consequences of treatment-unit additivity can be falsified. For a randomized experiment, the
assumption of unit-treatment additivity implies that the variance is constant for all treatments. Therefore, by

contraposition, a necessary condition for unit-treatment additivity is that the variance is constant.

The use of unit treatment additivity and randomization is similar to the design-based inference that is standard in

finite-population survey sampling.

Derived linear model

Kempthorne uses the randomization-distribution and the assumption of unit treatment additivity to produce a derived
linear model, very similar to the textbook model discussed previously.[l6] The test statistics of this derived linear
model are closely approximated by the test statistics of an appropriate normal linear model, according to

17]

approximation theorems and simulation studies.! However, there are differences. For example, the

randomization-based analysis results in a small but (strictly) negative correlation between the observations.'$11%! 1
the randomization-based analysis, there is no assumption of a normal distribution and certainly no assumption of

independence. On the contrary, the observations are dependent!

The randomization-based analysis has the disadvantage that its exposition involves tedious algebra and extensive
time. Since the randomization-based analysis is complicated and is closely approximated by the approach using a
normal linear model, most teachers emphasize the normal linear model approach. Few statisticians object to

model-based analysis of balanced randomized experiments.

Statistical models for observational data

However, when applied to data from non-randomized experiments or observational studies, model-based analysis
lacks the warrant of randomization.[zo] For observational data, the derivation of confidence intervals must use
subjective models, as emphasized by Ronald A. Fisher and his followers. In practice, the estimates of
treatment-effects from observational studies generally are often inconsistent. In practice, "statistical models" and

observational data are useful for suggesting hypotheses that should be treated very cautiously by the public.m]
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Summary of assumptions

The normal-model based ANOVA analysis assumes the independence, normality and homogeneity of the variances
of the residuals. The randomization-based analysis assumes only the homogeneity of the variances of the residuals
(as a consequence of unit-treatment additivity) and uses the randomization procedure of the experiment. Both these
analyses require homoscedasticity, as an assumption for the normal-model analysis and as a consequence of

randomization and additivity for the randomization-based analysis.

However, studies of processes that change variances rather than means (called dispersion effects) have been
successfully conducted using ANOVA.*? There are no necessary assumptions for ANOVA in its full generality, but
the F-test used for ANOVA hypothesis testing has assumptions and practical limitations which are of continuing

interest.

Problems which do not satisfy the assumptions of ANOVA can often be transformed to satisfy the assumptions. The
property of unit-treatment additivity is not invariant under a "change of scale", so statisticians often use
transformations to achieve unit-treatment additivity. If the response variable is expected to follow a parametric
family of probability distributions, then the statistician may specify (in the protocol for the experiment or
observational study) that the responses be transformed to stabilize the variance.*’! Also, a statistician may specify
that logarithmic transforms be applied to the responses, which are believed to follow a multiplicative model.[?*!
According to Cauchy's functional equation theorem, the logarithm is the only continuous transformation that

transforms real multiplication to addition!cifation needed]

Characteristics of ANOVA

ANOVA is used in the analysis of comparative experiments, those in which only the difference in outcomes is of
interest. The statistical significance of the experiment is determined by a ratio of two variances. This ratio is
independent of several possible alterations to the experimental observations: Adding a constant to all observations
does not alter significance. Multiplying all observations by a constant does not alter significance. So ANOVA
statistical significance results are independent of constant bias and scaling errors as well as the units used in
expressing observations. In the era of mechanical calculation it was common to subtract a constant from all
observations (when equivalent to dropping leading digits) to simplify data entry.[zs][%] This is an example of data

coding.

Logic of ANOVA

The calculations of ANOVA can be characterized as computing a number of means and variances, dividing two
variances and comparing the ratio to a handbook value to determine statistical significance. Calculating a treatment
effect is then trivial, "the effect of any treatment is estimated by taking the difference between the mean of the

observations which receive the treatment and the general mean."?7)

Partitioning of the sum of squares

ANOVA uses traditional standardized terminology. The definitional equation of sample variance is

s? = ﬁ Z(yi = 37)2, where the divisor is called the degrees of freedom (DF), the summation is called the sum

of squares (SS), the result is called the mean square (MS) and the squared terms are deviations from the sample
mean. ANOVA estimates 3 sample variances: a total variance based on all the observation deviations from the grand
mean, an error variance based on all the observation deviations from their appropriate treatment means and a
treatment variance. The treatment variance is based on the deviations of treatment means from the grand mean, the
result being multiplied by the number of observations in each treatment to account for the difference between the

variance of observations and the variance of means.
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The fundamental technique is a partitioning of the total sum of squares SS into components related to the effects used
in the model. For example, the model for a simplified ANOVA with one type of treatment at different levels.
SSTotal = SSError + SSTrea.tments

The number of degrees of freedom DF can be partitioned in a similar way: one of these components (that for error)
specifies a chi-squared distribution which describes the associated sum of squares, while the same is true for

"treatments” if there is no treatment effect.

DFTota.l = DFError + DFTl'ea.tments

See also Lack-of-fit sum of squares.

The F-test

The F-test is used for comparing the factors of the total deviation. For example, in one-way, or single-factor

ANOVA, statistical significance is tested for by comparing the F test statistic

variance between treatments

F—

variance within treatments

MSTreatments _ SSTreatments/(I - 1)
MSError SSError/(nT - I)

where MS is mean square, J = number of treatments and 727 = total number of cases

I =

to the F-distribution with [ — 1, np — I degrees of freedom. Using the F-distribution is a natural candidate
because the test statistic is the ratio of two scaled sums of squares each of which follows a scaled chi-squared

distribution.
. 2 2 . . . .
The expected value of Fis 1 + MO Tyentment / OFrror (where n is the treatment sample size) which is 1 for no

treatment effect. As values of F increase above 1 the evidence is increasingly inconsistent with the null hypothesis.
Two apparent experimental methods of increasing F are increasing the sample size and reducing the error variance

by tight experimental controls.
The textbook method of concluding the hypothesis test is to compare the observed value of F with the critical value

of F determined from tables. The critical value of F is a function of the numerator degrees of freedom, the

denominator degrees of freedom and the significance level (o). If F > F | (Numerator DF, Denominator DF, o)

Critical
then reject the null hypothesis.

The computer method calculates the probability (p-value) of a value of F greater than or equal to the observed value.
The null hypothesis is rejected if this probability is less than or equal to the significance level (o). The two methods

produce the same result.

The ANOVA F-test is known to be nearly optimal in the sense of minimizing false negative errors for a fixed rate of
false positive errors (maximizing power for a fixed significance level). To test the hypothesis that all treatments have
exactly the same effect, the F-test's p-values closely approximate the permutation test's p-values: The approximation
is particularly close when the design is balanced.”®! Such permutation tests characterize tests with maximum power
against all alternative hypotheses, as observed by Rosenbaum.!*”) The ANOVA F—test (of the null-hypothesis that all
treatments have exactly the same effect) is recommended as a practical test, because of its robustness against many

alternative distributions.BoJ [31]
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Extended logic

ANOVA consists of separable parts; partitioning sources of variance and hypothesis testing can be used individually.
ANOVA is used to support other statistical tools. Regression is first used to fit more complex models to data, then
ANOVA is used to compare models with the objective of selecting simple(r) models that adequately describe the
data. "Such models could be fit without any reference to ANOVA, but ANOVA tools could then be used to make
n32] "[W]e think of the analysis

of variance as a way of understanding and structuring multilevel models—not as an alternative to regression but as a

some sense of the fitted models, and to test hypotheses about batches of coefficients.

tool for summarizing complex high-dimensional inferences ..."

ANOVA for a single factor

The simplest experiment suitable for ANOVA analysis is the completely randomized experiment with a single
factor. More complex experiments with a single factor involve constraints on randomization and include completely
randomized blocks and Latin squares (and variants: Graeco-Latin squares, etc.). The more complex experiments
share many of the complexities of multiple factors. A relatively complete discussion of the analysis (models, data

summaries, ANOVA table) of the completely randomized experiment is available.

ANOVA for multiple factors

ANOVA generalizes to the study of the effects of multiple factors. When the experiment includes observations at all
combinations of levels of each factor, it is termed factorial. Factorial experiments are more efficient than a series of
single factor experiments and the efficiency grows as the number of factors increases.>’! Consequently, factorial

designs are heavily used.

The use of ANOVA to study the effects of multiple factors has a complication. In a 3-way ANOVA with factors x, y
and z, the ANOVA model includes terms for the main effects (x, y, z) and terms for interactions (xy, Xz, yz, xyz). All
terms require hypothesis tests. The proliferation of interaction terms increases the risk that some hypothesis test will
produce a false positive by chance. Fortunately, experience says that high order interactions are rare.*¥ The ability
to detect interactions is a major advantage of multiple factor ANOVA. Testing one factor at a time hides interactions,

but produces apparently inconsistent experimental results.

Caution is advised when encountering interactions; Test interaction terms first and expand the analysis beyond
ANOVA if interactions are found. Texts vary in their recommendations regarding the continuation of the ANOVA
procedure after encountering an interaction. Interactions complicate the interpretation of experimental data. Neither
the calculations of significance nor the estimated treatment effects can be taken at face value. "A significant

n(3] Graphical methods are recommended to enhance

interaction will often mask the significance of main effects.
understanding. Regression is often useful. A lengthy discussion of interactions is available in Cox (1958).[36] Some

interactions can be removed (by transformations) while others cannot.

A variety of techniques are used with multiple factor ANOVA to reduce expense. One technique used in factorial
designs is to minimize replication (possibly no replication with support of analytical trickery) and to combine groups
when effects are found to be statistically (or practically) insignificant. An experiment with many insignificant factors

may collapse into one with a few factors supported by many replications.[37]
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Worked numeric examples

Several fully worked numerical examples are available. A simple case uses one-way (a single factor) analysis. A

more complex case uses two-way (two-factor) analysis.

Associated analysis

Some analysis is required in support of the design of the experiment while other analysis is performed after changes
in the factors are formally found to produce statistically significant changes in the responses. Because

experimentation is iterative, the results of one experiment alter plans for following experiments.

Preparatory analysis

The number of experimental units

In the design of an experiment, the number of experimental units is planned to satisfy the goals of the experiment.

Experimentation is often sequential.

Early experiments are often designed to provide mean-unbiased estimates of treatment effects and of experimental
error. Later experiments are often designed to test a hypothesis that a treatment effect has an important magnitude; in
this case, the number of experimental units is chosen so that the experiment is within budget and has adequate

power, among other goals.

Reporting sample size analysis is generally required in psychology. "Provide information on sample size and the

w3

process that led to sample size decisions. 81 The analysis, which is written in the experimental protocol before the

experiment is conducted, is examined in grant applications and administrative review boards.

Besides the power analysis, there are less formal methods for selecting the number of experimental units. These
include graphical methods based on limiting the probability of false negative errors, graphical methods based on an

expected variation increase (above the residuals) and methods based on achieving a desired confident interval.*!

Power analysis

Power analysis is often applied in the context of ANOVA in order to assess the probability of successfully rejecting
the null hypothesis if we assume a certain ANOVA design, effect size in the population, sample size and significance
level. Power analysis can assist in study design by determining what sample size would be required in order to have

a reasonable chance of rejecting the null hypothesis when the alternative hypothesis is true, [OII4I421143]

Effect size

Several standardized measures of effect have been proposed for ANOVA to summarize the strength of the
association between a predictor(s) and the dependent variable (e.g., nz, mz, or fz) or the overall standardized
difference (¥) of the complete model. Standardized effect-size estimates facilitate comparison of findings across
studies and disciplines. However, while standardized effect sizes are commonly used in much of the professional
literature, a non-standardized measure of effect size that has immediately "meaningful” units may be preferable for

, [44]
reporting purposes.
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Followup analysis

It is always appropriate to carefully consider outliers. They have a disproportionate impact on statistical conclusions

and are often the result of errors.

Model confirmation

It is prudent to verify that the assumptions of ANOVA have been met. Residuals are examined or analyzed to
confirm homoscedasticity and gross normality.[45] Residuals should have the appearance of (zero mean normal
distribution) noise when plotted as a function of anything including time and modeled data values. Trends hint at
interactions among factors or among observations. One rule of thumb: "If the largest standard deviation is less than
twice the smallest standard deviation, we can use methods based on the assumption of equal standard deviations and

our results will still be approximately correct."4¢!

Follow-up tests

A statistically significant effect in ANOVA is often followed up with one or more different follow-up tests. This can
be done in order to assess which groups are different from which other groups or to test various other focused
hypotheses. Follow-up tests are often distinguished in terms of whether they are planned (a priori) or post hoc.

Planned tests are determined before looking at the data and post hoc tests are performed after looking at the data.

Often one of the "treatments" is none, so the treatment group can act as a control. Dunnett's test (a modification of

the t-test) tests whether each of the other treatment groups has the same mean as the control. 47!

Post hoc tests such as Tukey's range test most commonly compare every group mean with every other group mean
and typically incorporate some method of controlling for Type I errors. Comparisons, which are most commonly
planned, can be either simple or compound. Simple comparisons compare one group mean with one other group
mean. Compound comparisons typically compare two sets of groups means where one set has two or more groups
(e.g., compare average group means of group A, B and C with group D). Comparisons can also look at tests of trend,

such as linear and quadratic relationships, when the independent variable involves ordered levels.

Following ANOVA with pair-wise multiple-comparison tests has been criticized on several grounds.[48] There are

many such tests (10 in one table) and recommendations regarding their use are vague or conﬂicting.[49] [501

Study designs and ANOVAs

There are several types of ANOVA. Many statisticians base ANOVA on the design of the experiment,[51

] especially
on the protocol that specifies the random assignment of treatments to subjects; the protocol's description of the
assignment mechanism should include a specification of the structure of the treatments and of any blocking. It is also

common to apply ANOVA to observational data using an appropriate statistical model,[¢i7ation needed]

Some popular designs use the following types of ANOVA:

* One-way ANOVA is used to test for differences among two or more independent groups (means),e.g. different
levels of urea application in a crop. Typically, however, the one-way ANOVA is used to test for differences
among at least three groups, since the two-group case can be covered by a t-test. When there are only two means
to compare, the t-test and the ANOVA F-test are equivalent; the relation between ANOVA and ¢ is given by
F=7.

* Factorial ANOVA is used when the experimenter wants to study the interaction effects among the treatments.

* Repeated measures ANOVA is used when the same subjects are used for each treatment (e.g., in a longitudinal
study).

* Multivariate analysis of variance (MANOVA) is used when there is more than one response variable.
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ANOVA cautions

Balanced experiments (those with an equal sample size for each treatment) are relatively easy to interpret;
Unbalanced experiments offer more complexity. For single factor (one way) ANOVA, the adjustment for

1521 For more complex designs

unbalanced data is easy, but the unbalanced analysis lacks both robustness and power.
the lack of balance leads to further complications. "The orthogonality property of main effects and interactions
present in balanced data does not carry over to the unbalanced case. This means that the usual analysis of variance
techniques do not apply. Consequently, the analysis of unbalanced factorials is much more difficult than that for
balanced designs."[53] In the general case, "The analysis of variance can also be applied to unbalanced data, but then
the sums of squares, mean squares, and F-ratios will depend on the order in which the sources of variation are
considered." The simplest techniques for handling unbalanced data restore balance by either throwing out data or by

synthesizing missing data. More complex techniques use regression.

ANOVA is (in part) a significance test. The American Psychological Association holds the view that simply
reporting significance is insufficient and that reporting confidence bounds is preferred.

While ANOVA is conservative (in maintaining a significance level) against multiple comparisons in one dimension,

.. . . . . . . . [54]
it is not conservative against comparisons in multiple dimensions.

Generalizations

[55][56]

ANOVA is considered to be a special case of linear regression which in turn is a special case of the general

linear model.[sﬂ All consider the observations to be the sum of a model (fit) and a residual (error) to be minimized.

The Kruskal-Wallis test and the Friedman test are nonparametric tests, which do not rely on an assumption of

normality. (5811591

History

While the analysis of variance reached fruition in the 20th century, antecedents extend centuries into the past
according to Stigler.[60] These include hypothesis testing, the partitioning of sums of squares, experimental
techniques and the additive model. Laplace was performing hypothesis testing in the 1770s.1°" The development of
least-squares methods by Laplace and Gauss circa 1800 provided an improved method of combining observations
(over the existing practices of astronomy and geodesy). It also initiated much study of the contributions to sums of
squares. Laplace soon knew how to estimate a variance from a residual (rather than a total) sum of squares.[62] By
1827 Laplace was using least squares methods to address ANOVA problems regarding measurements of
atmospheric tides.'3) Before 1800 astronomers had isolated observational errors resulting from reaction times (the
"personal equation") and had developed methods of reducing the errors.[®* The experimental methods used in the
study of the personal equation were later accepted by the emerging field of psychology 651 which developed strong
(full factorial) experimental methods to which randomization and blinding were soon added.!®®! An eloquent

non-mathematical explanation of the additive effects model was available in 1885.[671

Sir Ronald Fisher introduced the term "variance" and proposed a formal analysis of variance in a 1918 article The

681 His first application of the analysis

Correlation Between Relatives on the Supposition of Mendelian Inheritance.
of variance was published in 1921.16% Analysis of variance became widely known after being included in Fisher's

1925 book Statistical Methods for Research Workers.

Randomization models were developed by several researchers. The first was published in Polish by Neyman in
[70]
1923.

One of the attributes of ANOVA which ensured its early popularity was computational elegance. The structure of the
additive model allows solution for the additive coefficients by simple algebra rather than by matrix calculations. In
the era of mechanical calculators this simplicity was critical. The determination of statistical significance also

required access to tables of the F function which were supplied by early statistics texts.
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Footnotes

[1] Gelman (2005, p 2)

[2] Howell (2002, p 320)

[3] Montgomery (2001, p 63)

[4] Gelman (2005,p 1)

[5] Gelman (2005, p 5)

[6] Randomization is a term used in multiple ways in this material. "Randomization has three roles in applications: as a device for eliminating
biases, for example from unobserved explanatory variables and selection effects: as a basis for estimating standard errors: and as a foundation
for formally exact significance tests." Cox (2006, page 192) Hinkelmann and Kempthorne use randomization both in experimental design and
for statistical analysis.

[71 Montgomery (2001, Chapter 12: Experiments with random factors)

[8] Gelman (2005, pp 20-21)

[9] Cochran & Cox (1992, p 48)

[10] Howell (2002, p 323)

[11] Anscombe (1948)

[12] Unit-treatment additivity is simply termed additivity in most texts. Hinkelmann and Kempthorne add adjectives and distinguish between
additivity in the strict and broad senses. This allows a detailed consideration of multiple error sources (treatment, state, selection, measurement
and sampling) on page 161.

[13] Kempthorne (1979, p 30)

[14] Cox (1958, Chapter 2: Some Key Assumptions)

[15] Hinkelmann and Kempthorne (2008, Volume 1, Throughout. Introduced in Section 2.3.3: Principles of experimental design; The linear
model; Outline of a model)

[16] Hinkelmann and Kempthorne (2008, Volume 1, Section 6.3: Completely Randomized Design; Derived Linear Model)

[17] Hinkelmann and Kempthorne (2008, Volume 1, Section 6.6: Completely randomized design; Approximating the randomization test)

[18] Bailey (2008, Chapter 2.14 "A More General Model" in Bailey, pp. 38—40)

[19] Hinkelmann and Kempthorne (2008, Volume 1, Chapter 7: Comparison of Treatments)

[20] Kempthorne (1979, pp 125—126, "The experimenter must decide which of the various causes that he feels will produce variations in his
results must be controlled experimentally. Those causes that he does not control experimentally, because he is not cognizant of them, he must

control by the device of randomization." "[O]nly when the treatments in the experiment are applied by the experimenter using the full
randomization procedure is the chain of inductive inference sound. It is only under these circumstances that the experimenter can attribute
whatever effects he observes to the treatment and the treatment only. Under these circumstances his conclusions are reliable in the statistical
sense.")

[21] Freedman

[22] Montgomery (2001, Section 3.8: Discovering dispersion effects)

[23] Hinkelmann and Kempthorne (2008, Volume 1, Section 6.10: Completely randomized design; Transformations)

[24] Bailey (2008)

[25] Montgomery (2001, Section 3-3: Experiments with a single factor: The analysis of variance; Analysis of the fixed effects model)

[26] Cochran & Cox (1992, p 2 example)

[27] Cochran & Cox (1992, p 49)

[28] Hinkelmann and Kempthorne (2008, Volume 1, Section 6.7: Completely randomized design; CRD with unequal numbers of replications)

[29] Rosenbaum (2002, page 40) cites Section 5.7 (Permutation Tests), Theorem 2.3 (actually Theorem 3, page 184) of Lehmann's Testing
Statistical Hypotheses (1959).

[30] Moore and McCabe (2003, page 763)

[31] The F-test for the comparison of variances has a mixed reputation. It is not recommended as a hypothesis test to determine whether two
different samples have the same variance. It is recommended for ANOVA where two estimates of the variance of the same sample are
compared. While the F-test is not generally robust against departures from normality, it has been found to be robust in the special case of
ANOVA. Citations from Moore & McCabe (2003): "Analysis of variance uses F statistics, but these are not the same as the F statistic for
comparing two population standard deviations." (page 554) "The F test and other procedures for inference about variances are so lacking in
robustness as to be of little use in practice." (page 556) "[The ANOVA F test] is relatively insensitive to moderate nonnormality and unequal
variances, especially when the sample sizes are similar." (page 763) ANOVA assumes homoscedasticity, but it is robust. The statistical test for
homoscedasticity (the F-test) is not robust. Moore & McCabe recommend a rule of thumb.

[32] Gelman (2008)

[33] Montgomery (2001, Section 5-2: Introduction to factorial designs; The advantages of factorials)

[34] Belle (2008, Section 8.4: High-order interactions occur rarely)

[35] Montgomery (2001, Section 5-1: Introduction to factorial designs; Basic definitions and principles)

[36] Cox (1958, Chapter 6: Basic ideas about factorial experiments)
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Moore and McCabe (2003, pp 778—780)

Wilkinson (1999, p 599)
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Montgomery (2001, Section 3-5.8: Experiments with a single factor: The analysis of variance; Practical interpretation of results; Comparing
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Hinkelmann and Kempthorne (2008, Volume 1, Section 7.5: Comparison of Treatments; Multiple Comparison Procedures)
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[69]
[70]
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Principal component analysis

Principal component analysis (PCA) is a statistical procedure that
uses orthogonal transformation to convert a set of observations of

possibly correlated variables into a set of values of linearly

uncorrelated variables called principal components. The number of

principal components is less than or equal to the number of original

variables. This transformation is defined in such a way that the first

principal component has the largest possible variance (that is, accounts

for as much of the variability in the data as possible), and each

succeeding component in turn has the highest variance possible under

the constraint that it be orthogonal to (i.e., uncorrelated with) the

preceding components. Principal components are guaranteed to be

. . L o . PCA of a multivari ian distributi
independent if the data set is jointly normally distributed. PCA is CA ofa multivariate Gaussian distribution
centered at (1,3) with a standard deviation of 3 in
roughly the (0.878, 0.478) direction and of 1 in

the orthogonal direction. The vectors shown are

sensitive to the relative scaling of the original variables.

Depending on the field of application, it is also named the discrete the eigenvectors of the covariance matrix scaled
Karhunen—Loeve transform (KLT) in signal processing, the Hotelling by the square root of the corresponding
transform in multivariate quality control, proper orthogonal eigenvalue, and shifted so their tails are at the
decomposition (POD) in mechanical engineering, singular value mean.

decomposition (SVD) of X (Golub and Van Loan, 1983), eigenvalue

decomposition (EVD) of X™X in linear algebra, factor analysis, Eckart—Young theorem (Harman, 1960), or
Schmidt—Mirsky theorem in psychometrics, empirical orthogonal functions (EOF) in meteorological science,
empirical eigenfunction decomposition (Sirovich, 1987), empirical component analysis (Lorenz, 1956),
quasiharmonic modes (Brooks et al., 1988), spectral decomposition in noise and vibration, and empirical modal

analysis in structural dynamics.

PCA was invented in 1901 by Karl Pearson, as an analogue of the principal axes theorem in mechanics; it was later
independently developed (and named) by Harold Hotelling in the 1930s.1"! The method is mostly used as a tool in
exploratory data analysis and for making predictive models. PCA can be done by eigenvalue decomposition of a data
covariance (or correlation) matrix or singular value decomposition of a data matrix, usually after mean centering
(and normalizing or using Z-scores) the data matrix for each attribute. The results of a PCA are usually discussed in
terms of component scores, sometimes called factor scores (the transformed variable values corresponding to a
particular data point), and loadings (the weight by which each standardized original variable should be multiplied to

get the component score).[21

PCA is the simplest of the true eigenvector-based multivariate analyses. Often, its operation can be thought of as
revealing the internal structure of the data in a way that best explains the variance in the data. If a multivariate
dataset is visualised as a set of coordinates in a high-dimensional data space (1 axis per variable), PCA can supply
the user with a lower-dimensional picture, a projection or "shadow" of this object when viewed from its (in some
sense; see below) most informative viewpoint. This is done by using only the first few principal components so that

the dimensionality of the transformed data is reduced.

PCA is closely related to factor analysis. Factor analysis typically incorporates more domain specific assumptions

about the underlying structure and solves eigenvectors of a slightly different matrix.

PCA is also related to canonical correlation analysis (CCA). CCA defines coordinate systems that optimally describe
the cross-covariance between two datasets while PCA defines a new orthogonal coordinate system that optimally

describes variance in a single dataset.
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Details

PCA is mathematically defined™ as an orthogonal linear transformation that transforms the data to a new coordinate
system such that the greatest variance by any projection of the data comes to lie on the first coordinate (called the

first principal component), the second greatest variance on the second coordinate, and so on.

Consider a data matrix, X, with zero empirical mean (the empirical (sample) mean of the distribution has been
subtracted from the data set), where each of the n rows represents a different repetition of the experiment, and each

of the p columns gives a particular kind of datum (say, the results from a particular sensor).

Mathematically, the transformation is defined by a set of p-dimensional vectors of weights or loadings

W) = (wl, cey wp)(k)that map each row vector X(;jof X to a new vector of principal component scores

t(i) e (tl, ey tp)(i) , given by
ey = X - W)
in such a way that the individual variables of t considered over the data set successively inherit the maximum

possible variance from x, with each loading vector w constrained to be a unit vector.

First component

The first loading vector w i thus has to satisfy

W(j) = arg max {Z (tl)( 5= arg max Z @ W)

llwl[=1 wi=1
Equivalently, writing this in matrix form gives
w() = arg max { || Xw|[*} = arg max {w"X"Xw}
[lw(=1 (lw||=1

Since w ) has been defined to be a unit vector, it equivalently also satisfies

{ wiXTXw }

W(l) — arg max R

[[wl|=1 ww

The quantity to be maximised can be recognised as a Rayleigh quotient. A standard result for a symmetric matrix
such as XX is that the quotient's maximum possible value is the largest eigenvalue of the matrix, which occurs

when w is the corresponding eigenvector.

With w ) found, the first component of a data vector x 0 can then be given as a score tl 0 =X 0 C W ) in the

}w

transformed co-ordinates, or as the corresponding vector in the original variables, {x o

Further components

The kth component can be found by subtracting the first k — 1 principal components from X:

k—1
v E : T
Xk:—l =X - XW(S)W(S)
s=1

and then finding the loading vector which extracts the maximum variance from this new data matrix

T, TET R
wiey = argma {[Ky_1w[*} = arg max {*Feglere]

W W
[lwil=1 lIwll=1
It turns out that this gives the remaining eigenvectors of XTX, with the maximum values for the quantity in brackets

given by their corresponding eigenvalues.

The kth principal component of a data vector x . can therefore be given as a score ¢, ,. =x . * w__in the transformed

@) k() () (k)

co-ordinates, or as the corresponding vector in the space of the original variables, {x } Y Where w __is the

Wik ()

kth eigenvector of XX,

The full principal components decomposition of X can therefore be given as
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T =XW

where W is a p-by-p matrix whose columns are the eigenvectors of XX

Covariances
XX itself can be recognised as proportional to the empirical sample covariance matrix of the dataset X.

The sample covariance Q between two of the different principal components over the dataset is given by
Q(PC;), PCry) o (Xw(y) - (Xwiw))
= W?;-)XTXW(;B)
= W (A Wk)
= Mo W%

where the eigenvector property of w . has been used to move from line 2 to line 3. However eigenvectors w ) and

(k)
Y corresponding to eigenvalues of a symmetric matrix are orthogonal (if the eigenvalues are different), or can be
orthogonalised (if the vectors happen to share an equal repeated value). The product in the final line is therefore zero;

there is no sample covariance between different principal components over the dataset.

Another way to characterise the principal components transformation is therefore as the transformation to

coordinates which diagonalise the empirical sample covariance matrix.

In matrix form, the empirical covariance matrix for the original variables can be written

Q x XTX = WAWT

The empirical covariance matrix between the principal components becomes
WIQW x WIWAWIW = A

where A is the diagonal matrix of eigenvalues 4 ® of X'X

O\(k)

being equal to the sum of the squares over the dataset associated with each component &: A "= $t? =% (x
. 2
V) )

) k@O i

Dimensionality reduction

The faithful transformation T = X W maps a data vector x 0 from an original space of p variables to a new space of p
variables which are uncorrelated over the dataset. However, not all the principal components need to be kept.
Keeping only the first L principal components, produced by using only the first L loading vectors, gives the truncated

transformation
T, = XW;,
where the matrix TL now has n rows but only L columns. By construction, of all the transformed data matrices with

only L columns, this score matrix maximises the variance in the original data that has been preserved, while

minimising the total squared reconstruction error I'T — T Lllz.
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Such dimensionality reduction can be a very useful step for visualising
Haplogroup J - 37 STRs

and processing high-dimensional datasets, while still retaining as much .

of the variance in the dataset as possible. For example, selecting L = 2 3 . ‘}A [

and keeping only the first two principal components finds the 2 P I

two-dimensional plane through the high-dimensional dataset in which ; I é;“%un_ ° ﬁtg’ é’t’,_ é;
the data is most spread out, so if the data contains clusters these too ) ] uﬁgg RS S
may be most spread out, and therefore most visible to be plotted out in » ) ;%m n;b o i
a two-dimensional diagram; whereas if two directions through the data 3

(or two of the original variables) are chosen at random, the clusters -4 e o a4 s 1 s .

may be much less spread apart from each other, and may in fact be o )
A principal components analysis scatterplot of

much more likely to substantially overlay each other, making them Y-STR haplotypes calculated from repeat-count

indistinguishable. values for 37 Y-chromosomal STR markers from
354 individuals.

Similarly, in regression analysis, the larger the number of explanatory PCA has successfully found linear combinations

variables allowed, the greater is the chance of overfitting the model, of the different markers, that separate out

producing conclusions that fail to generalise to other datasets. One  differentclusters corresponding to different lines

. . of individuals' Y-chromosomal genetic descent.
approach, especially when there are strong correlations between
different possible explanatory variables, is to reduce them to a few

principal components and then run the regression against them, a method called principal component regression.

Dimensionality reduction may also be appropriate when the variables in a dataset are noisy. If each column of the
dataset contains independent identically distributed Gaussian noise, then the columns of T will also contain similarly
identically distributed Gaussian noise (such a distribution is invariant under the effects of the matrix W, which can
be thought of as a high-dimensional rotation of the co-ordinate axes). However, with more of the total variance
concentrated in the first few principal components compared to the same noise variance, the proportionate effect of
the noise is less—the first components achieve a higher signal-to-noise ratio. PCA thus can have the effect of
concentrating much of the signal into the first few principal components, which can usefully be captured by
dimensionality reduction; while the later principal components may be dominated by noise, and so disposed of

without great loss.

Singular value decomposition

The principal components transformation can also be associated with another matrix factorisation, the singular value
decomposition (SVD) of X,

X =UxWT

Here X is a n-by-p rectangular diagonal matrix of positive numbers o, , called the singular values of X; U is an

(ky
n-by-n matrix, the columns of which are orthogonal unit vectors of length n called the left singular vectors of X; and

W is a p-by-p whose columns are orthogonal unit vectors of length p and called the right singular vectors of X.
In terms of this factorisation, the matrix XTX can be written
X'X = wU"Usw”
= WxW"
Comparison with the eigenvector factorisation of X'X establishes that the right singular vectors W of X are

equivalent to the eigenvectors of XTX, while the singular values o ) of X are equal to the square roots of the

T *
eigenvalues 4 ® of X" X.

Using the singular value decomposition the score matrix T can be written
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T =XW
=UEZW'W
=UX
so each column of T is given by one of the left singular vectors of X multiplied by the corresponding singular value.
Efficient algorithms exist to calculate the SVD of X without having to form the matrix XTX, so computing the SVD

is now the standard way to calculate a principal components analysis from a data matrix, unless only a handful of

components are required.

As with the eigendecomposition, a truncated n-by-L score matrix TL can be obtained by considering only the first L

largest singular values and their singular vectors:
T L = U LE L = XWL
The truncation of a matrix M or T using a truncated singular value decomposition in this way produces a truncated

matrix that is the nearest possible matrix of rank L to the original matrix, in the sense of the difference between the

two having the smallest possible Frobenius norm, a result known as the Eckart—Young theorem [1936].

Further considerations

Given a set of points in Euclidean space, the first principal component corresponds to a line that passes through the
multidimensional mean and minimizes the sum of squares of the distances of the points from the line. The second
principal component corresponds to the same concept after all correlation with the first principal component has
been subtracted from the points. The singular values (in X) are the square roots of the eigenvalues of the matrix XX,
Each eigenvalue is proportional to the portion of the "variance" (more correctly of the sum of the squared distances
of the points from their multidimensional mean) that is correlated with each eigenvector. The sum of all the
eigenvalues is equal to the sum of the squared distances of the points from their multidimensional mean. PCA
essentially rotates the set of points around their mean in order to align with the principal components. This moves as
much of the variance as possible (using an orthogonal transformation) into the first few dimensions. The values in
the remaining dimensions, therefore, tend to be small and may be dropped with minimal loss of information (see
below). PCA is often used in this manner for dimensionality reduction. PCA has the distinction of being the optimal
orthogonal transformation for keeping the subspace that has largest "variance" (as defined above). This advantage,
however, comes at the price of greater computational requirements if compared, for example and when applicable, to
the discrete cosine transform, and in particular to the DCT-II which is simply known as the "DCT". Nonlinear

dimensionality reduction techniques tend to be more computationally demanding than PCA.

PCA is sensitive to the scaling of the variables. If we have just two variables and they have the same sample variance
and are positively correlated, then the PCA will entail a rotation by 45° and the "loadings" for the two variables with
respect to the principal component will be equal. But if we multiply all values of the first variable by 100, then the
principal component will be almost the same as that variable, with a small contribution from the other variable,
whereas the second component will be almost aligned with the second original variable. This means that whenever
the different variables have different units (like temperature and mass), PCA is a somewhat arbitrary method of
analysis. (Different results would be obtained if one used Fahrenheit rather than Celsius for example.) Note that
Pearson's original paper was entitled "On Lines and Planes of Closest Fit to Systems of Points in Space" — "in space"
implies physical Euclidean space where such concerns do not arise. One way of making the PCA less arbitrary is to
use variables scaled so as to have unit variance, by standardizing the data and hence use the autocorrelation matrix
instead of the autocovariance matrix as a basis for PCA. However, this compresses the fluctuations in all dimensions

of the signal space to unit variance.

Mean subtraction (a.k.a. "mean centering") is necessary for performing PCA to ensure that the first principal
component describes the direction of maximum variance. If mean subtraction is not performed, the first principal

component might instead correspond more or less to the mean of the data. A mean of zero is needed for finding a
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basis that minimizes the mean square error of the approximation of the data.l*

1

PCA is equivalent to empirical orthogonal functions (EOF), a name which is used in meteorology.

An autoencoder neural network with a linear hidden layer is similar to PCA. Upon convergence, the weight vectors

of the K neurons in the hidden layer will form a basis for the space spanned by the first K principal components.

Unlike PCA, this technique will not necessarily produce orthogonal vectors.

PCA is a popular primary technique in pattern recognition. It is not, however, optimized for class separability. An

alternative is the linear discriminant analysis, which does take this into account.

Another application of PCA is reducing the number of parameters in the process of generating computational models

of oil reservoirs.

[5]

Table of symbols and abbreviations

Symbol Meaning Dimensions Indices
X = {X[z, J]} data matrix, consisting of the set of all data vectors, one vector per row nXxXp 1=1...mn
j=1...p
n the number of row vectors in the data set 1x1 scalar
D the number of elements in each row vector (dimension) 1x1 scalar
L the number of dimensions in the dimensionally reduced subspace, 1 < L < p 1x1 scalar
u= {u [J]} vector of empirical means, one mean for each column j of the data matrix px1 j=1...p
s = { s [J]} vector of empirical standard deviations, one standard deviation for each column j of the data px1 7=1
matrix
h= {h[z]} vector of all 1's 1Xn 1=1...n
B = { B[i, ]]} deviations from the mean of each column j of the data matrix nXxXp 1...n
j=1...p
7Z = { 7 [m, n]} z-scores, computed using the mean and standard deviation for each row m of the data matrix nXxXp 7 1...n
j=1...p
C={Clk, 1} covariance matrix PXp k=1...p
I=1...p
R = {R[k, 1]} correlation matrix PXp k=1...p
I=1...p
V = {V[j, k]} matrix consisting of the set of all eigenvectors of C, one eigenvector per column PXD j= ..p
k )
D= { D[k’ l]} diagonal matrix consisting of the set of all eigenvalues of C along its principal diagonal,and0 | p X p k=1...p
for all other elements I=1...p
W = {W[], k]} matrix of basis vectors, one vector per column, where each basis vector is one of the pXxX L j=1...p
eigenvectors of C, and where the vectors in W are a sub-set of those in V k=1...L
T = {T[i7 k]} matrix consisting of n row vectors, where each vector is the projection of the corresponding n XL 7 1...n
data vector from matrix X onto the basis vectors contained in the columns of matrix W. 1...L
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Properties and limitations of PCA

Properties [0

Property I: For any integer g, I < q < p, consider the orthogonal linear transformation

y=DB'z

where ¥ is a g-element vector and B/is a (¢ x p) matrix, and let 33, = B’XBbe the variance-covariance matrix
for Y. Then the trace of X, denoted ¢r(X,), is maximized by taking B = A, where A consists of the

first g columns of A (B'is the transposition of B).
Property 2: Consider again the orthonormal transformation

y=DB'z
with £, B, Aand Zy defined as before. Then t'r(Ey)is minimized by taking B = A;,Where A; consists

of the last g columns of A .
The statistical implication of this property is that the last few PCs are not simply unstructured left-overs after

removing the important PCs. Because these last PCs have variances as small as possible they are useful in their own
right. They can help to detect unsuspected near-constant linear relationships between the elements of z , and they
may also be useful in regression, in selecting a subset of variables from x , and in outlier detection.
Property 3: (the Spectral Decomposition of 33)

’ ’ '
2 = Mooy + Aeagag + ..+ )\pozpozp

Before we look at its usage, we first look at diagonal elements,

P
var(a;) = Y Mo,
k=1

Then, perhaps the main statistical implication of the result is that not only can we decompose the combined variances
of all the elements of x into decreasing contributions due to each PC, but we can also decompose the whole

covariance matrix into contributions )\kakagﬂ from each PC. Although not strictly decreasing, the elements of
)\kakagﬂ will tend to become smaller as k increases, as )\kakaL decreases for increasing k, whereas the

elements of Qjtend to stay 'about the same size'because of the normalization constraints: a‘;cak =1,

k=1,2,...p

Limitations
As noted above, the results of PCA depend on the scaling of the variables.

[7]

The applicability of PCA is limited by certain assumptions' ' made in its derivation.

PCA and information theory

The claim that the PCA used for dimensionality reduction preserves most of the information of the data is
misleading. Indeed, without any assumption on the signal model, PCA cannot help to reduce the amount of

information lost during dimensionality reduction, where information was measured using Shannon entropy.
Under the assumption that
X=8+n
i.e., that the data vector X is the sum of the desired information-bearing signal Sand a noise signal none can show

that PCA can be optimal for dimensionality reduction also from an information-theoretic point-of-view.

In particular, Linsker showed that if §is Gaussian and nis Gaussian noise with a covariance matrix proportional to

the identity matrix, the PCA maximizes the mutual information [ (y; s) between the desired information sand the

dimensionality-reduced output y = fo.
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If the noise is still Gaussian and has a covariance matrix proportional to the identity matrix (i.e., the components of

the vector mare iid), but the information-bearing signal sis non-Gaussian (which is a common scenario), PCA at

least minimizes an upper bound on the information loss, which is defined ast®!

1{x;8) — I(y;s).
The optimality of PCA is also preserved if the noise mis iid and at least more Gaussian (in terms of the
Kullback—Leibler divergence) than the information-bearing signal S. In general, even if the above signal model
holds, PCA loses its information-theoretic optimality as soon as the noise I becomes dependent.

Computing PCA using the covariance method

The following is a detailed description of PCA using the covariance method (see also here [9]). But note that it is

better to use the singular value decomposition (using standard software)Wikipedia:Quotations.

The goal is to transform a given data set X of dimension p to an alternative data set Y of smaller dimension L.

Equivalently, we are seeking to find the matrix Y, where Y is the Karhunen—Loeve transform (KLT) of matrix X:

Y = KLT{X}

Organize the data set

Suppose you have data comprising a set of observations of p variables, and you want to reduce the data so that each
observation can be described with only L variables, L < p. Suppose further, that the data are arranged as a set of n

data vectors X1 . . - Xy, with each X; representing a single grouped observation of the p variables.

e Write X . .. Xy as row vectors, each of which has p columns.

* Place the row vectors into a single matrix X of dimensions n x p.

Calculate the empirical mean

* Find the empirical mean along each dimensionj =1, ..., p.

* Place the calculated mean values into an empirical mean vector u of dimensions p x 1.

1 k]
LI o P
wlj] = 7 X
Calculate the deviations from the mean

Mean subtraction is an integral part of the solution towards finding a principal component basis that minimizes the
mean square error of approximating the data.'” Hence we proceed by centering the data as follows:

¢ Subtract the empirical mean vector u from each row of the data matrix X.
» Store mean-subtracted data in the n X p matrix B.
B=X - hu”
where h is an n x 1 column vector of all Is:
hli] = 1 fori=1,...

,n
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Find the covariance matrix
* Find the p x p empirical covariance matrix C from the outer product of matrix B with itself:

1

C =
n—1

B*-B

where
* is the conjugate transpose operator. Note that if B consists entirely of real numbers, which is
the case in many applications, the "conjugate transpose” is the same as the regular transpose.

* Please note that outer products apply to vectors. For tensor cases we should apply tensor products, but the
covariance matrix in PCA is a sum of outer products between its sample vectors; indeed, it could be represented
as B*.B. See the covariance matrix sections on the discussion page for more information.

* The reasoning behind using N-1 instead of N to calculate the covariance is Bessel's correction

Find the eigenvectors and eigenvalues of the covariance matrix
* Compute the matrix V of eigenvectors which diagonalizes the covariance matrix C:
VICV =D
where D is the diagonal matrix of eigenvalues of C. This step will typically involve the use of a
computer-based algorithm for computing eigenvectors and eigenvalues. These algorithms are readily available

as sub-components of most matrix algebra systems, such as R, MATLAB,“”“Z] Mathematica,m] SciPy, IDL
(Interactive Data Language), or GNU Octave as well as OpenCV.

e Matrix D will take the form of an M x M diagonal matrix, where
Dlk,i]=X fork=1=j
is the jth eigenvalue of the covariance matrix C, and
Dlk,]=0 fork+#L
e Matrix V, also of dimension p X p, contains p column vectors, each of length p, which represent the p

eigenvectors of the covariance matrix C.

* The eigenvalues and eigenvectors are ordered and paired. The jth eigenvalue corresponds to the jth eigenvector.

Rearrange the eigenvectors and eigenvalues

* Sort the columns of the eigenvector matrix V and eigenvalue matrix D in order of decreasing eigenvalue.

* Make sure to maintain the correct pairings between the columns in each matrix.

Compute the cumulative energy content for each eigenvector

» The eigenvalues represent the distribution of the source data's energyWikipedia:Please clarify among each of the
eigenvectors, where the eigenvectors form a basis for the data. The cumulative energy content g for the jth

eigenvector is the sum of the energy content across all of the eigenvalues from 1 through j:

J
g[]] = ZD[k’ k] for ] — 17 o ’p[cimtion needed)
k=1
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Select a subset of the eigenvectors as basis vectors

» Save the first L columns of V as the p x L matrix W:

Wik =V[ki for k=1,...,p 1=1,...,L
where
1<L<p.
» Use the vector g as a guide in choosing an appropriate value for L. The goal is to choose a value of L as small as
possible while achieving a reasonably high value of g on a percentage basis. For example, you may want to
choose L so that the cumulative energy g is above a certain threshold, like 90 percent. In this case, choose the

smallest value of L such that

M20.9

glpl
Convert the source data to z-scores (optional)

* Create an p x 1 empirical standard deviation vector s from the square root of each element along the main
diagonal of the diagonalized covariance matrix C. (Note, that scaling operations do not commute with the KLT

thus we must scale by the variances of the already-decorrelated vector, which is the diagonal of C) :

s={sljl} ={vCliJl} forj=1,....p

¢ Calculate the n x p z-score matrix:

7 —

(divide element-by-element)

h-sT
* Note: While this step is useful for various applications as it normalizes the data set with respect to its variance, it
is not integral part of PCA/KLT

Project the z-scores of the data onto the new basis
* The projected vectors are the columns of the matrix
T =Z- W = KLT{X}.
* The rows of matrix T represent the Karhunen—Loeve transforms (KLT) of the data vectors in the rows of

matrix X.

Derivation of PCA using the covariance method

Let X be a d-dimensional random vector expressed as column vector. Without loss of generality, assume X has zero

mean.
We want to find (*) a d x d orthonormal transformation matrix P so that PX has a diagonal covariant matrix (i.e.
PX is a random vector with all its distinct components pairwise uncorrelated).
A quick computation assuming P were unitary yields:

var(PX) = E[PX (PX)1]
E[PX X1P1]
P E[xXT| P

= Pvar(X)P7!

Hence () holds if and only if var(X ) were diagonalisable by P.

This is very constructive, as var(X) is guaranteed to be a non-negative definite matrix and thus is guaranteed to be

diagonalisable by some unitary matrix.
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Iterative computation

In practical implementations especially with high dimensional data (large p), the covariance method is rarely used
because it is not efficient. One way to compute the first principal component efficiently[14] is shown in the following

pseudo-code, for a data matrix X with zero mean, without ever computing its covariance matrix

r = a random vector of length p
do c times:
s=( (a vector of length p)
for each row x &€ X
s=s+(x-r)x

r=—
s|

return r

This algorithm is simply an efficient way of calculating xTx r, normalizing, and placing the result back in r (power
iteration). It avoids the np2 operations of calculating the covariance matrix. r will typically get close to the first
principal component of X within a small number of iterations, c. (The magnitude of s will be larger after each

iteration. Convergence can be detected when it increases by an amount too small for the precision of the machine.)

Subsequent principal components can be computed by subtracting component r from X (see Gram—Schmidt) and
then repeating this algorithm to find the next principal component. However this simple approach is not numerically
stable if more than a small number of principal components are required, because imprecisions in the calculations
will additively affect the estimates of subsequent principal components. More advanced methods build on this basic

idea, as with the closely related Lanczos algorithm.

One way to compute the eigenvalue that corresponds with each principal component is to measure the difference in
mean-squared-distance between the rows and the centroid, before and after subtracting out the principal component.

The eigenvalue that corresponds with the component that was removed is equal to this difference.

The NIPALS method

For very high-dimensional datasets, such as those generated in the *omics sciences (e.g., genomics, metabolomics) it
is usually only necessary to compute the first few PCs. The non-linear iterative partial least squares (NIPALS)
algorithm calculates t1 and w IT from X. The outer product, t W IT can then be subtracted from X leaving the residual
matrix El' This can be then used to calculate subsequent PCs. This results in a dramatic reduction in computational

time since calculation of the covariance matrix is avoided.

However, for large data matrices, or matrices that have a high degree of column collinearity, NIPALS suffers from
loss of orthogonality due to machine precision limitations accumulated in each iteration step.[ls] A Gram—Schmidt
(GS) re-orthogonalization algorithm is applied to both the scores and the loadings at each iteration step to eliminate

this loss of orthogonality.“ﬂ
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Online/sequential estimation

In an "online" or "streaming" situation with data arriving piece by piece rather than being stored in a single batch, it
is useful to make an estimate of the PCA projection that can be updated sequentially. This can be done efficiently,

but requires different algorithms.

Relation between PCA and K-means clustering

It has been shown recently (2001,2004)[17][18]

cluster indicators, is given by the PCA principal components, and the PCA subspace spanned by the principal

that the relaxed solution of K-means clustering, specified by the

directions is identical to the cluster centroid subspace specified by the between-class scatter matrix. Thus PCA
automatically projects to the subspace where the global solution of K-means clustering lies, and thus facilitates

K-means clustering to find near-optimal solutions.

Relation between PCA and Factor Analysis [

Principle components creates variables that are linear combinations of the original variables. The new variables have
the property that the variables are all orthogonal. The principle components can be used to find clusters in a set of
data. PCA is a variance-focused approach seeking to reproduce the total variable variance, in which components
reflect both common and unique variance of the variable. PCA is generally preferred for purposes of data reduction

(i.e., translating variable space into optimal factor space) but not when detect the latent construct or factors.

Factor analysis is similar to principle component analysis, in that factor analysis also involves linear combinations of
variables. Different from PCA, factor analysis is a correlation-focused approach seeking to reproduce the
inter-correlations among variables, in which the factors “represent the common variance of variables, excluding

[20] n

unique variance . Factor analysis is generally used when the research purpose is detecting data structure (i.e.,

latent constructs or factors) or causal modeling.

Correspondence analysis

Correspondence analysis (CA) was developed by Jean-Paul Benzécri and is conceptually similar to PCA, but scales
the data (which should be non-negative) so that rows and columns are treated equivalently. It is traditionally applied
to contingency tables. CA decomposes the chi-squared statistic associated to this table into orthogonal factors.
Because CA is a descriptive technique, it can be applied to tables for which the chi-squared statistic is appropriate or
not. Several variants of CA are available including detrended correspondence analysis and canonical correspondence
analysis. One special extension is multiple correspondence analysis, which may be seen as the counterpart of

principal component analysis for categorical data.
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Generalizations

Nonlinear generalizations

Most of the modern methods for nonlinear

dimensionality  reduction  find  their

O Basal

|:| LumA
PC1 _ <> LumB
~ (OERBBR2
Q Normal

A Unclassified

theoretical and algorithmic roots in PCA or

K-means. Pearson's original idea was to take
a straight line (or plane) which will be "the

best fit" to a set of data points. Principal

[24]

curves and manifolds™ " give the natural

geometric framework for PCA

generalization and extend the geometric [ Group A
interpretation of PCA by explicitly O Group B
constructing an embedded manifold for data e W . ER—
approximation, and by encoding using .\' |:| ER+

standard geometric projection onto the - 2)
manifold, as it is illustrated by Fig. See also
the elastic map algorithm and principal
geodesic  analysis.  Another  popular
generalization is kernel PCA, which
corresponds to PCA performed in a
reproducing kernel Hilbert space associated

with a positive definite kernel.

b) ELMAP2D c) PCA2D
Multilinear generalizations Linear PCA versus nonlinear Principal Manifolds'>! for visualization of breast

cancer microarray data: a) Configuration of nodes and 2D Principal Surface in the

In multilinear subspace learning, PCA is 3D PCA linear manifold. The dataset is curved and cannot be mapped adequately

generalized to multilinear PCA (MPCA) on a 2D principal plane; b) The distribution in the internal 2D non-linear principal
that extracts features directly from tensor surface coordinates (ELMap2D) together with an estimation of the density of
points; ¢) The same as b), but for the linear 2D PCA manifold (PCA2D). The

representations. MPCA is solved by S )
"basal" breast cancer subtype is visualized more adequately with ELMap2D and

performing PCA in each mode of the tensor some features of the distribution become better resolved in comparison to PCA2D.

iteratively. MPCA has been applied to face Principal manifolds are produced by the elastic maps algorithm. Data are available
recognition, gait recognition, etc. MPCA is for public competition. Software is available for free non-commercial use.

further extended to uncorrelated MPCA,
non-negative MPCA and robust MPCA.

Higher order

N-way principal component analysis may be performed with models such as Tucker decomposition, PARAFAC,
multiple factor analysis, co-inertia analysis, STATIS, and DISTATIS.

Robustness — weighted PCA
While PCA finds the mathematically optimal method (as in minimizing the squared error), it is sensitive to outliers
in the data that produce large errors PCA tries to avoid. It therefore is common practice to remove outliers before

computing PCA. However, in some contexts, outliers can be difficult to identify. For example in data mining

algorithms like correlation clustering, the assignment of points to clusters and outliers is not known beforehand. A
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recently proposed generalization of PCA based on a weighted PCA increases robustness by assigning different

weights to data objects based on their estimated relevancy.

Software/source code

Mathematica implements principal component analysis with the PrincipalComponents command!®”! using both
covariance and correlation methods.

In the NAG Library, principal components analysis is implemented via the g03aa routine (available in both the
Fortran and the C versions of the Library).

In the MATLAB Statistics Toolbox, the functions princomp and pca (R2012b) give the principal

components, while the function pcares gives the residuals and reconstructed matrix for a low-rank PCA
approximation. An example MATLAB implementation of PCA is available.!*®!
in GNU Octave, a free software computational environment mostly compatible with MATLAB, the function

[2

. 7 . .
princomp " gives the principal component.

(28] [29]

in the free statistical package R, the functions princomp' ™ and prcomp'~ " can be used for principal

component analysis; prcomp uses singular value decomposition which generally gives better numerical
accuracy. Recently there has been an explosion in implementations of principal component analysis in various R

packages. Some packages that implement PCA in R, include, but are not limited to: ade4, vegan,
ExPosition, and Fact oMineRBo]
in SAS, PROC FACTOR offers principal components analysis.

MLPACK provides an implementation of principal component analysis in C++.
In XLMiner, the Principal Components tab can be used for principal component analysis.[”mnon needed]
In Stata, the pca command provides principal components analysis.

Cornell Spectrum Imager — An open-source toolset built on ImageJ. Enables quick easy PCA analysis for 3D

datacubes.m]

imDEV — Free Excel addin to calculate principal components using R package[32][33]

"ViSta: The Visual Statistics System" — a free software that provides principal components analysis, simple and
multiple correspondence analysis.[34]

"Spectramap" — software to create a biplot using principal components analysis, correspondence analysis or
spectral map analysis.[SS]
FinMath — a .NET numerical library containing an implementation of PCA.%

The Unscrambler is a multivariate analysis software enabling Principal Component Analysis (PCA) with PCA
Projection [citation needed]
OpenCV[37]

NMath, a proprietary numerical library containing PCA for the .NET Framewor
[38]

Kk [citation needed)]

In IDL, the principal components can be calculated using the function pcomp.
Weka computes principal components.[39]
Software for analyzing multivariate data with instant response using pcAlY

Orange (software) supports PCA through its Linear Projection widget,[c/@/ion needed]

A version of PCA adapted for population genetics analysis can be found in the suite EIGENSOFT.*!!

PCA can also be performed by the statistical software Partek Genomics Suite.[**!

[43]

The libpca C++ library " offers PCA and corresponding transformations

Origin contains PCA in its Pro version.
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Diversity index

A diversity index is a quantitative measure that reflects how many different types (such as species) there are in a
dataset, and simultaneously takes into account how evenly the basic entities (such as individuals) are distributed
among those types. The value of a diversity index increases both when the number of types increases and when
evenness increases. For a given number of types, the value of a diversity index is maximized when all types are

equally abundant.

When diversity indices are used in ecology, the types of interest are usually species, but they can also be other
categories, such as genera, families, functional types or haplotypes. The entities of interest are usually individual
plants or animals, and the measure of abundance can be, for example, number of individuals, biomass or coverage. In
demography, the entities of interest can be people, and the types of interest various demographic groups. In
information science, the entities can be characters and the types the different letters of the alphabet. The most
commonly used diversity indices are simple transformations of the effective number of types (also known as 'true
diversity'), but each diversity index can also be interpreted in its own right as a measure corresponding to some real

phenomenon (but a different one for each diversity index).[”[zmm]

True diversity (The effective number of types)

True diversity, or the effective number of types, refers to the number of equally-abundant types needed for the
average proportional abundance of the types to equal that observed in the dataset of interest (where all types may not
be equally abundant). The true diversity in a dataset is calculated by first taking the weighted generalized mean of

the proportional abundances of the types in the dataset, and then taking the inverse of this. The equation is:

1

_1f —1
REY Eilpip?

The denominator equals average proportional abundance of the types in the dataset as calculated with the weighted

) —

generalized mean with exponent g — 1. In the equation, R is richness (the total number of types in the dataset), and
the proportional abundance of the ith type is P4 . The proportional abundances themselves are used as the nominal
weights. When ¢ = 1, the above equation is undefined, so the corresponding mean is calculated with the following

equation instead:
1
R 3
i=1 pzp

The value of g is often referred to as the order of the diversity. It defines the sensitivity of the diversity value to rare

lD:

vs. abundant species by modifying how the mean of the species proportional abundances is calculated. With some
values of the parameter ¢, the generalized mean with exponent g — 1 gives familiar kinds of mean as special cases. In
particular, ¢ = O corresponds to the harmonic mean, ¢ = 1 to the geometric mean and g = 2 to the arithmetic mean.
As g approaches infinity, the generalized mean with exponent ¢ — 1 approaches the maximum P; value, which is the
proportional abundance of the most abundant species in the dataset. In practice, increasing the value of g hence
increases the effective weight given to the most abundant species. This leads to obtaining a larger mean P; value

and a smaller true diversity (YD) value.

When g = 1, the geometric mean of the P; values is used, and each species is exactly weighted by its proportional

abundance (in the geometric mean, weights are the exponents). When ¢ > 1, the weight given to abundant species is
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exaggerated, and when g < 1, the weight given to rare species is. At g = 0, the species weights exactly cancel out the
species proportional abundances, such that mean P; equals 1/ R even when all species are not equally abundant. At

q = 0, the effective number of species, O} , hence equals the actual number of species (R). In the context of diversity, ¢
is generally limited to non-negative values. This is because negative values of g would give rare species so much
more weight than abundant ones that 97) would exceed R.

The general equation of diversity is often written in the form:

R\ M09
D= (pr)
i=1

The term inside the parentheses is called the basic sum. Some popular diversity indices correspond to the basic sum

as calculated with different values of g.

For diversity of order one, an alternative equation is:

R

'D = exp (— D opi 1I1P1') = exp(H')
i=1

where H' is the Shannon index as calculated with natural logarithms (see below).

Richness

Richness R simply quantifies how many different types the dataset of interest contains. For example, species richness
(usually notated S) of a dataset is the number of different species in the corresponding species list. Richness is a
simple measure, so it has been a popular diversity index in ecology, where abundance data are often not available for
the datasets of interest. Because richness does not take the abundances of the types into account, it is not the same
thing as diversity, which does take abundances into account. However, if true diversity is calculated with g = 0, the

effective number of types (OD) equals the actual number of types (R).

Shannon index

The Shannon index has been a popular diversity index in the ecological literature, where it is also known as
Shannon's diversity index, the Shannon—Wiener index, the Shannon—Weaver index and the Shannon entropy. The
measure was originally proposed by Claude Shannon to quantify the entropy (uncertainty or information content) in
strings of text.”) The idea is that the more different letters there are, and the more equal their proportional
abundances in the string of interest, the more difficult it is to correctly predict which letter will be the next one in the
string. The Shannon entropy quantifies the uncertainty (entropy or degree of surprise) associated with this prediction.

It is most often calculated as follows:

R
H = — Zpi Inp;
i=1

where P is the proportion of characters belonging to the ith type of letter in the string of interest. In ecology, P; is
often the proportion of individuals belonging to the ith species in the dataset of interest. Then the Shannon entropy

quantifies the uncertainty in predicting the species identity of an individual that is taken at random from the dataset.

Although the equation is here written with natural logarithms, the base of the logarithm used when calculating the
Shannon entropy can be chosen freely. Shannon himself discussed logarithm bases 2, 10 and e, and these have since
become the most popular bases in applications that use the Shannon entropy. Each log base corresponds to a
different measurement unit, which have been called binary digits (bits), decimal digits (decits) and natural digits
(nats) for the bases 2, 10 and e, respectively. Comparing Shannon entropy values that were originally calculated with
different log bases requires converting them to the same log base: change from the base a to base b is obtained with

multiplication by logha.
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It has been shown that the Shannon index is based on the weighted geometric mean of the proportional abundances

of the types, and that it equals the logarithm of true diversity as calculated with g = 1:

R R
H =- pilnp;=-> Inp
=1 =1
This can also be written

H=—(lnp +Inpy? +Inph® + - - + lnpif)

which equals

H — —lnpllolpgnga"'P%R =In (pqlpgzpf;...pﬁﬂ) =In (ﬁ)

Since the sum of the Pi values equals unity by definition, the denominator equals the weighted geometric mean of

the P values, with the P; values themselves being used as the weights (exponents in the equation). The term within

the parentheses hence equals true diversity lD, and H' equals 1n(]D).

When all types in the dataset of interest are equally common, all P; values equal 1/R, and the Shannon index hence
takes the value In(R). The more unequal the abundances of the types, the larger the weighted geometric mean of the
Pi values, and the smaller the corresponding Shannon entropy. If practically all abundance is concentrated to one
type, and the other types are very rare (even if there are many of them), Shannon entropy approaches zero. When
there is only one type in the dataset, Shannon entropy exactly equals zero (there is no uncertainty in predicting the

type of the next randomly chosen entity).

Simpson index

The Simpson index was introduced in 1949 by Edward H. Simpson to measure the degree of concentration when
individuals are classified into types.[6] The same index was rediscovered by Orris C. Herfindahl in 1950.17! The
square root of the index had already been introduced in 1945 by the economist Albert O. Hirschman.® As a result,
the same measure is usually known as the Simpson index in ecology, and as the Herfindahl index or the

Herfindahl—-Hirschman index (HHI) in economics.

The measure equals the probability that two entities taken at random from the dataset of interest represent the same

type. It equals:

R
2
A= ZP:‘
i=1
This also equals the weighted arithmetic mean of the proportional abundances P; of the types of interest, with the
proportional abundances themselves being used as the weights. Proportional abundances are by definition

constrained to values between zero and unity, but their weighted arithmetic mean, and hence A, can never be smaller

than 1/S, which is reached when all types are equally abundant.

By comparing the equation used to calculate A with the equations used to calculate true diversity, it can be seen that
1/h equals 2D, i.e. true diversity as calculated with ¢ = 2. The original Simpson's index hence equals the

corresponding basic sum.

The interpretation of A as the probability that two entities taken at random from the dataset of interest represent the
same type assumes that the first entity is replaced to the dataset before taking the second entity. If the dataset is very
large, sampling without replacement gives approximately the same result, but in small datasets the difference can be
substantial. If the dataset is small, and sampling without replacement is assumed, the probability of obtaining the

same type with both random draws is:

Zf:l ”i(ni — 1)
N(N - 1)

I =
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where 72; is the number of entities belonging to the ith type and N is the total number of entities in the dataset. This

form of the Simpson index is also known as the Hunter—Gaston index in microbiology.m

Since mean proportional abundance of the types increases with decreasing number of types and increasing
abundance of the most abundant type, A obtains small values in datasets of high diversity and large values in datasets
of low diversity. This is counterintuitive behavior for a diversity index, so often such transformations of A that
increase with increasing diversity have been used instead. The most popular of such indices have been the inverse
Simpson index (1/A) and the Gini—Simpson index (1 — A). Both of these have also been called the Simpson index in
the ecological literature, so care is needed to avoid accidentally comparing the different indices as if they were the

same.

Inverse Simpson index

The inverse Simpson index equals:

1

R .2
i—=1 i

This simply equals true diversity of order 2, i.e. the effective number of types that is obtained when the weighted

/A= =2D

arithmetic mean is used to quantify average proportional abundance of types in the dataset of interest.

Gini—Simpson index

The original Simpson index A equals the probability that two entities taken at random from the dataset of interest
(with replacement) represent the same type. Its transformation 1 — A therefore equals the probability that the two
entities represent different types. This measure is also known in ecology as the probability of interspecific encounter

(PIE)UOJ and the Gini—Simpson index. It can be expressed as a transformation of true diversity of order 2:

R
1-A=1-Ypf=1-1/°D
i=1

[11]

The Gibbs—Martin index of sociology, psychology and management studies,” ' which is also known as the Blau

index, is the same measure as the Gini—Simpson index.

Berger—Parker index

The Berger—Parker index equals the maximum P; value in the dataset, i.e. the proportional abundance of the most
abundant type. This corresponds to the weighted generalized mean of the P; values when g approaches infinity, and

hence equals the inverse of true diversity of order infinity ( 1 / ).

Rényi entropy
The Rényi entropy is a generalization of the Shannon entropy to other values of ¢ than unity. It can be expressed:
Ly
1H=—"——In p!
l—gq (1‘=1 '
which equals

1
“H=In = In(“D)

g—1 R g—1
V 2vi=1 PiPi

This means that taking the logarithm of true diversity based on any value of g gives the Rényi entropy corresponding

to the same value of g.
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Clustering

Hierarchical clustering

In data mining, hierarchical clustering is a method of cluster analysis which seeks to build a hierarchy of clusters.

Strategies for hierarchical clustering generally fall into two types: [citation needed]

* Agglomerative: This is a "bottom up" approach: each observation starts in its own cluster, and pairs of clusters
are merged as one moves up the hierarchy.
* Dibvisive: This is a "top down" approach: all observations start in one cluster, and splits are performed recursively

as one moves down the hierarchy.
In general, the merges and splits are determined in a greedy manner. The results of hierarchical clustering are usually
presented in a dendrogram.
In the general case, the complexity of agglomerative clustering is O(n3), which makes them too slow for large
data sets. Divisive clustering with an exhaustive search is (’)(2”), which is even worse. However, for some special
cases, optimal efficient agglomerative methods (of complexity O(nQ)) are known: SLINK for single-linkage and

CLINK for complete-linkage clustering.

Cluster dissimilarity

In order to decide which clusters should be combined (for agglomerative), or where a cluster should be split (for
divisive), a measure of dissimilarity between sets of observations is required. In most methods of hierarchical
clustering, this is achieved by use of an appropriate metric (a measure of distance between pairs of observations),
and a linkage criterion which specifies the dissimilarity of sets as a function of the pairwise distances of observations

in the sets.

Metric

The choice of an appropriate metric will influence the shape of the clusters, as some elements may be close to one
another according to one distance and farther away according to another. For example, in a 2-dimensional space, the
distance between the point (1,0) and the origin (0,0) is always 1 according to the usual norms, but the distance
between the point (1,1) and the origin (0,0) can be 2, 4/2or 1 under Manhattan distance, Euclidean distance or

maximum distance respectively.

Some commonly used metrics for hierarchical clustering are:
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Names Formula

Euclidean distance
la —bllz = ,/Z(az- - b)?
7

squared Euclidean distance lla — b”; — Z(ai _ bi)2
i

Manhattan distance la— bl = Z la; — b;
i
maximum distance la — bl|oc = max|a; — b
)
Mahalanobis distance \/ (a — b)TS~1(a — b)where S is the covariance matrix
cosine similarity a-b
[lallll®]

For text or other non-numeric data, metrics such as the Hamming distance or Levenshtein distance are often used.

A review of cluster analysis in health psychology research found that the most common distance measure in

published studies in that research area is the Euclidean distance or the squared Euclidean distance.[c7/ion needed]

Linkage criteria

The linkage criterion determines the distance between sets of observations as a function of the pairwise distances

between observations.

Some commonly used linkage criteria between two sets of observations A and B are:!)

Names Formula
Maximum or complete linkage clustering max { d(a7 b) :ac€ A bcB }
Minimum or single-linkage clustering min { d(a, b) :a €A beB }
Mean or average linkage clustering, or UPGMA 1
- d(a,b).
A5 25251
Minimum energy clustering 9 wm 1 & 1
- 2_) lla: = bjlla = 5 Z_: las — ajllz — —3 2_) [[6: — b2
2,7=1 2,j=1 2,7=1

where d is the chosen metric. Other linkage criteria include:

e The sum of all intra-cluster variance.

* The decrease in variance for the cluster being merged (Ward's criterion).

* The probability that candidate clusters spawn from the same distribution function (V-linkage).

* The product of in-degree and out-degree on a k-nearest-neighbor graph (graph degree linkage).[z]

* The increment of some cluster descriptor (i.e., a quantity defined for measuring the quality of a cluster) after

merging two clusters.l®! (41 5]
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Discussion

Hierarchical clustering has the distinct advantage that any valid measure of distance can be used. In fact, the

observations themselves are not required: all that is used is a matrix of distances.

Example for Agglomerative Clustering
For example, suppose this data is to be clustered, and the Euclidean distance is the distance metric.

Cutting the tree at a given height will give a partitioning clustering at a selected precision. In this example, cutting
after the second row of the dendrogram will yield clusters {a} {bc} {d e} {f}. Cutting after the third row will yield

clusters {a} {bc} {d e f}, which is a coarser clustering, with a smaller number of larger clusters.

@

® @
® ©©

Raw data

The hierarchical clustering dendrogram would be as such:

ONORORONORD),
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Traditional representation

This method builds the hierarchy from the individual elements by progressively merging clusters. In our example,
we have six elements {a} {b} {c} {d} {e} and {f}. The first step is to determine which elements to merge in a

cluster. Usually, we want to take the two closest elements, according to the chosen distance.

Optionally, one can also construct a distance matrix at this stage, where the number in the i-th row j-th column is the
distance between the i-th and j-th elements. Then, as clustering progresses, rows and columns are merged as the
clusters are merged and the distances updated. This is a common way to implement this type of clustering, and has
the benefit of caching distances between clusters. A simple agglomerative clustering algorithm is described in the

single-linkage clustering page; it can easily be adapted to different types of linkage (see below).

Suppose we have merged the two closest elements b and ¢, we now have the following clusters {a}, {b, c}, {d}, {e}
and {f}, and want to merge them further. To do that, we need to take the distance between {a} and {b c}, and

therefore define the distance between two clusters. Usually the distance between two clusters 4 and J3 is one of
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the following:

Each agglomeration occurs at a greater distance between clusters than the previous agglomeration, and one can
decide to stop clustering either when the clusters are too far apart to be merged (distance criterion) or when there is a

The maximum distance between elements of each cluster (also called complete-linkage clustering):

max{d(z,y):z € A, ye€ B}

The minimum distance between elements of each cluster (also called single-linkage clustering):

min{d(z,y):z € A,y € B}.
The mean distance between elements of each cluster (also called average linkage clustering, used e.g. in
UPGMA):

1
_ d(z .
|A|.|B|ZZ (z,y)
z€A yEB
The sum of all intra-cluster variance.

The increase in variance for the cluster being merged (Ward's method<ref name=")

The probability that candidate clusters spawn from the same distribution function (V-linkage).

sufficiently small number of clusters (number criterion).

Software

Open Source Frameworks

Cluster 3.0 1! provides a nice Graphical User Interface to access to different clustering routines and is available
for Windows, Mac OS X, Linux, Unix.

ELKI includes multiple hierarchical clustering algorithms, various linkage strategies and also includes the
efficient SLINK algorithm, flexible cluster extraction from dendrograms and various other cluster analysis
algorithms.

Octave, the GNU analog to MATLAB implements hierarchical clustering in linkage function 71

Orange, a free data mining software suite, module orngClustering (8 for scripting in Python, or cluster analysis
through visual programming.

R has several functions for hierarchical clustering: see CRAN Task View: Cluster Analysis & Finite Mixture
Models ! for more information.

scikit-learn implements a hierarchical clustering based on the Ward algorithm only.

Weka includes hierarchical cluster analysis.

Standalone implementations

CrimeStat implements two hierarchical clustering routines, a nearest neighbor (Nnh) and a risk-adjusted(Rnnh).
figue 0045 a7y avaScript package that implements some agglomerative clustering functions (single-linkage,
complete-linkage, average-linkage) and functions to visualize clustering output (e.g. dendrograms).

[11]

hcluster ' ' is a Python implementation, based on NumPy, which supports hierarchical clustering and plotting.

Hierarchical Agglomerative Clustering [12]

implemented as C# visual studio project that includes real text files
processing, building of document-term matrix with stop words filtering and stemming.

MultiDendrograms (131 A open source Java application for variable-group agglomerative hierarchical clustering,
with graphical user interface.

Graph Agglomerative Clustering (GAC) toolbox [14] implemented several graph-based agglomerative clustering

algorithms.



https://en.wikipedia.org/w/index.php?title=Complete-linkage_clustering
https://en.wikipedia.org/w/index.php?title=Single-linkage_clustering
https://en.wikipedia.org/w/index.php?title=UPGMA
https://en.wikipedia.org/w/index.php?title=Ward%27s_method
http://bonsai.hgc.jp/~mdehoon/software/cluster/
https://en.wikipedia.org/w/index.php?title=Graphical_User_Interface
https://en.wikipedia.org/w/index.php?title=Environment_for_DeveLoping_KDD-Applications_Supported_by_Index-Structures
https://en.wikipedia.org/w/index.php?title=Cluster_analysis
https://en.wikipedia.org/w/index.php?title=GNU_Octave
https://en.wikipedia.org/w/index.php?title=GNU
https://en.wikipedia.org/w/index.php?title=MATLAB
http://octave.sourceforge.net/statistics/function/linkage.html
https://en.wikipedia.org/w/index.php?title=Orange_%28software%29
http://www.ailab.si/orange/doc/modules/orngClustering.htm
https://en.wikipedia.org/w/index.php?title=Python_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=R_%28programming_language%29
http://cran.r-project.org/web/views/Cluster.html
https://en.wikipedia.org/w/index.php?title=Scikit-learn
https://en.wikipedia.org/w/index.php?title=Ward%27s_method
https://en.wikipedia.org/w/index.php?title=Weka_%28machine_learning%29
https://en.wikipedia.org/w/index.php?title=CrimeStat
http://code.google.com/p/figue/
https://en.wikipedia.org/w/index.php?title=JavaScript
http://code.google.com/p/scipy-cluster/
https://en.wikipedia.org/w/index.php?title=Python_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=NumPy
http://www.semanticsearchart.com/researchHAC.html
http://deim.urv.cat/~sgomez/multidendrograms.php
https://en.wikipedia.org/w/index.php?title=Open_source
https://en.wikipedia.org/w/index.php?title=Java_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=Graphical_user_interface
http://www.mathworks.com/matlabcentral/fileexchange/38018-graph-agglomerative-clustering-gac-toolbox

Hierarchical clustering 214

Commercial

e MATLAB includes hierarchical cluster analysis.
* SAS includes hierarchical cluster analysis.

* Mathematica includes a Hierarchical Clustering Package

Notes
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Method, Journal of Classification 22, 151-183.
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Florence, Italy, October 7-13, 2012. http://arxiv.org/abs/1208.5092

[3] Zhang, et al. "Agglomerative clustering via maximum incremental path integral." Pattern Recognition (2013).

[4] Zhao, and Tang. "Cyclizing clusters via zeta function of a graph."Advances in Neural Information Processing Systems. 2008.

[5] Ma, et al. "Segmentation of multivariate mixed data via lossy data coding and compression." IEEE Transactions on Pattern Analysis and
Machine Intelligence, 29(9) (2007): 1546-1562.

[6] http://bonsai.hgc.jp/~mdehoon/software/cluster/

[7] http://octave.sourceforge.net/statistics/function/linkage.html

[8] http://www.ailab.si/orange/doc/modules/orngClustering.htm

[9] http://cran.r-project.org/web/views/Cluster.html

[10] http://code.google.com/p/figue/

[11] http://code.google.com/p/scipy-cluster/

[12] http://www.semanticsearchart.com/researchHAC.html

[13] http://deim.urv.cat/~sgomez/multidendrograms.php

[14] http://www.mathworks.com/matlabcentral/fileexchange/38018-graph-agglomerative-clustering-gac-toolbox

References and further reading

e Kaufman, L.; Rousseeuw, P.J. (1990). Finding Groups in Data: An Introduction to Cluster Analysis (1 ed.). New
York: John Wiley. ISBN 0-471-87876-6.

* Hastie, Trevor; Tibshirani, Robert; Friedman, Jerome (2009). "14.3.12 Hierarchical clustering” (http://www-stat.
stanford.edu/~tibs/ElemStatLearn/) (PDF). The Elements of Statistical Learning (2nd ed.). New York: Springer.
pp- 520-528. ISBN 0-387-84857-6. Retrieved 2009-10-20.

* Press, WH; Teukolsky, SA; Vetterling, WT; Flannery, BP (2007). "Section 16.4. Hierarchical Clustering by
Phylogenetic Trees" (http://apps.nrbook.com/empanel/index.html#pg=868). Numerical Recipes: The Art of
Scientific Computing (3rd ed.). New York: Cambridge University Press. ISBN 978-0-521-88068-8.



https://en.wikipedia.org/w/index.php?title=MathWorks
https://en.wikipedia.org/w/index.php?title=SAS_System
https://en.wikipedia.org/w/index.php?title=Mathematica
http://arxiv.org/abs/1208.5092
http://bonsai.hgc.jp/~mdehoon/software/cluster/
http://octave.sourceforge.net/statistics/function/linkage.html
http://www.ailab.si/orange/doc/modules/orngClustering.htm
http://cran.r-project.org/web/views/Cluster.html
http://code.google.com/p/figue/
http://code.google.com/p/scipy-cluster/
http://www.semanticsearchart.com/researchHAC.html
http://deim.urv.cat/~sgomez/multidendrograms.php
http://www.mathworks.com/matlabcentral/fileexchange/38018-graph-agglomerative-clustering-gac-toolbox
https://en.wikipedia.org/w/index.php?title=International_Standard_Book_Number
https://en.wikipedia.org/w/index.php?title=Special:BookSources/0-471-87876-6
https://en.wikipedia.org/w/index.php?title=Trevor_Hastie
https://en.wikipedia.org/w/index.php?title=Robert_Tibshirani
http://www-stat.stanford.edu/~tibs/ElemStatLearn/
http://www-stat.stanford.edu/~tibs/ElemStatLearn/
https://en.wikipedia.org/w/index.php?title=International_Standard_Book_Number
https://en.wikipedia.org/w/index.php?title=Special:BookSources/0-387-84857-6
http://apps.nrbook.com/empanel/index.html#pg=868
https://en.wikipedia.org/w/index.php?title=International_Standard_Book_Number
https://en.wikipedia.org/w/index.php?title=Special:BookSources/978-0-521-88068-8

K-means clustering 215
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Machine learning and
data mining

Problems
. Classification
. Clustering
. Regression
. Anomaly detection
. Association rules
. Reinforcement learning
. Structured prediction
. Feature learning
. Online learning
. Semi-supervised learning
. Grammar induction

Supervised learning
(classification * regression)

. Decision trees
*  Ensembles (Bagging, Boosting, Random forest)

. k-NN

. Linear regression

. Naive Bayes

. Neural networks

. Logistic regression

. Perceptron

. Support vector machine (SVM)
Clustering

. BIRCH

. Hierarchical

. k-means

. Expectation-maximization (EM)

. DBSCAN

. OPTICS

. Mean-shift

Dimensionality reduction
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. Factor analysis
. CCA

. ICA

. LDA

. NMF

. PCA

Structured prediction

. Graphical models (CRF, HMM)

Anomaly detection

. k-NN
. Local outlier factor
Theory
. Bias-variance dilemma
. Computational learning theory
. Empirical risk minimization
. PAC learning
. VC theory
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k-means clustering is a method of vector quantization, originally from signal processing, that is popular for cluster
analysis in data mining. k-means clustering aims to partition n observations into k clusters in which each observation
belongs to the cluster with the nearest mean, serving as a prototype of the cluster. This results in a partitioning of the

data space into Voronoi cells.

The problem is computationally difficult (NP-hard); however, there are efficient heuristic algorithms that are
commonly employed and converge quickly to a local optimum. These are wusually similar to the
expectation-maximization algorithm for mixtures of Gaussian distributions via an iterative refinement approach
employed by both algorithms. Additionally, they both use cluster centers to model the data; however, k-means
clustering tends to find clusters of comparable spatial extent, while the expectation-maximization mechanism allows

clusters to have different shapes.

Description
Given a set of observations (xl, Xy eees xn), where each observation is a d-dimensional real vector, k-means
clustering aims to partition the n observations into k sets (k < n) S = {Sl, Sz’ . Sk} S0 as to minimize the

within-cluster sum of squares (WCSS):

k
. 2
arg min 15 — g4l
2 i=1 ijSi
where u. is the mean of points in Si.
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History

The term "k-means" was first used by James MacQueen in 1967, though the idea goes back to Hugo Steinhaus in
1957. The standard algorithm was first proposed by Stuart Lloyd in 1957 as a technique for pulse-code modulation,
though it wasn't published outside of Bell Labs until 1982.21 1n 1965, E.W.Forgy published essentially the same
method, which is why it is sometimes referred to as Lloyd-Forgy. A more efficient version was proposed and
published in Fortran by Hartigan and Wong in 1975/1979.

Algorithms

Standard algorithm

The most common algorithm uses an iterative refinement technique. Due to its ubiquity it is often called the k-means
algorithm; it is also referred to as Lloyd's algorithm, particularly in the computer science community.

1
1

Given an initial set of k means m_~’,. ..,mk(]) (see below), the algorithm proceeds by alternating between two steps:

Assignment step: Assign each observation to the cluster whose mean yields the least within-cluster sum of
squares (WCSS). Since the sum of squares is the squared Euclidean distance, this is intuitively the "nearest"
mean. ! (Mathematically, this means partitioning the observations according to the Voronoi diagram

generated by the means).

t )2 012 v .
59 = {zy : oy = mPI < o —m{||” Vi, 1 <5 < R},
where each Tpis assigned to exactly one g{t), even if it could be is assigned to two or more of them.

Update step: Calculate the new means to be the centroids of the observations in the new clusters.

1
(t+1) _
me =y 2

| i |1:jESi(t)

Since the arithmetic mean is a least-squares estimator, this also minimizes the within-cluster sum of

squares (WCSS) objective.

The algorithm has converged when the assignments no longer change. Since both steps optimize the WCSS
objective, and there only exists a finite number of such partitionings, the algorithm must converge to a (local)

optimum. There is no guarantee that the global optimum is found using this algorithm.

The algorithm is often presented as assigning objects to the nearest cluster by distance. This is slightly inaccurate:
the algorithm aims at minimizing the WCSS objective, and thus assigns by "least sum of squares". Using a different
distance function other than (squared) Euclidean distance may stop the algorithm from converging. It is correct that
the smallest Euclidean distance yields the smallest squared Euclidean distance and thus also yields the smallest sum
of squares. Various modifications of k-means such as spherical k-means and k-medoids have been proposed to allow

using other distance measures.

Initialization methods

Commonly used initialization methods are Forgy and Random Partition. The Forgy method randomly chooses k
observations from the data set and uses these as the initial means. The Random Partition method first randomly
assigns a cluster to each observation and then proceeds to the update step, thus computing the initial mean to be the
centroid of the cluster's randomly assigned points. The Forgy method tends to spread the initial means out, while
Random Partition places all of them close to the center of the data set. According to Hamerly et al., the Random
Partition method is generally preferable for algorithms such as the k-harmonic means and fuzzy k-means. For

expectation maximization and standard k-means algorithms, the Forgy method of initialization is preferable.
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Demonstration of the standard algorithm

@ (@)
a = o] . @
a
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1) k initial "means" (in this 2) k clusters are created by 3) The centroid of each of the k 4) Steps 2 and 3 are repeated
case k=3) are randomly associating every observation clusters becomes the new mean. until convergence has been
generated within the data with the nearest mean. The reached.
domain (shown in color). partitions here represent the

Voronoi diagram generated by

the means.

As it is a heuristic algorithm, there is no guarantee that it will converge to the global optimum, and the result may
depend on the initial clusters. As the algorithm is usually very fast, it is common to run it multiple times with
different starting conditions. However, in the worst case, k-means can be very slow to converge: in particular it has
been shown that there exist certain point sets, even in 2 dimensions, on which k-means takes exponential time, that is
2g(n)’ to converge. These point sets do not seem to arise in practice: this is corroborated by the fact that the

smoothed running time of k-means is polynomial.

The "assignment" step is also referred to as expectation step, the "update step" as maximization step, making this

algorithm a variant of the generalized expectation-maximization algorithm.

Complexity

Regarding computational complexity, finding the optimal solution to the k-means clustering problem for
observations in d dimensions is:

e NP-hard in general Euclidean space d even for 2 clusters
* NP-hard for a general number of clusters k even in the plane

dk+1

e If k and d (the dimension) are fixed, the problem can be exactly solved in time O(n log n), where n is the

number of entities to be clustered

Thus, a variety of heuristic algorithms such as Lloyds algorithm given above are generally used.

* Lloyd's f -means algorithm has polynomial smoothed running time. It is shown that for arbitrary set of 7 points
in [O’ 1]d, if each point is independently perturbed by a normal distribution with mean (Jand variance 42, then
the expected running time of % -means algorithm is bounded by O(n34k34d8log4 (n) / (76), which is a

polynomial in 12, k , 4 and l/o'.
» Better bounds are proved for simple cases. For example, showed that the running time of k -means algorithm is

bounded by O(d'n,4 M 2) for n points in an integer lattice {]_7 oM }d )
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Variations

* k-medians clustering uses the median in each dimension instead of the mean, and this way minimizes L1 norm
(Taxicab geometry).

* k-medoids (also: Partitioning Around Medoids, PAM) uses the medoid instead of the mean, and this way
minimizes the sum of distances for arbitrary distance functions.

* Fuzzy C-Means Clustering is a soft version of K-means, where each data point has a fuzzy degree of belonging to
each cluster.

* Gaussian mixture models trained with expectation-maximization algorithm (EM algorithm) maintains
probabilistic assignments to clusters, instead of deterministic assignments, and multivariate Gaussian distributions
instead of means.

» Several methods have been proposed to choose better starting clusters. One recent proposal is k-means++.

* The filtering algorithm uses kd-trees to speed up each k-means step.

* Some methods attempt to speed up each k-means step using coresets or the triangle inequality.

* Escape local optima by swapping points between clusters.
» The Spherical k-means clustering algorithm is suitable for directional data.

* The Minkowski metric weighted k-means deals with irrelevant features by assigning cluster specific weights to

each feature

Discussion

The two key features of k-means which

+
+
¥
>
S
o,
3
*
+
+

make it efficient are often regarded as N ‘ . N ' | -

its biggest drawbacks: oo e oy iy
. . . A typical example of the k-means convergence to a local minimum. In this example, the
¢ Euclidean distance is used as a P P i R & i i P
. . . result of k-means clustering (the right figure) contradicts the obvious cluster structure of
metric and variance is used as a the data set. The small circles are the data points, the four ray stars are the centroids
measure of cluster scatter. (means). The initial configuration is on the left figure. The algorithm converges after five
e The number of clusters k is an input iterations presented on the figures, from the left to the right. The illustration was prepared

. . . with the Mirkes Java applet.
parameter: an inappropriate choice PP

of k may yield poor results. That is

why, when performing k-means, it

.. . . k-Means Clusters Iris Species
is important to run diagnostic i + o + o
“ o o
.. . + . +
checks for determining the number o o, o . o, o
. i + i &
of clusters in the data set. " f+ e ®R " Tt <R,
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* Convergence to a local minimum e P @f o ©  nf ++Hd v 20 0P ©o &
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("wrong") results (see example in aioem o x g'? o 0 B ,f N
Fig.) ii 00 Cluster 1 + 1 x OxIris setosa
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. . . . . 21 21 | n n P
A key limitation of k-means is its : Cluster 3O ris virginica O

pim

7 ioim 1

cluster model. The concept is based on . . L .
p k-means clustering result for the Iris flower data set and actual species visualized using

spherical clusters that are separable in ELKI. Cluster means are marked using larger, semi-transparent symbols.
a way so that the mean value

converges towards the cluster center. The clusters are expected to be of similar size, so that the assignment to
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the nearest cluster center is the correct . .
Different cluster analysis results on "mouse" data set:

assignment. When for example Original Data k-Means Clustering

EM Clustering

=
o
o

applying k-means with a value of k — 3ot
the well-known Iris flower data set, the o ;ﬁ B2 3 ; o

result often fails to separate the three o k ﬁgﬁﬂgo o
as @ . e 05}«
Iris species contained in the data set. Sty

04 ogoya 04
With k = 92, the two visible clusters (on = BhL o3

02 02

containing two species) will be " .
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discovered, whereas with one of the

k=3 lb means clustering and EM clustering on an artificial dataset ("mouse"). The tendency of
two clusters will be split into two even k-means to produce equi-sized clusters leads to bad results, while EM benefits from the
parts. In fact, ¢ = Q2is more appropriate for Gaussian distribution present in the data set

this data set, despite the data set
containing 3 classes. As with any other clustering algorithm, the k-means result relies on the data set to satisfy the

assumptions made by the clustering algorithms. It works well on some data sets, while failing on others.

The result of k-means can also be seen as the Voronoi cells of the cluster means. Since data is split halfway between
cluster means, this can lead to suboptimal splits as can be seen in the "mouse” example. The Gaussian models used
by the Expectation-maximization algorithm (which can be seen as a generalization of k-means) are more flexible
here by having both variances and covariances. The EM result is thus able to accommodate clusters of variable size

much better than k-means as well as correlated clusters (not in this example).

Applications

k-means clustering in particular when using heuristics such as Lloyd's algorithm is rather easy to implement and
apply even on large data sets. As such, it has been successfully used in various topics, ranging from market

(4]

segmentation, computer vision, geostatistics," ' and astronomy to agriculture. It often is used as a preprocessing step

for other algorithms, for example to find a starting configuration.

Vector quantization

k-means originates from signal processing, and still finds use in this
domain. For example in computer graphics, color quantization is the
task of reducing the color palette of an image to a fixed number of
colors k. The k-means algorithm can easily be used for this task and
produces competitive results. Other uses of vector quantization include
non-random sampling, as k-means can easily be used to choose k
different but prototypical objects from a large data set for further

analysis.

Cluster analysis

In cluster analysis, the k-means algorithm can be used to partition the

Two-channel (for illustration purposes -- red and

input data set into k partitions (clusters). green only) color image.

However, the pure k-means algorithm is not very flexible, and as such

of limited use (except for when
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vector quantization as above is actually the desired use
case!). In particular, the parameter k is known to be 250
hard to choose (as discussed below) when not given by

external constraints. In contrast to other algorithms, 200
k-means can also not be used with arbitrary distance
functions or be use on non-numerical data. For these

—_
W
o

use cases, many other algorithms have been developed

since.

Green level
—_
o
S

Feature learning

(9]
o

k-means clustering has been used as a feature learning

(or dictionary learning) step, which can be used in the

for (semi-)supervised learning or unsupervised
50 100 150 200 250

Red level

Vector quantization of colors present in the image above into

learning. The basic approach is first to train a k-means
clustering representation, using the input training data
(which need not be labelled). Then, to project any input Voronoi cells using k-means,
datum into the new feature space, we have a choice of

"encoding" functions, but we can use for example the

thresholded matrix-product of the datum with the centroid locations, the distance from the datum to each centroid, or
simply an indicator function for the nearest centroid, or some smooth transformation of the distance. Alternatively,
by transforming the sample-cluster distance through a Gaussian RBF, one effectively obtains the hidden layer of a

radial basis function network.

This use of k-means has been successfully combined with simple, linear classifiers for semi-supervised learning in
NLP (specifically for named entity recognition) and in computer vision. On an object recognition task, it was found
to exhibit comparable performance with more sophisticated feature learning approaches such as autoencoders and
restricted Boltzmann machines. However, it generally requires more data than the sophisticated methods, for

equivalent performance, because each data point only contributes to one "feature" rather than multiple.

Relation to other statistical machine learning algorithms

k-means clustering, and its associated expectation-maximization algorithm, is a special case of a Gaussian mixture
model, specifically, the limit of taking all covariances as diagonal, equal, and small. It is often easy to generalize a
k-means problem into a Gaussian mixture model. Another generalization of the k-means algorithm is the K-SVD
algorithm, which estimates data points as a sparse linear combination of "codebook vectors". K-means corresponds

to the special case of using a single codebook vector, with a weight of 1.

Mean shift clustering

Basic mean shift clustering algorithms maintain a set of data points the same size as the input data set. Initially, this
set is copied from the input set. Then this set is iteratively replaced by the mean of those points in the set that are
within a given distance of that point. By contrast, k-means restricts this updated set to k points usually much less than
the number of points in the input data set, and replaces each point in this set by the mean of all points in the input set
that are closer to that point than any other (e.g. within the Voronoi partition of each updating point). A mean shift
algorithm that is similar then to k-means, called likelihood mean shift, replaces the set of points undergoing
replacement by the mean of all points in the input set that are within a given distance of the changing set. One of the
advantages of mean shift over k-means is that there is no need to choose the number of clusters, because mean shift

is likely to find only a few clusters if indeed only a small number exist. However, mean shift can be much slower
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than k-means, and still requires selection of a bandwidth parameter. Mean shift has soft variants much as k-means
does.

Principal component analysis (PCA)

It was asserted in that the relaxed solution of k-means clustering, specified by the cluster indicators, is given by the
PCA (principal component analysis) principal components, and the PCA subspace spanned by the principal
directions is identical to the cluster centroid subspace. However, that PCA is a useful relaxation of k-means
clustering was not a new result (see, for example,), and it is straightforward to uncover counterexamples to the

statement that the cluster centroid subspace is spanned by the principal directions!@/ion needed]

Bilateral filtering

k-means implicitly assumes that the ordering of the input data set does not matter. The bilateral filter is similar to
K-means and mean shift in that it maintains a set of data points that are iteratively replaced by means. However, the
bilateral filter restricts the calculation of the (kernel weighted) mean to include only points that are close in the
ordering of the input data. This makes it applicable to problems such as image denoising, where the spatial

arrangement of pixels in an image is of critical importance.

Similar problems

The set of squared error minimizing cluster functions also includes the k-medoids algorithm, an approach which

forces the center point of each cluster to be one of the actual points, i.e., it uses medoids in place of centroids.

Software

Free
* Apache Mahout k-Means 5]

* CrimeStat implements two spatial K-means algorithms, one of which allows the user to define the starting
locations.

* ELKI contains k-means (with Lloyd and MacQueen iteration, along with different initializations such as
k-means++ initialization) and various more advanced clustering algorithms

* MLPACK contains a C++ implementation of k-means

* R kmeans © implements a variety of algorithms

* SciPy vector-quantization n

e Scikit-learn implements a popular python machine-learning library which contains various clustering algorithms

» Silverlight widget demonstrating k-means algorithm 81

* PostgreSQL extension for k-means ]

e CMU's GraphLab Clustering library (191 Etficient multicore implementation for large scale data.
* Weka contains k-means and a few variants of it, including k-means++ and x-means.

* Spectral Python 11 contains methods for unsupervised classification including a K-means clustering method.

e scikit learn "'* machine learning in Python contains a K-Means implementation
[13

e OpenCV contains a K-means ! implementation under BSD licence.

e Yael (14] includes an efficient multi-threaded C implementation of k-means, with C, Python and Matlab interfaces.
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Commercial

¢ DL Cluster, Clust_Wts
*  Mathematica ClusteringComponents function
« MATLAB kmeans !'°!

« SASFASTCLUS [!7]
[18]

[15]

¢ Stata kmeans

* VisuMap kMeans Clustering (1)

Source code

e ELKI and Weka are written in Java and include k-means and variations

* K-means application in PHP,[ZO] using VB,[ZH 1,[22]
[27] 0!28]

cl?9

[23] [24] [25]126]

using Per using C++, " using Matlab using Ruby,

using Python with scipy, " using X1

* A parallel out-of-core implementation in

* An open-source collection of clustering algorithms, including k-means, implemented in J avascript.[?’o] Online

demo.m]

Visualization, animation and examples

* ELKI can visualize k-means using Voronoi cells and Delaunay triangulation for 2D data. In higher

dimensionality, only cluster assignments and cluster centers are visualized

* Demos of the K-means-algorithm[n][33][34][35][36][37]

¢ K-means and K-medoids (Applet), University of Leicester!)

* Clustergram - cluster diagnostic plot - for visual diagnostics of choosing the number of (k) clusters (R code)BS]
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Matrix

Matrix (mathematics)

In mathematics, a matrix (plural matrices) is a .
m-by-n matrix

rectangular array[l] of numbers, symbols, or
expressions, arranged in rows and columns. The ajj ncolumns —

individual items in a matrix are called its elements or roms

. . w
entries. An example of a matrix with 2 rows and 3 di; a;, dis
columns is

l 1 9 —13] ' '
20 5 —6| ds31 d3p dj3g3
Matrices of the same size can be added or subtracted

element by element. But the rule for matrix .

multiplication is that two matrices can be multiplied L —
only when the number of columns in the first equals the
number of rows in the second. A major application of Specific elements of a matrix are often denoted by a variable with

. . . . . two subscripts. For instance, a_ _ represents the element at the
matrices is to represent linear transformations, that is, P 21 P

second row and first column of a matrix A.
generalizations of linear functions such as f{x) = 4x. For

example, the rotation of vectors in three dimensional

space is a linear transformation. If R is a rotation matrix and v is a column vector (a matrix with only one column)
describing the position of a point in space, the product Rv is a column vector describing the position of that point
after a rotation. The product of two matrices is a matrix that represents the composition of two linear
transformations. Another application of matrices is in the solution of a system of linear equations. If the matrix is
square, it is possible to deduce some of its properties by computing its determinant. For example, a square matrix has
an inverse if and only if its determinant is not zero. Eigenvalues and eigenvectors provide insight into the geometry

of linear transformations.

Applications of matrices are found in most scientific fields. In every branch of physics, including classical
mechanics, optics, electromagnetism, quantum mechanics, and quantum electrodynamics, they are used to study
physical phenomena, such as the motion of rigid bodies. In computer graphics, they are used to project a
3-dimensional image onto a 2-dimensional screen. In probability theory and statistics, stochastic matrices are used to
describe sets of probabilities; for instance, they are used within the PageRank algorithm that ranks the pages in a
Google search.””! Matrix calculus generalizes classical analytical notions such as derivatives and exponentials to

higher dimensions.

A major branch of numerical analysis is devoted to the development of efficient algorithms for matrix computations,
a subject that is centuries old and is today an expanding area of research. Matrix decomposition methods simplify
computations, both theoretically and practically. Algorithms that are tailored to particular matrix structures, such as
sparse matrices and near-diagonal matrices, expedite computations in finite element method and other computations.
Infinite matrices occur in planetary theory and in atomic theory. A simple example of an infinite matrix is the matrix

representing the derivative operator, which acts on the Taylor series of a function.
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Definition

A matrix is a rectangular array of numbers or other mathematical objects, for which operations such as addition and
multiplication are defined. Most commonly, a matrix over a field F is a rectangular array of scalars from F. Most of
this article focuses on real and complex matrices, i.e., matrices whose elements are real numbers or complex

numbers, respectively. More general types of entries are discussed below. For instance, this is a real matrix:

-1.3 06
A=1204 55
9.7 —-6.2

The numbers, symbols or expressions in the matrix are called its entries or its elements. The horizontal and vertical

lines of entries in a matrix are called rows and columns, respectively.

Size
The size of a matrix is defined by the number of rows and columns that it contains. A matrix with m rows and n

columns is called an m x n matrix or m-by-n matrix, while m and n are called its dimensions. For example, the matrix

A above is a 3 x 2 matrix.

Matrices which have a single row are called row vectors, and those which have a single column are called column
vectors. A matrix which has the same number of rows and columns is called a square matrix. A matrix with an
infinite number of rows or columns (or both) is called an infinite matrix. In some contexts such as computer algebra

programs it is useful to consider a matrix with no rows or no columns, called an empty matrix.

Name Size Example Description
Row vector |1 xn [3 7 2] A matrix with one row, sometimes used to represent a vector
Column nxl1 4 A matrix with one column, sometimes used to represent a vector
vector 1

8
Square nxn| [9 13 5] | A matrix with the same number of rows and columns, sometimes used to represent a linear transformation
matrix 1 11 7| |from a vector space to itself, such as reflection, rotation, or shearing.
2 6 3
.
Notation

Matrices are commonly written in box brackets:

11 Q412 - Oy

Gg1 Qg2 -+ oy
A=

Am1 Qm2 - A,

An alternative notation uses large parentheses instead of box brackets:

aix G2 -+ Qin

Q21 Gg2 -+ Q2n
A=

Al Qm2 - A

The specifics of symbolic matrix notation varies widely, with some prevailing trends. Matrices are usually
symbolized using upper-case letters (such as A in the examples above), while the corresponding lower-case letters,

with two subscript indices (e.g., @, , or a, 1), represent the entries. In addition to using upper-case letters to

1’
symbolize matrices, many authors use a special typographical style, commonly boldface upright (non-italic), to
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further distinguish matrices from other mathematical objects. An alternative notation involves the use of a
double-underline with the variable name, with or without boldface style, (e.g., é ).
The entry in the i-th row and j-th column of a matrix A is sometimes referred to as the i,j, (i,j), or (i,j)th entry of the

matrix, and most commonly denoted as aiJ, or aij. Alternative notations for that entry are A[i,j] or Al_j. For example,

the (1,3) entry of the following matrix A is 5 (also denoted a a5 Al[l,3] or A] 3):
4 -7 5 0
A=1|-2 0 11 8
19 1 -3 12

Sometimes, the entries of a matrix can be defined by a formula such as a,,= S, j). For example, each of the entries

of the following matrix A is determined by a,= i—j.

0 -1 -2 -3
A=|1 0 -1 -2
2 1 0 -1

In this case, the matrix itself is sometimes defined by that formula, within square brackets or double parenthesis. For
example, the matrix above is defined as A = [i-f], or A = ((i~))). If matrix size is m x n, the above-mentioned formula
S, j) is valid for any i = 1, ..., m and any j = 1, ..., n. This can be either specified separately, or using m x n as a
subscript. For instance, the matrix A above is 3 x 4 and can be definedas A =[i-j] (i=1,2,3;j=1,..,4),orA =
li-J ]3><4'

Some programming languages utilize doubly-subscripted arrays (or arrays of arrays) to represent an m-x-n matrix.
Some programming languages start the numbering of array indexes at zero, in which case the entries of an m-by-n
matrix are indexed by 0 < i <m — 1 and 0 < j < n — 1. This article follows the more common convention in

mathematical writing where enumeration starts from 1.

The set of all m-by-n matrices is denoted D(m, n).

Basic operations
5] How to organize, add and multiply matrices - Bill Shillito [3], TED ED

There are a number of basic operations that can be applied to modify matrices, called matrix addition, scalar

multiplication, transposition, matrix multiplication, row operations, and submatrix.

Addition, scalar multiplication and transposition

Operation Definition Example

Addition

calculated entrywise:

The sum A+B of two m-by-n matrices A and B is 1 31
1+7 0+5 040

140 3+0 1+5] _[1 36
-| |- 50
(A+B)I_J=A’_:]_+B[_}/_, where 1 <i < m and
1<j<n

Scalar The scalar multiplication cA of a matrix A and a

2-8 2--3
2--2 2.5

Il
| —
N N
> =

2 16 -6
multiplication | number ¢ (also called a scalar in the parlance of [8 4 10]
abstract algebra) is given by multiplying every

entry of A by c:
(cA). =c-A. .
ij ij

Transpose The transpose of an m-by-n matrix A is the n-by-m [1

matrix AT (also denoted Aor lA) formed by

turning rows into columns and vice versa:

(AT)Z, =A..
J Jst
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Familiar properties of numbers extend to these operations of matrices: for example, addition is commutative, i.e., the
matrix sum does not depend on the order of the summands: A + B =B + A. The transpose is compatible with
addition and scalar multiplication, as expressed by (cA)T = c(AT) and (A + B)T -AT+BT Finally, (AT)T =A.
Matrix multiplication

Multiplication of two matrices is defined only if the number of

oY)

columns of the left matrix is the same as the number of rows of the __ —_

right matrix. If A is an m-by-n matrix and B is an n-by-p matrix,

o
=
N
o| T
o
W

then their matrix product AB is the m-by-p matrix whose entries

o
N
N
N
W

|
Oje=
| =

are given by dot product of the corresponding row of A and the L —

corresponding column of B:

[ABl;; = Ai1B1; + AigBaj + -+ AinBnj = ZAi,rBr,j’ A “21[822
r=1

where 1 < i< mand 1 <j < p. For example, the underlined entry

2340 in the product is calculated as (2 x 1000) + (3 x 100) + (4 x L1 (L 1]
10) = 2340:
Schematic depiction of the matrix product AB of two
matrices A and B.
lg 3 g] (1) % _ l3 2340]
1 00 0 E 0 1000

Matrix multiplication satisfies the rules (AB)C = A(BC) (associativity), and (A+B)C = AC+BC as well as C(A+B)
= CA+CB (left and right distributivity), whenever the size of the matrices is such that the various products are
defined. The product AB may be defined without BA being defined, namely if A and B are m-by-n and n-by-k

matrices, respectively, and m # k. Even if both products are defined, they need not be equal, i.e., generally one has
AB = BA,

i.e., matrix multiplication is not commutative, in marked contrast to (rational, real, or complex) numbers whose

product is independent of the order of the factors. An example of two matrices not commuting with each other is:
[1 2][0 1] _ [0 1]
3 4]0 0] 0 3)’
whereas
[0 1][1 2] 3 4]
0 0f|3 4] 0 0

Besides the ordinary matrix multiplication just described, there exist other less frequently used operations on

matrices that can be considered forms of multiplication, such as the Hadamard product and the Kronecker product.

They arise in solving matrix equations such as the Sylvester equation.
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Row operations
There are three types of row operations:

1. row addition, that is adding a row to another.
2. row multiplication, that is multiplying all entries of a row by a non-zero constant;

3. row switching, that is interchanging two rows of a matrix;

These operations are used in a number of ways, including solving linear equations and finding matrix inverses.

Submatrix
A submatrix of a matrix is obtained by deleting any collection of rows and/or columns. For example, for the
following 3-by-4 matrix, we can construct a 2-by-3 submatrix by removing row 3 and column 2:
1 2 3 4
A=1|5 6 7 8 {
9 10 11 12

The minors and cofactors of a matrix are found by computing the determinant of certain submatrices.

1 3 4
5 7 8

Linear equations

Matrices can be used to compactly write and work with multiple linear equations, i.e., systems of linear equations.

For example, if A is an m-by-n matrix, x designates a column vector (i.e., nx1-matrix) of n variables x P Xy e X s
and b is an mx1-column vector, then the matrix equation

Ax=b
is equivalent to the system of linear equations

Al,lxl +A1’2x2+ +A1’nxn= bl

Am’lx1 + Am’zx2 +..+ Am,nxn = bm .

Linear transformations

Matrices and matrix multiplication reveal their essential features when

related to linear transformations, also known as linear maps. A real
m

(a+c,b+d)
m-by-n matrix A gives rise to a linear transformation R" — R c.d)
mapping each vector x in R” to the (matrix) product Ax, which is a
vector in R”. Conversely, each linear transformation f: R" — R arises
from a unique m-by-n matrix A: explicitly, the (7, j)-entry of A is the i
coordlnate of f(e) where e/ = (0.,...,0,1,0,...,0) is the unit vector with 1 ad—bc
in the j ] posmon and 0 elsewhere. The matrix A is said to represent the

linear map f, and A is called the transformation matrix of f.

For example, the 2x2 matrix (a,b)

A_ _ la C] (0,0)

b d

can be viewed as the transform of the unit square into a parallelogram The vectors represented by a 2-by-2 matrix

with vertices at (0, 0), (a, b), (@ + ¢, b + d), and (c, d). The correspond to the sides of a unit square

. . . . . . . transfi d int 1lel .
parallelogram pictured at the right is obtained by multiplying A with ransiormed o a paratielogram
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0”1

The following table shows a number of 2-by-2 matrices with the associated linear maps of RZ. The blue original is

0] 1| |1 0
each of the column vectors [O] ; [ ] ; { ] and [ 1] in turn. These vectors define the vertices of the unit square.

mapped to the green grid and shapes. The origin (0,0) is marked with a black point.

Horizontal shear with m=1.25. | Horizontal flip | Squeeze mapping with r=3/2 | Scaling by a factor of 3/2 Rotation by 68 = 300

RGN R
B T !< -
M)( -
N

Under the 1-to-1 correspondence between matrices and linear maps, matrix multiplication corresponds to
composition of maps: if a k-by-m matrix B represents another linear map g : R” — Rk, then the composition g I fis

represented by BA since
(g 000 = g(fx) = g(A%) = B(AX) = (BA)x.

The last equality follows from the above-mentioned associativity of matrix multiplication.

The rank of a matrix A is the maximum number of linearly independent row vectors of the matrix, which is the same
as the maximum number of linearly independent column vectors. Equivalently it is the dimension of the image of the
linear map represented by A. The rank-nullity theorem states that the dimension of the kernel of a matrix plus the

rank equals the number of columns of the matrix.

Square matrices

A square matrix is a matrix with the same number of rows and columns. An n-by-n matrix is known as a square
matrix of order n. Any two square matrices of the same order can be added and multiplied. The entries a. form the
main diagonal of a square matrix. They lie on the imaginary line which runs from the top left corner to the bottom

right corner of the matrix.

Main types
Name Example withn =3
Diagonal matrix an 0 0]
0 ago 0
L 0 0 a33
Lower triangular matrix | [g; 0 0

agn azp O
a31 Qa3 0a33

Upper triangular matrix alp a3

a11
0 az az
0
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Diagonal and triangular matrices

If all entries of A below the main diagonal are zero, A is called an upper triangular matrix. Similarly if all entries of
A above the main diagonal are zero, A is called a lower triangular matrix. If all entries outside the main diagonal are

zero, A is called a diagonal matrix.

Identity matrix

The identity matrix In of size n is the n-by-n matrix in which all the elements on the main diagonal are equal to 1 and

all other elements are equal to 0, e.g.

10 --- 0
1 0 01 --- 0
00 -1

It is a square matrix of order n, and also a special kind of diagonal matrix. It is called identity matrix because

multiplication with it leaves a matrix unchanged:

AIn = ImA = A for any m-by-n matrix A.

Symmetric or skew-symmetric matrix

A square matrix A that is equal to its transpose, i.e., A = AT, is a symmetric matrix. If instead, A was equal to the
negative of its transpose, i.e., A = —AT, then A is a skew-symmetric matrix. In complex matrices, symmetry is often
replaced by the concept of Hermitian matrices, which satisfy A” = A, where the star or asterisk denotes the conjugate

transpose of the matrix, i.e., the transpose of the complex conjugate of A.

By the spectral theorem, real symmetric matrices and complex Hermitian matrices have an eigenbasis; i.e., every
vector is expressible as a linear combination of eigenvectors. In both cases, all eigenvalues are real. This theorem can
be generalized to infinite-dimensional situations related to matrices with infinitely many rows and columns, see

below.

Invertible matrix and its inverse
A square matrix A is called invertible or non-singular if there exists a matrix B such that
AB=BA = In.

If B exists, it is unique and is called the inverse matrix of A, denoted A_l.

Definite matrix

Positive definite matrix Indefinite matrix
1 / 4 0 1 / 4 0
0 1 0 -1 / 4
0xy) = 1/4 % +y* 0(xy) = 1/4 3% - 1/4y*

Points such that Q(x,y)=1 Points such that Q(x,y)=1
(Ellipse). (Hyperbola).

A symmetric nxn-matrix is called positive-definite (respectively negative-definite; indefinite), if for all nonzero

vectors x € R" the associated quadratic form given by
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ox) = xTAx
takes only positive values (respectively only negative values; both some negative and some positive values). If the
quadratic form takes only non-negative (respectively only non-positive) values, the symmetric matrix is called
positive-semidefinite (respectively negative-semidefinite); hence the matrix is indefinite precisely when it is neither

positive-semidefinite nor negative-semidefinite.

A symmetric matrix is positive-definite if and only if all its eigenvalues are positive. The table at the right shows two

possibilities for 2-by-2 matrices.
Allowing as input two different vectors instead yields the bilinear form associated to A:

T
B, (x.y) =x Ay.

Orthogonal matrix

An orthogonal matrix is a square matrix with real entries whose columns and rows are orthogonal unit vectors (i.e.,

orthonormal vectors). Equivalently, a matrix A is orthogonal if its transpose is equal to its inverse:
T _ aA-1
AT = A1
which entails
ATA = AAT = ],
where I is the identity matrix.

An orthogonal matrix A is necessarily invertible (with inverse Al = AT), unitary (A_1 = A*), and normal (A*A =
AA¥*). The determinant of any orthogonal matrix is either +1 or —1. A special orthogonal matrix is an orthogonal
matrix with determinant +1. As a linear transformation, every orthogonal matrix with determinant +1 is a pure
rotation, while every orthogonal matrix with determinant -1 is either a pure reflection, or a composition of reflection

and rotation.

The complex analogue of an orthogonal matrix is a unitary matrix.

Main operations

Trace

The trace, tr(A) of a square matrix A is the sum of its diagonal entries. While matrix multiplication is not

commutative as mentioned above, the trace of the product of two matrices is independent of the order of the factors:
tr(AB) = tr(BA).

This is immediate from the definition of matrix multiplication:
tr(AB)=3"7", 370 | Ai; Bji=tr(BA).

Also, the trace of a matrix is equal to that of its transpose, i.e.,

tr(A) = tr(AT).
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Determinant

The determinant det(A) or |Al of a square
matrix A is a number encoding certain
properties of the matrix. A matrix is
invertible if and only if its determinant is
nonzero. Its absolute value equals the area
(in R2) or volume (in R3) of the image of

the unit square (or cube), while its sign

corresponds to the orientation of the flx,)
corresponding linear map: the determinant is A linear transformation on R? given by the indicated matrix. The determinant of
pOSitiVC if and on]y if the orientation is this matrix is —1, as the area of the green parallelogram at the right is 1, but the

map reverses the orientation, since it turns the counterclockwise orientation of the
preserved. P

vectors to a clockwise one.
The determinant of 2-by-2 matrices is given
by

det [a b] = ad — be.

c d

The determinant of 3-by-3 matrices involves 6 terms (rule of Sarrus). The more lengthy Leibniz formula generalises
these two formulae to all dimensions.

The determinant of a product of square matrices equals the product of their determinants:
det(AB) = det(A) - det(B).

Adding a multiple of any row to another row, or a multiple of any column to another column, does not change the
determinant. Interchanging two rows or two columns affects the determinant by multiplying it by —1. Using these
operations, any matrix can be transformed to a lower (or upper) triangular matrix, and for such matrices the
determinant equals the product of the entries on the main diagonal; this provides a method to calculate the
determinant of any matrix. Finally, the Laplace expansion expresses the determinant in terms of minors, i.e.,
determinants of smaller matrices. This expansion can be used for a recursive definition of determinants (taking as
starting case the determinant of a 1-by-1 matrix, which is its unique entry, or even the determinant of a 0-by-0
matrix, which is 1), that can be seen to be equivalent to the Leibniz formula. Determinants can be used to solve
linear systems using Cramer's rule, where the division of the determinants of two related square matrices equates to

the value of each of the system's variables.

Eigenvalues and eigenvectors
A number A and a non-zero vector v satisfying
Av =)v

are called an eigenvalue and an eigenvector of A, respectively.[4] The number A is an eigenvalue of an nxn-matrix A

if and only if A—)»In is not invertible, which is equivalent to

det(A — Al) = 0.
The polynomial p A in an indeterminate X given by evaluation the determinant det(XIn—A) is called the characteristic
polynomial of A. It is a monic polynomial of degree n. Therefore the polynomial equation p A(7\) =0 has at most n
different solutions, i.e., eigenvalues of the matrix. They may be complex even if the entries of A are real. According
to the Cayley—Hamilton theorem, p A(A) = 0, that is, the result of substituting the matrix itself into its own

characteristic polynomial yields the zero matrix.
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Computational aspects

Matrix calculations can be often performed with different techniques. Many problems can be solved by both direct
algorithms or iterative approaches. For example, the eigenvectors of a square matrix can be obtained by finding a

sequence of vectors X converging to an eigenvector when n tends to infinity.

To be able to choose the more appropriate algorithm for each specific problem, it is important to determine both the
effectiveness and precision of all the available algorithms. The domain studying these matters is called numerical
linear algebra. As with other numerical situations, two main aspects are the complexity of algorithms and their

numerical stability.

Determining the complexity of an algorithm means finding upper bounds or estimates of how many elementary
operations such as additions and multiplications of scalars are necessary to perform some algorithm, e.g.,
multiplication of matrices. For example, calculating the matrix product of two n-by-n matrix using the definition
given above needs n multiplications, since for any of the n® entries of the product, n multiplications are necessary.
The Strassen algorithm outperforms this "naive" algorithm; it needs only n>807 multiplications. A refined approach

also incorporates specific features of the computing devices.

In many practical situations additional information about the matrices involved is known. An important case are
sparse matrices, i.e., matrices most of whose entries are zero. There are specifically adapted algorithms for, say,

solving linear systems Ax = b for sparse matrices A, such as the conjugate gradient method.

An algorithm is, roughly speaking, numerically stable, if little deviations in the input values do not lead to big
deviations in the result. For example, calculating the inverse of a matrix via Laplace's formula (Adj (A) denotes the

adjugate matrix of A)
A7 = Adj(A) / det(A)
may lead to significant rounding errors if the determinant of the matrix is very small. The norm of a matrix can be

used to capture the conditioning of linear algebraic problems, such as computing a matrix' inverse.

Although most computer languages are not designed with commands or libraries for matrices, as early as the 1970s,
some engineering desktop computers such as the HP 9830 had ROM cartridges to add BASIC commands for
matrices. Some computer languages such as APL were designed to manipulate matrices, and various mathematical

programs can be used to aid computing with matrices.!

Decomposition

There are several methods to render matrices into a more easily accessible form. They are generally referred to as
matrix decomposition or matrix factorization techniques. The interest of all these techniques is that they preserve
certain properties of the matrices in question, such as determinant, rank or inverse, so that these quantities can be
calculated after applying the transformation, or that certain matrix operations are algorithmically easier to carry out

for some types of matrices.

The LU decomposition factors matrices as a product of lower (L) and an upper triangular matrices (U). Once this
decomposition is calculated, linear systems can be solved more efficiently, by a simple technique called forward and
back substitution. Likewise, inverses of triangular matrices are algorithmically easier to calculate. The Gaussian
elimination is a similar algorithm; it transforms any matrix to row echelon form. Both methods proceed by
multiplying the matrix by suitable elementary matrices, which correspond to permuting rows or columns and adding
multiples of one row to another row. Singular value decomposition expresses any matrix A as a product UDV”,

where U and V are unitary matrices and D is a diagonal matrix.



https://en.wikipedia.org/w/index.php?title=Sequence_%28mathematics%29
https://en.wikipedia.org/w/index.php?title=Limit_of_a_sequence
https://en.wikipedia.org/w/index.php?title=Infinity
https://en.wikipedia.org/w/index.php?title=Numerical_linear_algebra
https://en.wikipedia.org/w/index.php?title=Numerical_linear_algebra
https://en.wikipedia.org/w/index.php?title=Complexity_analysis
https://en.wikipedia.org/w/index.php?title=Numerical_stability
https://en.wikipedia.org/w/index.php?title=Upper_bound
https://en.wikipedia.org/w/index.php?title=Strassen_algorithm
https://en.wikipedia.org/w/index.php?title=Sparse_matrix
https://en.wikipedia.org/w/index.php?title=Conjugate_gradient_method
https://en.wikipedia.org/w/index.php?title=Laplace%27s_formula
https://en.wikipedia.org/w/index.php?title=Matrix_norm
https://en.wikipedia.org/w/index.php?title=Condition_number
https://en.wikipedia.org/w/index.php?title=Computer_language
https://en.wikipedia.org/w/index.php?title=HP_9830
https://en.wikipedia.org/w/index.php?title=APL_%28programming_language%29
https://en.wikipedia.org/w/index.php?title=List_of_numerical_analysis_software
https://en.wikipedia.org/w/index.php?title=List_of_numerical_analysis_software
https://en.wikipedia.org/w/index.php?title=LU_decomposition
https://en.wikipedia.org/w/index.php?title=Triangular_matrix
https://en.wikipedia.org/w/index.php?title=Forward_substitution
https://en.wikipedia.org/w/index.php?title=Forward_substitution
https://en.wikipedia.org/w/index.php?title=Row_echelon_form
https://en.wikipedia.org/w/index.php?title=Elementary_matrix
https://en.wikipedia.org/w/index.php?title=Permutation_matrix
https://en.wikipedia.org/w/index.php?title=Singular_value_decomposition
https://en.wikipedia.org/w/index.php?title=Unitary_matrix

Matrix (mathematics) 235

The eigendecomposition or diagonalization expresses

A as a product VDV_I, where D is a diagonal matrix r )\ 1

and V is a suitable invertible matrix. If A can be written 1

in this form, it is called diagonalizable. More generally, A]_ 1
and applicable to all matrices, the Jordan )\

decomposition transforms a matrix into Jordan normal

form, that is to say matrices whose only nonzero entries )\2 1

are the eigenvalues )\1 to }»n of A, placed on the main A7

diagonal and possibly entries equal to one directly )\
3

above the main diagonal, as shown at the right. Given

the eigendecomposition, the nt power of A (i.e., n-fold ¢

iterated matrix multiplication) can be calculated via A 1
n

A" = (vDV'Yy = vovlvpv'_vpv! = Py
vD"'v~! N

e |
An example of a matrix in Jordan normal form. The grey blocks are
called Jordan blocks.

and the power of a diagonal matrix can be calculated by
taking the corresponding powers of the diagonal
entries, which is much easier than doing the
exponentiation for A instead. This can be used to compute the matrix exponential eA, a need frequently arising in
solving linear differential equations, matrix logarithms and square roots of matrices. To avoid numerically

ill-conditioned situations, further algorithms such as the Schur decomposition can be employed.

Abstract algebraic aspects and generalizations

Matrices can be generalized in different ways. Abstract algebra uses matrices with entries in more general fields or
even rings, while linear algebra codifies properties of matrices in the notion of linear maps. It is possible to consider
matrices with infinitely many columns and rows. Another extension are tensors, which can be seen as
higher-dimensional arrays of numbers, as opposed to vectors, which can often be realised as sequences of numbers,
while matrices are rectangular or two-dimensional array of numbers. Matrices, subject to certain requirements tend
to form groups known as matrix groups.

Matrices with more general entries

This article focuses on matrices whose entries are real or complex numbers. However, matrices can be considered
with much more general types of entries than real or complex numbers. As a first step of generalization, any field,
i.e., a set where addition, subtraction, multiplication and division operations are defined and well-behaved, may be
used instead of R or C, for example rational numbers or finite fields. For example, coding theory makes use of
matrices over finite fields. Wherever eigenvalues are considered, as these are roots of a polynomial they may exist
only in a larger field than that of the coefficients of the matrix; for instance they may be complex in case of a matrix
with real entries. The possibility to reinterpret the entries of a matrix as elements of a larger field (e.g., to view a real
matrix as a complex matrix whose entries happen to be all real) then allows considering each square matrix to
possess a full set of eigenvalues. Alternatively one can consider only matrices with entries in an algebraically closed

field, such as C, from the outset.

More generally, abstract algebra makes great use of matrices with entries in a ring R. Rings are a more general
notion than fields in that a division operation need not exist. The very same addition and multiplication operations of
matrices extend to this setting, too. The set M(n, R) of all square n-by-n matrices over R is a ring called matrix ring,
isomorphic to the endomorphism ring of the left R-module R". If the ring R is commutative, i.e., its multiplication is

commutative, then M(n, R) is a unitary noncommutative (unless n = 1) associative algebra over R. The determinant
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of square matrices over a commutative ring R can still be defined using the Leibniz formula; such a matrix is
invertible if and only if its determinant is invertible in R, generalising the situation over a field F, where every

nonzero element is invertible. Matrices over superrings are called supermatrices.

Matrices do not always have all their entries in the same ring — or even in any ring at all. One special but common
case is block matrices, which may be considered as matrices whose entries themselves are matrices. The entries need
not be quadratic matrices, and thus need not be members of any ordinary ring; but their sizes must fulfil certain

compatibility conditions.

Relationship to linear maps

Linear maps R"” — R"" are equivalent to m-by-n matrices, as described above. More generally, any linear map f: V —

W between finite-dimensional vector spaces can be described by a matrix A = (al_/.), after choosing bases v , ..., v, of

‘ e
V, and Wioo W of W (so n is the dimension of V and m is the dimension of W), which is such that

m

f(Vj) = E a; ;W; for J = 1, T

i=1
In other words, column j of A expresses the image of Vj in terms of the basis vectors w, of W; thus this relation
uniquely determines the entries of the matrix A. Note that the matrix depends on the choice of the bases: different
choices of bases give rise to different, but equivalent matrices. Many of the above concrete notions can be
reinterpreted in this light, for example, the transpose matrix AT describes the transpose of the linear map given by A,

with respect to the dual bases.

These properties can be restated in a more natural way: the category of all matrices with entries in a field k with
multiplication as composition is equivalent to the category of finite dimensional vector spaces and linear maps over
this field.

More generally, the set of mxn matrices can be used to represent the R-linear maps between the free modules R"™ and
R" for an arbitrary ring R with unity. When n = m composition of these maps is possible, and this gives rise to the

matrix ring of nxn matrices representing the endomorphism ring of R".

Matrix groups

A group is a mathematical structure consisting of a set of objects together with a binary operation, i.e., an operation
combining any two objects to a third, subject to certain requirements.m A group in which the objects are matrices
and the group operation is matrix multiplication is called a matrix group.m Since in a group every element has to be
invertible, the most general matrix groups are the groups of all invertible matrices of a given size, called the general

linear groups.

Any property of matrices that is preserved under matrix products and inverses can be used to define further matrix
groups. For example, matrices with a given size and with a determinant of 1 form a subgroup of (i.e., a smaller group
contained in) their general linear group, called a special linear group. Orthogonal matrices, determined by the
condition

M'M=1,
form the orthogonal group. Every orthogonal matrix has determinant 1 or —1. Orthogonal matrices with determinant

1 form a subgroup called special orthogonal group.

Every finite group is isomorphic to a matrix group, as one can see by considering the regular representation of the

symmetric group. General groups can be studied using matrix groups, which are comparatively well-understood, by

means of representation theory.[g]
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Infinite matrices

It is also possible to consider matrices with infinitely many rows and/or columns™’

even if, being infinite objects,
one cannot write down such matrices explicitly. All that matters is that for every element in the set indexing rows,
and every element in the set indexing columns, there is a well-defined entry (these index sets need not even be
subsets of the natural numbers). The basic operations of addition, subtraction, scalar multiplication and transposition
can still be defined without problem; however matrix multiplication may involve infinite summations to define the

resulting entries, and these are not defined in general.

If R is any ring with unity, then the ring of endomorphisms of M = @ Ry right R module is isomorphic to the
el

ring of column finite matrices CIFM I( R) whose entries are indexed by [ x [, and whose columns each contain

only finitely many nonzero entries. The endomorphisms of M considered as a left R module result in an analogous

object, the row finite matrices IRIFM[; ( R) whose rows each only have finitely many nonzero entries.
If infinite matrices are used to describe linear maps, then only those matrices can be used all of whose columns have

but a finite number of nonzero entries, for the following reason. For a matrix A to describe a linear map f; V—W,
bases for both spaces must have been chosen; recall that by definition this means that every vector in the space can
be written uniquely as a (finite) linear combination of basis vectors, so that written as a (column) vector v of
coefficients, only finitely many entries v, are nonzero. Now the columns of A describe the images by f of individual
basis vectors of V in the basis of W, which is only meaningful if these columns have only finitely many nonzero
entries. There is no restriction on the rows of A however: in the product A-v there are only finitely many nonzero
coefficients of v involved, so every one of its entries, even if it is given as an infinite sum of products, involves only
finitely many nonzero terms and is therefore well defined. Moreover this amounts to forming a linear combination of
the columns of A that effectively involves only finitely many of them, whence the result has only finitely many
nonzero entries, because each of those columns do. One also sees that products of two matrices of the given type is
well defined (provided as usual that the column-index and row-index sets match), is again of the same type, and

corresponds to the composition of linear maps.

If R is a normed ring, then the condition of row or column finiteness can be relaxed. With the norm in place,
absolutely convergent series can be used instead of finite sums. For example, the matrices whose column sums are
absolutely convergent sequences form a ring. Analogously of course, the matrices whose row sums are absolutely

convergent series also form a ring.

In that vein, infinite matrices can also be used to describe operators on Hilbert spaces, where convergence and
continuity questions arise, which again results in certain constraints that have to be imposed. However, the explicit

[10]

point of view of matrices tends to obfuscate the matter,  and the abstract and more powerful tools of functional

analysis can be used instead.

Empty matrices

An empty matrix is a matrix in which the number of rows or columns (or both) is zero 11121 Empty matrices help
dealing with maps involving the zero vector space. For example, if A is a 3-by-0 matrix and B is a 0-by-3 matrix,
then AB is the 3-by-3 zero matrix corresponding to the null map from a 3-dimensional space V to itself, while BA is a
0-by-0 matrix. There is no common notation for empty matrices, but most computer algebra systems allow creating
and computing with them. The determinant of the 0-by-0 matrix is 1 as follows from regarding the empty product
occurring in the Leibniz formula for the determinant as 1. This value is also consistent with the fact that the identity
map from any finite dimensional space to itself has determinant 1, a fact that is often used as a part of the

characterization of determinants.
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Applications

There are numerous applications of matrices, both in mathematics and other sciences. Some of them merely take
advantage of the compact representation of a set of numbers in a matrix. For example, in game theory and
economics, the payoff matrix encodes the payoff for two players, depending on which out of a given (finite) set of
alternatives the players choose. Text mining and automated thesaurus compilation makes use of document-term

matrices such as tf-idf to track frequencies of certain words in several documents.

Complex numbers can be represented by particular real 2-by-2 matrices via

b a —b
a 4+ 1b
b a|’
under which addition and multiplication of complex numbers and matrices correspond to each other. For example,

2-by-2 rotation matrices represent the multiplication with some complex number of absolute value 1, as above. A

similar interpretation is possible for quaternions, and also for Clifford algebras in general.

Early encryption techniques such as the Hill cipher also used matrices. However, due to the linear nature of matrices,
these codes are comparatively easy to break. Computer graphics uses matrices both to represent objects and to
calculate transformations of objects using affine rotation matrices to accomplish tasks such as projecting a
three-dimensional object onto a two-dimensional screen, corresponding to a theoretical camera observation. Matrices

over a polynomial ring are important in the study of control theory.

Chemistry makes use of matrices in various ways, particularly since the use of quantum theory to discuss molecular
bonding and spectroscopy. Examples are the overlap matrix and the Fock matrix used in solving the Roothaan

equations to obtain the molecular orbitals of the Hartree—Fock method.

Graph theory

The adjacency matrix of a finite graph is a basic notion of graph theory. It
saves which vertices of the graph are connected by an edge. Matrices
containing just two different values (1 and 0 meaning for example "yes" and
"no", respectively) are called logical matrices. The distance (or cost) matrix
contains information about distances of the edges. These concepts can be
applied to websites connected hyperlinks or cities connected by roads etc., in
which case (unless the road network is extremely dense) the matrices tend to
be sparse, i.e., contain few nonzero entries. Therefore, specifically tailored

matrix algorithms can be used in network theory.
An undirected graph with adjacency

110
Analysis and geometry maix |1 0 1
The Hessian matrix of a differentiable function £ R" — R consists of the 010

second derivatives of f with respect to the several coordinate directions, i.e.

82 f

H(f) = Ox; O01;
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It encodes information about the local growth behaviour of the
function: given a critical point X = (xl, ey xn), i.e., a point where the

first partial derivatives @ f / Ox; of f vanish, the function has a local

30 minimum if the Hessian matrix is positive definite. Quadratic
:jl programming can be used to find global minima or maxima of
e quadratic functions closely related to the ones attached to matrices (see
” above).

Another matrix frequently used in geometrical situations is the Jacobi

. . . . Dl m
At the saddle point (x = 0, y = 0) (red) of the matrix of a differentiable map £ R*™ — R". If f, .., fm denote the

function f(x,~y) = x> — y°, the Hessian matrix components of f, then the Jacobi matrix is defined as
2 0
is indefinite. af;
0 -2 () = |22
oz

711<i<m,1<5<n
If n > m, and if the rank of the Jacobi matrix attains its maximal value

m, f is locally invertible at that point, by the implicit function theorem.!*!

Partial differential equations can be classified by considering the matrix of coefficients of the highest-order
differential operators of the equation. For elliptic partial differential equations this matrix is positive definite, which

has decisive influence on the set of possible solutions of the equation in question.

The finite element method is an important numerical method to solve partial differential equations, widely applied in
simulating complex physical systems. It attempts to approximate the solution to some equation by piecewise linear
functions, where the pieces are chosen with respect to a sufficiently fine grid, which in turn can be recast as a matrix

equation. [14]

Probability theory and statistics

Stochastic matrices are square matrices whose

rows are probability vectors, i.e., whose entries 1000
are non-negative and sum up to one. Stochastic

matrices are used to define Markov chains with 800F
finitely many states. A row of the stochastic
matrix gives the probability distribution for the 600r
next position of some particle currently in the
state that corresponds to the row. Properties of 400f
the Markov chain like absorbing states, i.e.,
states that any particle attains eventually, can be 2007

read off the eigenvectors of the transition

matrices. % 10 20 30 20 50

Statistics also makes use of matrices in many

. .. .. . Two different Markov chains. The chart depicts the number of particles (of a
different forms. Descriptive statistics is ) o i
total of 1000) in state "2". Both limiting values can be determined from the

concerned with describing data sets, which can

often be represented as data matrices, which may transition matrices, which are given by 31 (red) and 3 8
then be subjected to dimensionality reduction (black).

techniques. The covariance matrix encodes the

mutual variance of several random variables. Another technique using matrices are linear least squares, a method

that approximates a finite set of pairs (xl, yl), (x2, y2), ey (xN, yN), by a linear function

yizaxl,+b,i= 1, ..N
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which can be formulated in terms of matrices, related to the singular value decomposition of matrices.

Random matrices are matrices whose entries are random numbers, subject to suitable probability distributions, such
as matrix normal distribution. Beyond probability theory, they are applied in domains ranging from number theory to

physics.

Symmetries and transformations in physics

Linear transformations and the associated symmetries play a key role in modern physics. For example, elementary
particles in quantum field theory are classified as representations of the Lorentz group of special relativity and, more
specifically, by their behavior under the spin group. Concrete representations involving the Pauli matrices and more
general gamma matrices are an integral part of the physical description of fermions, which behave as spinors. For the
three lightest quarks, there is a group-theoretical representation involving the special unitary group SU(3); for their
calculations, physicists use a convenient matrix representation known as the Gell-Mann matrices, which are also
used for the SU(3) gauge group that forms the basis of the modern description of strong nuclear interactions,
quantum chromodynamics. The Cabibbo—Kobayashi—Maskawa matrix, in turn, expresses the fact that the basic
quark states that are important for weak interactions are not the same as, but linearly related to the basic quark states

that define particles with specific and distinct masses. !>

Linear combinations of quantum states

The first model of quantum mechanics (Heisenberg, 1925) represented the theory's operators by infinite-dimensional
matrices acting on quantum states. This is also referred to as matrix mechanics. One particular example is the density
matrix that characterizes the "mixed" state of a quantum system as a linear combination of elementary, "pure"

eigenstates.

Another matrix serves as a key tool for describing the scattering experiments that form the cornerstone of
experimental particle physics: Collision reactions such as occur in particle accelerators, where non-interacting
particles head towards each other and collide in a small interaction zone, with a new set of non-interacting particles
as the result, can be described as the scalar product of outgoing particle states and a linear combination of ingoing
particle states. The linear combination is given by a matrix known as the S-matrix, which encodes all information

about the possible interactions between particles.

Normal modes

A general application of matrices in physics is to the description of linearly coupled harmonic systems. The
equations of motion of such systems can be described in matrix form, with a mass matrix multiplying a generalized
velocity to give the kinetic term, and a force matrix multiplying a displacement vector to characterize the
interactions. The best way to obtain solutions is to determine the system's eigenvectors, its normal modes, by
diagonalizing the matrix equation. Techniques like this are crucial when it comes to the internal dynamics of
molecules: the internal vibrations of systems consisting of mutually bound component atoms. They are also needed

for describing mechanical vibrations, and oscillations in electrical circuits.

Geometrical optics

Geometrical optics provides further matrix applications. In this approximative theory, the wave nature of light is
neglected. The result is a model in which light rays are indeed geometrical rays. If the deflection of light rays by
optical elements is small, the action of a lens or reflective element on a given light ray can be expressed as
multiplication of a two-component vector with a two-by-two matrix called ray transfer matrix: the vector's
components are the light ray's slope and its distance from the optical axis, while the matrix encodes the properties of
the optical element. Actually, there are two kinds of matrices, viz. a refraction matrix describing the refraction at a

lens surface, and a translation matrix, describing the translation of the plane of reference to the next refracting
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surface, where another refraction matrix applies. The optical system, consisting of a combination of lenses and/or

reflective elements, is simply described by the matrix resulting from the product of the components' matrices.

Electronics
Traditional mesh analysis in electronics leads to a system of linear equations that can be described with a matrix.

The behaviour of many electronic components can be described using matrices. Let A be a 2-dimensional vector with
the component's input voltage v, and input current { , as its elements, and let B be a 2-dimensional vector with the
component's output voltage v, and output current i2 as its elements. Then the behaviour of the electronic component
can be described by B = H - A, where H is a 2 x 2 matrix containing one impedance element (h1 2), one admittance
element (h21) and two dimensionless elements (h11 and h22). Calculating a circuit now reduces to multiplying

matrices.

History

Matrices have a long history of application in solving linear equations but they were known as arrays until the 1800s.
The Chinese text The Nine Chapters on the Mathematical Art is the first example of the use of array methods to

(el including the concept of determinants. In 1545 Italian mathematician Girolamo

solve simultaneous equations,
Cardano brought the method to Europe when he published Ars Magna.m] The Japanese mathematician Seki used the
same array methods to solve simultaneous equations in 1683. The Dutch Mathematician Jan de Witt represented
transformations using arrays in his 1659 book Elements of Curves (1659).!'8! Between 1700 and 1710 Gottfired
Wilhelm Leibniz publicized the use of arrays for recording information or solutions and experimented with over 50

different systems of arrays. Cramer presented his rule in 1750.

The term "matrix" (Latin for "womb", derived from mater—mother) was coined by James Joseph Sylvester in
1850,[19] who understood a matrix as an object giving rise to a number of determinants today called minors, that is to
say, determinants of smaller matrices that derive from the original one by removing columns and rows. In an 1851

paper, Sylvester explains:

I have in previous papers defined a "Matrix" as a rectangular array of terms, out of which different systems of

determinants may be engendered as from the womb of a common parent.[zm

Arthur Cayley published a treatise on geometric transformations using matrices that were not rotated versions of the
coefficients being investigated as had previously been done. Instead he defined operations such as addition,
subtraction, multiplication, and division as transformations of those matrices and showed the associative and
distributive properties held true. Cayley investigated and demonstrated the non-commutative property of matrix
multiplication as well as the commutative property of matrix addition. Early matrix theory had limited the use of
arrays almost exclusively to determinants and Arthur Caley's abstract matrix operations were revolutionary. He was
instrumental in proposing a matrix concept independent of equation systems. In 1858 Cayley published his Memoir

on the theory of matrices in which he proposed and demonstrated the Cayley-Hamilton theorem.

An English mathematician named Cullis was the first to use modern bracket notation for matrices in 1913 and he
simultaneously demonstrated the first significant use the notation A = [aiJ.] to represent a matrix where a; refers to

the ith row and the jth column.

The study of determinants sprang from several sources. Number-theoretical problems led Gauss to relate coefficients
of quadratic forms, i.e., expressions such as 2+ Xy — 2y2, and linear maps in three dimensions to matrices.
Eisenstein further developed these notions, including the remark that, in modern parlance, matrix products are
non-commutative. Cauchy was the first to prove general statements about determinants, using as definition of the

determinant of a matrix A = [aiJ] the following: replace the powers ajk by ay in the polynomial

aias---a, H(aj — ai)’

<]
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where IT denotes the product of the indicated terms. He also showed, in 1829, that the eigenvalues of symmetric
matrices are real. Jacobi studied "functional determinants"—Ilater called Jacobi determinants by Sylvester—which
can be used to describe geometric transformations at a local (or infinitesimal) level, see above; Kronecker's
Vorlesungen iiber die Theorie der Determinanten and Weierstrass' Zur Determinantentheorie, both published in
1903, first treated determinants axiomatically, as opposed to previous more concrete approaches such as the

mentioned formula of Cauchy. At that point, determinants were firmly established.

Many theorems were first established for small matrices only, for example the Cayley—Hamilton theorem was
proved for 2x2 matrices by Cayley in the aforementioned memoir, and by Hamilton for 4x4 matrices. Frobenius,
working on bilinear forms, generalized the theorem to all dimensions (1898). Also at the end of the 19th century the
Gauss—Jordan elimination (generalizing a special case now known as Gauss elimination) was established by Jordan.
In the early 20th century, matrices attained a central role in linear algebra. partially due to their use in classification

of the hypercomplex number systems of the previous century.

The inception of matrix mechanics by Heisenberg, Born and Jordan led to studying matrices with infinitely many
rows and columns. Later, von Neumann carried out the mathematical formulation of quantum mechanics, by further
developing functional analytic notions such as linear operators on Hilbert spaces, which, very roughly speaking,

correspond to Euclidean space, but with an infinity of independent directions.

Other historical usages of the word “matrix” in mathematics
The word has been used in unusual ways by at least two authors of historical importance.

Bertrand Russell and Alfred North Whitehead in their Principia Mathematica (1910—1913) use the word “matrix” in
the context of their Axiom of reducibility. They proposed this axiom as a means to reduce any function to one of

lower type, successively, so that at the “bottom” (0 order) the function is identical to its extension:

“Let us give the name of matrix to any function, of however many variables, which does not involve any
apparent variables. Then any possible function other than a matrix is derived from a matrix by means of
generalization, i.e., by considering the proposition which asserts that the function in question is true with all
possible values or with some value of one of the arguments, the other argument or arguments remaining

undetermined”.[*!!

For example a function ®(x, y) of two variables x and y can be reduced to a collection of functions of a single
variable, e.g., y, by “considering” the function for all possible values of “individuals” a, substituted in place of
variable x. And then the resulting collection of functions of the single variable y, i.e., Vai: CD(al,, y), can be reduced to
a “matrix” of values by “considering” the function for all possible values of “individuals” bl_ substituted in place of
variable y:

Vijai: CD(al., bj ).
Alfred Tarski in his 1946 Introduction to Logic used the word “matrix” synonymously with the notion of truth table

as used in mathematical logic.[zz]
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Notes

[1] equivalently, table

[2] K. Bryan and T. Leise. The $25,000,000,000 eigenvector: The linear algebra behind Google. SIAM Review, 48(3):569—581, 2006.

[3] http://ed.ted.com/lessons/how-to-organize-add-and-multiply-matrices-bill-shillito

[4] Eigen means "own" in German and in Dutch.

[5] For example, Mathematica, see

[6] See any standard reference in group.

[7]1 Additionally, the group is required to be closed in the general linear group.

[8] See any reference in representation theory or group representation.

[9] See the item "Matrix" in

[10] "Not much of matrix theory carries over to infinite-dimensional spaces, and what does is not so useful, but it sometimes helps."

[11] "Empty Matrix: A matrix is empty if either its row or column dimension is zero", Glossary (http://www.omatrix.com/manual/glossary.
htm), O-Matrix v6 User Guide

[12] "A matrix having at least one dimension equal to zero is called an empty matrix", MATLAB Data Structures (http://www.system.nada.
kth.se/unix/software/matlab/Release_14.1/techdoc/matlab_prog/ch_dat29.html)

[13] . For a more advanced, and more general statement see

[14] . See also stiffness method.

[15] see

[16] cited by

[17] Discrete Mathematics 4th Ed. Dossey, Otto, Spense, Vanden Eynden, Published by Addison Wesley, October 10, 2001 ISBN
978-0321079121 | p.564-565

[18] Discrete Mathematics 4th Ed. Dossey, Otto, Spense, Vanden Eynden, Published by Addison Wesley, October 10, 2001 ISBN
978-0321079121 | p.564

[19] Although many sources state that J. J. Sylvester coined the mathematical term "matrix" in 1848, Sylvester published nothing in 1848. (For
proof that Sylvester published nothing in 1848, see: J. J. Sylvester with H. F. Baker, ed., The Collected Mathematical Papers of James Joseph
Sylvester (Cambridge, England: Cambridge University Press, 1904), vol. 1. (http://books.google.com/books?id=r-kZAQAAIAAJ&
pg=PR6#v=0nepage&q&f=false)) His earliest use of the term "matrix" occurs in 1850 in: J. J. Sylvester (1850) "Additions to the articles in
the September number of this journal, "On a new class of theorems," and on Pascal's theorem," The London, Edinburgh and Dublin
Philosophical Magazine and Journal of Science, 37 : 363-370. From page 369 (http://books.google.com/books?id=CBhDAQAAIAAJ&
pg=PA369#v=onepage&q&f=false): "For this purpose we must commence, not with a square, but with an oblong arrangement of terms
consisting, suppose, of m lines and n columns. This will not in itself represent a determinant, but is, as it were, a Matrix out of which we may
form various systems of determinants ... "

[20] The Collected Mathematical Papers of James Joseph Sylvester: 1837—1853, Paper 37 (http://books.google.com/
books?id=5GQPIxWrDIiEC&pg=PA247&dq=sylvester+matrix+wombd&hl=en&ei=uJakTaytCoOv8gPa5cG5Dw&sa=X&
oi=book_result&ct=result&resnum=8& ved=0CE8Q6AEwBw#v=onepage&q&f=false), p. 247
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¢ Oehlert, Gary W.; Bingham, Christopher, MacAnova (http://www.stat.umn.edu/macanova/macanova.home.
html), University of Minnesota, School of Statistics, retrieved 10 dec 2008, a freeware package for matrix algebra
and statistics

*  Online matrix calculator (http://www.idomaths.com/matrix.php), retrieved 14 dec 2009

* Operation with matrices in R (determinant, track, inverse, adjoint, transpose) (http://www.elektro-energetika.
cz/calculations/matreg.php?language=english)

Matrix addition

In mathematics, matrix addition is the operation of adding two matrices by adding the corresponding entries
together. However, there are other operations which could also be considered as a kind of addition for matrices, the

direct sum and the Kronecker sum.

Entrywise sum

The usual matrix addition is defined for two matrices of the same dimensions. The sum of two m x n (pronounced

"m by n") matrices A and B, denoted by A + B, is again an m x n matrix computed by adding corresponding
(1]

elements:
-011 a2 - Q1n bu bz -+ b,
A+B= 0».21 G.22 . a’?n i b1 5?2 s bgg
Aml Am2 " Gnn, bml bm? ot bmn
[ a1 +b1 aguat+be - a1+ b
| @ +bo1  agetbe - G, +bo,
_aml + bml Am2 + bm2 e Arm + bmn
For example:
1 3 00 1+0 340 1 3
1 0+ |7 5] =114+7 04+5[{ =18 b
1 2 21 1+2 2+1 3 3

We can also subtract one matrix from another, as long as they have the same dimensions. A — B is computed by

subtracting corresponding elements of A and B, and has the same dimensions as A and B. For example:

1 3 00 1-0 3-0 1 3
1 0| -7 8| =|1-7T 0-5|=|-6 -5
1 2 21 1-2 2-1 -1 1
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Direct sum

Another operation, which is used less often, is the direct sum (denoted by @). Note the Kronecker sum is also

denoted @; the context should make the usage clear. The direct sum of any pair of matrices A of size m x n and B of

size p X ¢ is a matrix of size (m + p) x (n + g) defined as t

oy o+ @y, 0 --- 07
A O 0t -+ @y, 0 -0 0
A@B_[o B]_ 0 -~ 0 by - by
_0 0 bpl bpq_
For instance,
13200
132 [16] 23100
23 1%lo1lT]oo0oo0 16
0000 1

The direct sum of matrices is a special type of block matrix, in particular the direct sum of square matrices is a block

diagonal matrix.

The adjacency matrix of the union of disjoint graphs or multigraphs is the direct sum of their adjacency matrices.

Any element in the direct sum of two vector spaces of matrices can be represented as a direct sum of two matrices.

In general, the direct sum of n matrices is:[IJ

A, 0 --- O
L 0 A, .-+ O
P A: = diag(As, Az, A5 - A,) =
i=1 i i . i
0 0 --- A,

where the zeros are actually blocks of zeros, i.e. zero matricies.

NB: Sometimes in this context, boldtype for matrices is dropped, matricies are written in italic.

Kronecker sum

The Kronecker sum is different from the direct sum but is also denoted by @. It is defined using the Kronecker
product ® and normal matrix addition. If A is n-by-n, B is m-by-m and I, denotes the k-by-k identity matrix then
the Kronecker sum is defined by:

Notes

[1] Lipschutz Lipson.
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External links
* Direct sum of matrices (http://planetmath.org/encyclopedia/DirectSumOfMatrices.html) at PlanetMath

* 4x4 Matrix Addition and Subtraction (http://ncalculators.com/matrix/
4x4-matrix-addition-subtraction-calculator.htm)

e Abstract nonsense: Direct Sum of Linear Transformations and Direct Sum of Matrices (http://drexel28.
wordpress.com/2010/12/22/direct-sum-of-linear-transformations-and-direct-sum-of-matrices-pt-iii/)

e Mathematics Source Library: Arithmetic Matrix Operations (http://www.mymathlib.com/matrices/arithmetic/
direct_sum.html)

e Matrix Algebra and R (http://www.aps.uoguelph.ca/~Irs/ABMethods/NOTES/CDmatrix.pdf)

Matrix multiplication

In mathematics, matrix multiplication is a binary operation that takes a pair of matrices, and produces another
matrix. Numbers such as the real or complex numbers can be multiplied according to elementary arithmetic. On the
other hand, matrices are arrays of numbers, so there is no unique way to define "the" multiplication of matrices. As
such, in general the term "matrix multiplication" refers to a number of different ways to multiply matrices. The key
features of any matrix multiplication include: the number of rows and columns the original matrices have (called the

non

"size", "order" or "dimension"), and specifying how the entries of the matrices generate the new matrix.

Like vectors, matrices of any size can be multiplied by scalars, which amounts to multiplying every entry of the
matrix by the same number. Similar to the entrywise definition of adding or subtracting matrices, multiplication of
two matrices of the same size can be defined by multiplying the corresponding entries, and this is known as the
Hadamard product. Another definition is the Kronecker product of two matrices, to obtain a block matrix.

One can form many other definitions. However, the most useful definition can be motivated by linear equations and
linear transformations on vectors, which have numerous applications in applied mathematics, physics, and
engineering. This definition is often called the matrix product.[l][z] In words, if A is an n x m matrix and B is a m x
p matrix, their matrix product AB is an n x p matrix, in which the m entries across the rows of A are multiplied with

the m entries down the columns of B (the precise definition is below).

This definition is not commutative, although it still retains the associative property and is distributive over entrywise
addition of matrices. The identity element of the matrix product is the identity matrix (analogous to multiplying
numbers by 1), and a square matrix may have an inverse matrix (analogous to the multiplicative inverse of a
number). A consequence of the matrix product is determinant multiplicativity. The matrix product is an important
operation in linear transformations, matrix groups, and the theory of group representations and irreps. For large
matrices and/or products of more than two matrices, this matrix product can be very time consuming to calculate, so

more efficient algorithms to compute the matrix product than the mathematical definition have been developed.

This article will use the following notational conventions: matrices are represented by capital letters in bold, e.g. A,
vectors in lowercase bold, e.g. a, and entries of vectors and matrices are italic (since they are scalars), e.g. A and a.
Index notation is often the clearest way to express definitions, and will be used as standard in the literature. The i, j
entry of matrix A is indicated by (A)ij or Aij’ whereas a numerical label (not matrix entries) on a collection of

matrices is subscripted only, e.g. Al, Az’ etc.
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Scalar multiplication
The simplest form of multiplication associated with matrices is scalar multiplication.

The left scalar multiplication of a matrix A with a scalar A gives another matrix AA of the same size as A. The

entries of AA are defined by
(AA);; = A(A)

if ?

explicitly:
All A12 e Alm A1411 )\A12 o )\Alm

AA — )\ A.Ql A.22 ) A2m _ Af.lQl )\—’4.122 ) )\AQ'm,

A A o Am) \DAw M - AMom

Similarly, the right scalar multiplication of a matrix A with a scalar A is defined to be

(AA)i; = (A)ij A,

explicitly:
All A12 e Alm 1411A AIZ)\ e 141111,A

. A.21 A.22 A?m _ Ay:l)\ Ag.g)\ Agfn)\
An Ag o A AuX Agh o Apad

When the underlying ring is commutative, for example, the real or complex number field, these two multiplications
are the same, and are simply called scalar multiplication. However, for matrices over a more general ring that are not

commutative, such as the quaternions, they may not be equal.

For a real scalar and matrix:

a b
ven, A= (2 )
a b 2.0 2-b a2 b-2 a b
QA_Z(C d)_ (Z-C 2-d) _(C-Z d-2>_(c d)Q_AZ'

For quaternion scalars and matrices:

. 1 0
A=1, A= (0 J)
i(F OY = (® O (=1 0) (=1 0 _(# 0)_ (i 0\,
0 7/ 7\0 i) T \0 & o —k) - \o ji) \o j/*
where i, j, k are the quaternion units. The non-commutativity of quaternion multiplication prevents the transition of

changing ij = +k to ji = —k.
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Matrix product (two matrices)

Assume two matrices are to be multiplied (the generalization to any number is discussed below).

General definition of the matrix product

If A is an n x m matrix and B is an m x p

matrix,

A X B1j
+A;, X sz
+A;5 X B3j

Arithmetic process of multiplying numbers (solid lines) in row i in matrix A and
, then adding the terms (dashed lines) to obtain entry ij in the
final matrix.
All A12 Ut Alm Bll B]2 Tt Blp
A21 A22 Ut A2 B21 B22 Tt 32
A= 7 T B= S T T
Anl A'n,Q Ut A'n,m Bml Bm2 Ut Bmp
the matrix product AB (denoted without multiplication signs or dots) is defined to be the n x p matrix>/4
(AB)n (AB)12 e (AB)1p
(AB),, (AB),, --- (AB)
21 22 2
AB= | R -
(AB)nl (AB)n2 T (A‘B)np

where each i, j entry is given by multiplying the entries Aik (across row i of A) by the entries B 4 (down column j of

B), for k=1, 2, ..., m, and summing the results over k:

(AB).EJ' = ZAikBkj .
k=1

Thus the product AB is defined only if the number of columns in A is equal to the number of rows in B, in this case
m. Each entry may be computed one at a time. Sometimes, the summation convention is used as it is understood to

sum over the repeated index k. To prevent any ambiguity, this convention will not be used in the article.

Usually the entries are numbers or expressions, but can even be matrices themselves (see block matrix). The matrix
product can still be calculated exactly the same way. See below for details on how the matrix product can be

calculated in terms of blocks taking the forms of rows and columns.
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Illustration

The figure to the right illustrates diagrammatically the product of two

oy

matrices A and B, showing how each intersection in the product matrix — —

(=
-
N

[
-
W

corresponds to a row of A and a column of B.

o
N
N

(*2
N
W

|
O
|

al.ll a1,2

a

21
el o

a4,1|aa,z

a2,2

4x2 matrix 4x3 matrix
[all a2 2x3 matrix T2

bia b3

bao bog| |- - 33

The values at the intersections marked with circles are:
Z12 = ajibia + a12b2

T3z = a31b13 + a30ba3

Examples of matrix products
Row vector and column vector

It

A=(a b)), B:(“"),

their matrix products are:

AB= (a b)(Z) = az + by,

2= () 9= )

Note AB and BA are two very different matrices: the first is a 1 x 1 matrix while the second is a 2 x 2 matrix. Such

and

expressions occur for real-valued Euclidean vectors in Cartesian coordinates, displayed as row and column matrices,
in which case AB is the matrix form of their inner product, while BA the matrix form of their dyadic or tensor
product.

Square matrix and column vector

If
a b T
a=(23) 2=()

their matrix product is:

_fa b\(z\ [azr+by
AB_(C d) (y>_(ca:—|—dy)’
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however BA is not defined.

The product of a square matrix multiplied by a column matrix arises naturally in linear algebra; for solving linear
equations and representing linear transformations. By choosing a, b, ¢, d in A appropriately, A can represent a
variety of transformations such as rotations, scaling and reflections, shears, of a geometric shape in space.

Square matrices

If
_fa b (o B
(29 =-(5)

their matrix products are:

_fa b\{a B\ [eax+by aB+bd
AB_(C d)(*y 5>_<ca+d'y cﬁ+d§)’

BA — (¢ B\fa b\ [oa+fc ab+Bd
“\y 8/\c d) \va+dc vb+dd)"

In this case, both products AB and BA are defined, and the entries show that AB and BA are not equal in general.

and

Multiplying square matrices which represent linear transformations corresponds to the composite transformation (see

below for details).

Row vector, square matrix, and column vector

A=(a b), Bzeg) c:@)

their matrix product is:

snc— G 9 [(2 ()] - [« 0 )] ()

(b (fﬁg) _ (ap+br ag+bs) (y)

= apx + aqy + brz + bsy ,
however CBA is not defined. Note that A(BC) = (AB)C, this is one of many general properties listed below.
Expressions of the form ABC occur when calculating the inner product of two vectors displayed as row and column

vectors in an arbitrary coordinate system, and the metric tensor in these coordinates written as the square matrix.

Properties of the matrix product (two matrices)

Analogous to numbers (elements of a field), matrices satisfy the following general properties, although there is one

subtlety, due to the nature of matrix multiplication.

All matrices

1. Not commutative:

In general:

AB # BA
because AB and BA may not be simultaneously defined, and even if they are they may still not be equal. This is
contrary to ordinary multiplication of numbers. To specify the ordering of matrix multiplication in words;

"pre-multiply (or left multiply) A by B" means BA, while "post-multiply (or right multiply) A by C" means AC.

As long as the entries of the matrix come from a ring that has an identity, and n > 1 there is a pair of n X n
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noncommuting matrices over the ring. A notable exception is that the identity matrix (or any scalar multiple of it)
commutes with every square matrix.

In index notation:

Z A Brj # Z Bix Agj
k k
2. Distributive over matrix addition:
Left distributivity:

AB+C)=AB+ AC
Right distributivity:

(A +B)C = AC + BC
In index notation, these are respectively:

Z Ai(By; + Cij) = Z AixBy; + Z AirCr;
k k %

Z(A'ik + Bi)Crj = Z A Cl; + Z By C;
k k k
3. Scalar multiplication is compatible with matrix multiplication:

AMAB) = (AA)Band (AB)A = A(B))
where A is a scalar. If the entries of the matrix are real or complex numbers (or from any other commutative ring),
then all four quantities are equal. More generally, all four are equal if A belongs to the center of the ring of entries
of the matrix, because in this case AX = XA for all matrices X.

In index notation, these are respectively:
M) (AiBis) =3 (M) By = Y Aig(ABy;)
k

Z(A'ikBkj))\ - Z(Aik)\)Bkj - ZAZ]G(B]GJA)

4. Transpose:
(AB)T = BTAT
where T denotes the transpose, the interchange of row i with column i in a matrix. This identity holds for any
matrices over a commutative ring, but not for all rings in general. Note that 'A and B are reversed.

In index notation:

[(AB)"],; = (AB);; = > | (A); (B)u = > (A"),, (BY), = >_ (B), (A"),, = [(A") (B)],,

k k k
5. Complex conjugate: If A and B have complex entries, then
(AB)* = A*B*
where * denotes the complex conjugate of a matrix.
In index notation:
*
[(AB)*]ij = Z (A)ik (B)kj = Z (A):k (B):j = Z (A*)ik (B*)kj = (A*B*)ij
k k k
6. Conjugate transpose: If A and B have complex entries, then

(AB)! = BTA
where T denotes the Conjugate transpose of a matrix (complex conjugate and transposed).

In index notation:

[(AB)T] 3 [(AB)*]ji = Z (A*)jk (B*)ki = Z (AT)kj (BT)ik = Z (BT)ik (AT)kj = [(AT) (BT)L'J’

k K
7. Traces: The trace of a product AB is independent of the order of A and B:
tr(AB) = tr(BA)
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In index notation:
tI‘(AB) = Z Z A,;kBk,; = Z Z BkiAik = tI‘(BA)
i k k i

Square matrices only

1. Identity element: If A is a square matrix, then
AT=TA=A
where I is the identity matrix of the same order.
2. Inverse matrix: If A is a square matrix, there may be an inverse matrix A1 of A such that
AATT=ATTA=T
If this property holds then A is an invertible matrix, if not A is a singular matrix. Moreover,
(AB)! =B'A™!
3. Determinants: The determinant of a product AB is the product of the determinants of square matrices A and B
(not defined when the underlying ring is not commutative):
det(AB) = det{A) det(B)
Since det(A) and det(B) are just numbers and so commute, det(AB) = det(A)det(B) = det(B)det(A) = det(BA),
even when AB # BA.

Matrix product (any number)

Matrix multiplication can be extended to the case of more than two matrices, provided that for each sequential pair,

their dimensions match.

The product of n matrices Al, A2, e An with sizes s X s, 5 XS, .., 8

0 X S8 X8, n_lxsn(wheres

0 51 Sy e S, ATE all simply

positive integers and the subscripts are labels corresponding to the matrices, nothing more), is the 8% S, matrix:
n

[JAi=AA;---A,.

i=1
In index notation:

81 Lp) Sn—1
(A1A2 T A”)ioin = § : Z : o Z : (Al)ioil (Ag)iliz (AB)i2i3 U (A”_l)in—zin—l (A"‘)in_lin
21=1143=1 tn_1=1

Properties of the matrix product (any number)

The same properties will hold, as long as the ordering of matrices is not changed. Some of the previous properties for

more than two matrices generalize as follows.

1. Associative:
The matrix product is associative. If three matrices A, B, and C are respectively m x p, p X ¢, and g x r matrices,

then there are two ways of grouping them without changing their order, and
ABC = A(BC) = (AB)C
is an m X r matrix.
If four matrices A, B, C, and D are respectively m X p, p X g, g X r, and r X s matrices, then there are five ways of
grouping them without changing their order, and
ABCD = ((AB)C)D = (A(BC))D = A((BC)D) = A(B(CD)) = (AB)(CD)
is an m X s matrix.

In general, the number of possible ways of grouping » matrices for multiplication is equal to the (n — 1)th Catalan

number
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2. Trace: The trace of a product of n matrices Al, A2, ey An is invariant under cyclic permutations of the matrices
in the product:

tI(A1A2A3 . An—2An—lAn) = tr(A2A3A4 . An—lAnAl) = tI‘(A3A4A5 . AnAlAg) = ...

3. Determinant: For square matrices only, the determinant of a product is the product of determinants:
k(3 n
det H A.,; = H det (A.b)
=1 i=1

Examples of chain multiplication

Similarity transformations involving similar matrices are matrix products of the three square matrices, in the form:

B =P 'AP
where P is the similarity matrix and A and B are said to be similar if this relation holds. This product appears
frequently in linear algebra and applications, such as diagonalizing square matrices and the equivalence between

different matrix representations of the same linear operator.

Operations derived from the matrix product

More operations on square matrices can be defined using the matrix product, such as powers and nth roots by
repeated matrix products, the matrix exponential can be defined by a power series, the matrix logarithm is the

inverse of matrix exponentiation, and so on.

Powers of matrices

Square matrices can be multiplied by themselves repeatedly in the same way as ordinary numbers, because they
always have the same number of rows and columns. This repeated multiplication can be described as a power of the
matrix, a special case of the ordinary matrix product. On the contrary, rectangular matrices do not have the same
number of rows and columns so they can never be raised to a power. An n X n matrix A raised to a positive integer k
is defined as

A= AA.-..A

k times

and the following identities hold, where 4 is a scalar:

1. Zero power:

A’ =1
where I is the identity matrix. This is parallel to the zeroth power of any number which equals unity.

2. Scalar multiplication:

(AA)F = AFAF
3. Determinant:

det(A*) = det(A)*
The naive computation of matrix powers is to multiply k times the matrix A to the result, starting with the identity
matrix just like the scalar case. This can be improved using exponentiation by squaring, a method commonly used
for scalars. For diagonalizable matrices, an even better method is to use the eigenvalue decomposition of A. Another
method based on the Cayley—Hamilton theorem finds an identity using the matrices' characteristic polynomial,
producing a more effective equation for A¥in which a scalar is raised to the required power, rather than an entire

matrix.
A special case is the power of a diagonal matrix. Since the product of diagonal matrices amounts to simply
multiplying corresponding diagonal elements together, the power k of a diagonal matrix A will have entries raised to

the power. Explicitly;
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An 0 -~ 0\" [4% 0 ... 0
we_ |0 Am o0 |0 An 0
0 0 - A, 0 0 .- Ak

meaning it is easy to raise a diagonal matrix to a power. When raising an arbitrary matrix (not necessarily a diagonal

matrix) to a power, it is often helpful to exploit this property by diagonalizing the matrix first.

Applications of the matrix product

Linear transformations

Matrices offer a concise way of representing linear transformations between vector spaces, and matrix multiplication
corresponds to the composition of linear transformations. The matrix product of two matrices can be defined when

their entries belong to the same ring, and hence can be added and multiplied.

Let U, V, and W be vector spaces over the same field with given bases, S: V — Wand T: U — V be linear
transformations and S7: U — W be their composition.

Suppose that A, B, and C are the matrices representing the transformations S, 7, and ST with respect to the given
bases.

Then AB = C, that is, the matrix of the composition (or the product) of linear transformations is the product of their

matrices with respect to the given bases.

Linear systems of equations

A system of linear equations can be solved by collecting the coefficients of the equations into a square matrix, then

inverting the matrix equation.

A similar procedure can be used to solve a system of linear differential equations, see also phase plane.

The inner and outer products

Given two column vectors a and b, the Euclidean inner product and outer product are the simplest special cases of

the matrix product, by transposing the column vectors into row vectors.”!

Inner product

The inner product of two vectors in matrix form is equivalent to a column vector multiplied on the left by a row

vector:
by
T by 5
a-b=a b:(al g - an) . :albl+a2b2—|—---+anbn:Zaibi
: i=1
bn

The matrix product itself can be expressed in terms of inner product. Suppose that the first n x m matrix A is

decomposed into its row vectors a, and the second m x p matrix B into its column vectors bl_:

All A12 Ut Alm aj Bll Bl? nte Blp
A= A.21 A.22 . A?m _ 5%2 . B= B.21 B.22 : B.2p _ (b1 by - bp)
Anl AnQ Ut Anm A, Bml Bm2 nte Bmp

where
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By;
By;
avi:(Ail App - Aim): b; = .
Bmi
Then:
ag (31 . bl) ({:11 . b2) 000 (al . bp)
a, az-b as-b ... (az-b
AB= | ¥ (b by ... by B P (arbd) o (o)
a, (8 -b1) (an-b2) ... (an-by)
It is also possible to express a matrix product in terms of concatenations of products of matrices and row or column
vectors:
alB
a2B
AB = (Ab; Ab;, ... Ab,) =
a,B

These decompositions are particularly useful for matrices that are envisioned as concatenations of particular types of
row vectors or column vectors, e.g. orthogonal matrices (whose rows and columns are unit vectors orthogonal to

each other) and Markov matrices (whose rows or columns sum to 1).

Outer product

The outer product (also known as the dyadic product or tensor product) of two vectors in matrix form is
equivalent to a row vector multiplied on the left by a column vector:

a1 a161 a162 e albn

a asby agby - agb,
a®b=abl — 2 (b1 by . bn): 201 0209 2

a, a,b1 a.by --- a.b,

An alternative method is to express the matrix product in terms of the outer product. The decomposition is done the
other way around, the first matrix A is decomposed into column vectors a, and the second matrix B into row vectors
b:

1

b,
by _ _ _ i _
AB=(a; 8 - &,)| . | =8:®b+8;@by+ - +8,8b, = > aeb;
_ i=1
b,
where this time
Ay
Agi _
a=\1 .| b;=(By B -+ By).
Ani

This method emphasizes the effect of individual column/row pairs on the result, which is a useful point of view with

e.g. covariance matrices, where each such pair corresponds to the effect of a single sample point.

1 2 3\ fa d 1 3 la 1d 3c 3f
456 =14](@ &)+ )+|6])(c f)=|4a 4d |+ +|6c 6f
780/ \e f 7 9 Ta Td 9c 9of
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Algorithms for efficient matrix multiplication

List of unsolved problems in computer science

What is the fastest algorithm for matrix multiplication?

The running time of square matrix
multiplication, if carried out naively,is oW o . ____:__.
O(n3). The running time for
multiplying rectangular matrices (one
m X p-matrix with one p X n-matrix) is
O(mnp), however, more efficient
algorithms exist, such as Strassen's . I ain Attt Rty fels
algorithm, devised by Volker Strassen
in 1969 and often referred to as "fast
matrix multiplication". It is based on a
way of multiplying two 2 x 2-matrices
which requires only 7 multiplications
(instead of the usual 8), at the expense
of several additional addition and
subtraction operations. Applying this
recursively gives an algorithm with a
multiplicative cost of j]‘ _ St;’g&i;}ﬁ;;
O(nl"g2 7) Ry O(n2'807). Strassen's r ‘ ‘ ‘ ‘ ‘ !

1950 1960 1970 1980 1990 2000 2010

algorithm is more complex, and the
numerical  stability is  reduced The bound on o over time.

compared to the naive algorithm.

Nevertheless, it appears in several libraries, such as BLAS, where it is significantly more efficient for matrices with
dimensions n > 100,[6] and is very useful for large matrices over exact domains such as finite fields, where numerical

stability is not an issue.

The current O(nk) algorithm with the lowest known exponent k is a generalization of the Coppersmith—Winograd
2'3729) thanks to Vassilevska Williams.'” This algorithm, and the

Coppersmith-Winograd algorithm on which it is based, are similar to Strassen's algorithm: a way is devised for

algorithm that has an asymptotic complexity of O(n

multiplying two k x k-matrices with fewer than K multiplications, and this technique is applied recursively.
However, the constant coefficient hidden by the Big O notation is so large that these algorithms are only worthwhile

for matrices that are too large to handle on present-day computers.

Since any algorithm for multiplying two n x n-matrices has to process all 2 x nz-entries, there is an asymptotic lower
bound of Q(nz) operations. Raz (2002) proves a lower bound of Q(n2 log(n)) for bounded coefficient arithmetic

circuits over the real or complex numbers.

Cohn et al. (2003, 2005) put methods such as the Strassen and Coppersmith—Winograd algorithms in an entirely
different group-theoretic context, by utilising triples of subsets of finite groups which satisfy a disjointness property
called the triple product property (TPP). They show that if families of wreath products of Abelian groups with
symmetric groups realise families of subset triples with a simultaneous version of the TPP, then there are matrix
multiplication algorithms with essentially quadratic complexity. Most researchers believe that this is indeed the
case.l®! However, Alon, Shpilka and Umans have recently shown that some of these conjectures implying fast matrix

multiplication are incompatible with another plausible conjecture, the sunflower conjecture.m
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Because of the nature of matrix operations and the layout of matrices in memory, it is typically possible to gain
substantial performance gains through use of parallelization and vectorization. It should therefore be noted that some

lower time-complexity algorithms on paper may have indirect time complexity costs on real machines.

Freivalds' algorithm is a simple Monte Carlo algorithm that given matrices A, B, C verifies in @(nz) time if AB = C.

Communication-avoiding and distributed algorithms

On modern architectures with hierarchical memory, the cost of loading “\ ’ % {All A12 e Als

and storing input matrix elements tends to dominate the cost of

arithmetic. On a single machine this is the amount of data transferred A21 A22 - AZS
between RAM and cache, while on a distributed memory multi-node E .
machine it is the amount transferred between nodes; in either case it is Asl ASZ - ASS
called the communication bandwidth. The naive algorithm using three

3 L .

nested loops uses Q(n~) communication bandwidth. B 11 B 12| Bls
Cannon's algorithm, also known as the 2D algorithm, partitions each

input matrix into a block matrix whose elements are submatrices of 821 B22 - BZS
size \M/3 by YM/3, where M is the size of fast memory.“o] The naive E KX
algorithm is then used over the block matrices, computing products of le BSZ - BSS

submatrices entirely in fast memory. This reduces communication
. 3 . . . .
bandwidth to O(n’AM), which is asymptotically optimal (for i
. . 3 . Cll C12 ClS
algorithms performing Q(n~) computation).

In a distributed setting with p processors arranged in a \p by Vp 2D C21 C22 o CZS

mesh, one submatrix of the result can be assigned to each processor, . . ”. .

and the product can be computed with each processor transmitting C C ces C
sl s2 ss

O(nz/\/p) words, which is asymptotically optimal assuming that each
node stores the minimum O(n*/p) elements. This can be improved by ~ Block matrix multiplication. In the 2D algorithm,
the 3D algorithm, which arranges the processors in a 3D cube mesh, eac};frgiis;rel;g Zﬁ););l:;l;,fzrvzgegﬁfﬁmx
assigning every product of two input submatrices to a single processor. submatrices from A and B that is multiplied is
The result submatrices are then generated by performing a reduction assigned to one processor.

over each row. This algorithm transmits O(nz/pm) words per

processor, which is asymptotically optimal. However, this requires replicating each input matrix element pl/3 times,
and so requires a factor of pl/3 more memory than is needed to store the inputs. This algorithm can be combined with
Strassen to further reduce runtime. "2.5D" algorithms provide a continuous tradeoff between memory usage and

communication bandwidth.

Other forms of multiplication

Some other ways to multiply two matrices are given below, in fact simpler than the definition above.

Hadamard product

For two matrices of the same dimensions, there is the Hadamard product, also known as the element-wise
product, pointwise product, entrywise product and the Schur product. For two matrices A and B of the same
dimensions, the Hadamard product A O B is a matrix of the same dimensions, the i, j element of A is multiplied with

the i, j element of B, that is:
(A o] B)ij = A.EjB,,;

'R
displayed fully:
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All A12 Tt Alm
AoB — -21 .22 . 2
Anl An2 ot Anm

Bll Bl?
BQl B22
Bnl Bn2

Blm AllBll A12-Bl?
BQm _ A21 BQI A22BQQ
Bnm Anl Bnl An2Bn2

AlmBlm
A?mBQm,

Antnm

This operation is identical to many multiplying ordinary numbers (mn of them) all at once; thus the Hadamard

product is commutative, associative and distributive over entrywise addition. It is also a principal submatrix of the

Kronecker product. It appears in lossy compression algorithms such as JPEG.

Frobenius product

The Frobenius inner product, sometimes denoted A : B, is the component-wise inner product of two matrices as

though they are vectors. It is also the sum of the entries of the Hadamard product. Explicitly,

A:B= ZA@-B,-J- = vec(A) vec(B) = tr(A"B) = tr(AB"),

¥

where "tr" denotes the trace of a matrix and vec denotes vectorization. This inner product induces the Frobenius

norm.

Kronecker product

For two matrices A and B of any different dimensions m x n and p X g respectively (no constraints on the dimensions

of each matrix), the Kronecker product denoted A ® B is a matrix with dimensions mp X ng, which has

[citation needed]
elements

(A— ® B)” - A1+L%J’1+LJ:_1JB1+ ('i,—l) mod p, 14+ (j—l) modg,

where |. | represents the floor function.

Explicitly:
AuB  ApB

Agp- | B A=B
AmB AnB

A, B
Az, B

ArnB

This is the application of the more general tensor product applied to matrices.
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Transpose

This article is about the transpose of a matrix. For other uses, see Transposition

Note that this article assumes that matrices are taken over a commutative ring. These results may not hold in
the non-commutative case.

In linear algebra, the transpose of a matrix A is another matrix AT

(also written A’, A"'A or A") created by any one of the following

equivalent actions: A

* reflect A over its main diagonal (which runs from top-left to
bottom-right) to obtain AT

« write the rows of A as the columns of A©

« write the columns of A as the rows of A

Formally, the i th row, j th column element of AT s the Jj th row, i

th column element of A: 3

[AT];; = [A];i

. . T. .
If A is an m x n matrix then A" is an n X m matrix.

A AN

The transpose of a matrix was introduced in 1858 by the British

mathematician Arthur Cayley.m

Examples

- 12" = lQ

LB

The transpose AT of a matrix A can be obtained by

reflecting the elements along its main diagonal.
:| Repeating the process on the transposed matrix returns

the elements to their original position.

T
12 1 35
" T2 46
5 6
Properties

For matrices A, B and scalar ¢ we have the following properties of transpose:
L (A=A
The operation of taking the transpose is an involution (self-inverse).
- (A+B)'=AT+B"
The transpose respects addition.
- (AB)T =BTAT
Note that the order of the factors reverses. From this one can deduce that a square matrix A is invertible if and

only if AT s invertible, and in this case we have (A_l)T = (AT)_l. By induction this result extends to the
general case of multiple matrices, where we find that (AlAz“'Ak-lAk)T = AkTAk_lT...AzTA]T.

* (cA)T = cAT
The transpose of a scalar is the same scalar. Together with (2), this states that the transpose is a linear map

from the space of m x n matrices to the space of all n x m matrices.
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* det(AT) = det(A)
The determinant of a square matrix is the same as that of its transpose.
* The dot product of two column vectors a and b can be computed as
a-b=a'b,
which is written as a, b’ in Einstein notation.

2. If A has only real entries, then ATAisa positive-semidefinite matrix.

3. (AT)—I — (A—l)T
The transpose of an invertible matrix is also invertible, and its inverse is the transpose of the inverse of the

original matrix. The notation AT is sometimes used to represent either of these equivalent expressions.

* If A is a square matrix, then its eigenvalues are equal to the eigenvalues of its transpose since they share the

same Characteristic polynomial.

Special transpose matrices
A square matrix whose transpose is equal to itself is called a symmetric matrix; that is, A is symmetric if

AT =A.
A square matrix whose transpose is equal to its negative is called a skew-symmetric matrix; that is, A is
skew-symmetric if

AT =_A.
A square complex matrix whose transpose is equal to the matrix with every entry replaced by its complex conjugate
is called a Hermitian matrix (equivalent to the matrix being equal to its conjugate transpose); that is, A is Hermitian
if

AT = A"
A square complex matrix whose transpose is equal to the negation of its complex conjugate is called a

skew-Hermitian matrix; that is, A is skew-Hermitian if

AT = _A*
A square matrix whose transpose is equal to its inverse is called an orthogonal matrix; that is, A is orthogonal if
AT — A—l

Transpose of a linear map
The transpose may be defined using a coordinate-free approach:

If f: V— Wis a linear map between vector spaces V and W with respective dual spaces V* and W*, the transpose of
f1is the linear map tf: W* — V" that satisfies

t *
f(@)=¢of VoW~
The definition of the transpose may be seen to be independent of any bilinear form on the vector spaces, unlike the
adjoint (below).
If the matrix A describes a linear map with respect to bases of V and W, then the matrix AT describes the transpose of

that linear map with respect to the dual bases.
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Transpose of a bilinear form

Every linear map to the dual space f: V — V* defines a bilinear form B : V x V — F, with the relation B(v, w) =
J(v)(w). By defining the transpose of this bilinear form as the bilinear form 'B defined by the transpose tf: VoSV
i.e. tB(w, V)= Ef(w)(v), we find that B(v,w) = tB(W,V).

Adjoint
If the vector spaces V and W have respective nondegenerate bilinear forms BV and BW, a concept closely related to

the transpose — the adjoint — may be defined:

If f: V— Wis a linear map between vector spaces V and W, we define g as the adjoint of fif g : W — V satisfies

By(v,g(w)) = Bw(f(v),w) YveVweW
These bilinear forms define an isomorphism between V and V*, and between W and W*, resulting in an isomorphism
between the transpose and adjoint of f. The matrix of the adjoint of a map is the transposed matrix only if the bases
are orthonormal with respect to their bilinear forms. In this context, many authors use the term transpose to refer to

the adjoint as defined here.

The adjoint allows us to consider whether g : W — V is equal to f 1w v.m particular, this allows the
orthogonal group over a vector space V with a quadratic form to be defined without reference to matrices (nor the

components thereof) as the set of all linear maps V — V for which the adjoint equals the inverse.

Over a complex vector space, one often works with sesquilinear forms (conjugate-linear in one argument) instead of
bilinear forms. The Hermitian adjoint of a map between such spaces is defined similarly, and the matrix of the

Hermitian adjoint is given by the conjugate transpose matrix if the bases are orthonormal.

Implementation of matrix transposition on computers

On a computer, one can often avoid explicitly transposing a matrix in memory by simply accessing the same data in
a different order. For example, software libraries for linear algebra, such as BLAS, typically provide options to

specify that certain matrices are to be interpreted in transposed order to avoid the necessity of data movement.

However, there remain a number of circumstances in which it is necessary or desirable to physically reorder a matrix
in memory to its transposed ordering. For example, with a matrix stored in row-major order, the rows of the matrix
are contiguous in memory and the columns are discontiguous. If repeated operations need to be performed on the
columns, for example in a fast Fourier transform algorithm, transposing the matrix in memory (to make the columns

contiguous) may improve performance by increasing memory locality.

Ideally, one might hope to transpose a matrix with minimal additional storage. This leads to the problem of
transposing an n X m matrix in-place, with O(1) additional storage or at most storage much less than mn. For n = m,
this involves a complicated permutation of the data elements that is non-trivial to implement in-place. Therefore
efficient in-place matrix transposition has been the subject of numerous research publications in computer science,

starting in the late 1950s, and several algorithms have been developed.
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Determinant

In linear algebra, the determinant is a value associated with a square matrix. It can be computed from the entries of
the matrix by a specific arithmetic expression, while other ways to determine its value exist as well. The determinant
provides important information about a matrix of coefficients of a system of linear equations, or about a matrix that
corresponds to a linear transformation of a vector space. In the first case the system has a unique solution exactly
when the determinant is nonzero; when the determinant is zero there are either no solutions or many solutions. In the
second case the transformation has an inverse operation exactly when the determinant is nonzero. A geometric
interpretation can be given to the value of the determinant of a square matrix with real entries: the absolute value of
the determinant gives the scale factor by which area or volume (or a higher dimensional analogue) is multiplied
under the associated linear transformation, while its sign indicates whether the transformation preserves orientation.
Thus a 2 x 2 matrix with determinant —2, when applied to a region of the plane with finite area, will transform that

region into one with twice the area, while reversing its orientation.

Determinants occur throughout mathematics. The use of determinants in calculus includes the Jacobian determinant
in the substitution rule for integrals of functions of several variables. They are used to define the characteristic
polynomial of a matrix that is an essential tool in eigenvalue problems in linear algebra. In some cases they are used

just as a compact notation for expressions that would otherwise be unwieldy to write down.

The determinant of a matrix A is denoted det(A), det A, or IAl. In the case where the matrix entries are written out in
full, the determinant is denoted by surrounding the matrix entries by vertical bars instead of the brackets or

parentheses of the matrix. For instance, the determinant of the matrix

a b c
d e f
g h 1
is written
a b c
d e f
g h 1

and has the value

(aci + bfg + cdh) — (ceg + bdi + afh).
Although most often used for matrices whose entries are real or complex numbers, the definition of the determinant
only involves addition, subtraction and multiplication, and so it can be defined for square matrices with entries taken

from any commutative ring. Thus for instance the determinant of a matrix with integer coefficients will be an
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integer, and the matrix has an inverse with integer coefficients if and only if this determinant is 1 or —1 (these being
the only invertible elements of the integers). For square matrices with entries in a non-commutative ring, for instance
the quaternions, there is no unique definition for the determinant, and no definition that has all the usual properties of

determinants over commutative rings.

Definition

There are various ways to define the determinant of a square matrix A, i.e. one with the same number of rows and
columns. Perhaps the most natural way is expressed in terms of the columns of the matrix. If we write an n x n

matrix in terms of its column vectors

Az[al, ag, ..., an}

where the @4 are vectors of size n, then the determinant of A is defined so that

det [al, oo, ba;+ v, ...,an} = bdet(A) + cdet [al, cel, W, ...,an]
det [0,1, ceey G4, G441, .- .,an] = —det [(1,1, ceey Gy, G4, . ..,an]
det(I) =1

where b and c are scalars, v is any vector of size n and I is the identity matrix of size n. These equations say that the
determinant is a linear function of each column, that interchanging adjacent columns reverses the sign of the
determinant, and that the determinant of the identity matrix is 1. These properties mean that the determinant is an
alternating multilinear function of the columns that maps the identity matrix to the underlying unit scalar. These
suffice to uniquely calculate the determinant of any square matrix. Provided the underlying scalars form a field
(more generally, a commutative ring with unity), the definition below shows that such a function exists, and it can be

shown to be unique.[”

Equivalently, the determinant can be expressed as a sum of products of entries of the matrix where each product has
n terms and the coefficient of each product is —1 or 1 or 0 according to a given rule: it is a polynomial expression of
the matrix entries. This expression grows rapidly with the size of the matrix (an n X n matrix contributes n! terms), so
it will first be given explicitly for the case of 2x2 matrices and 3 x 3 matrices, followed by the rule for arbitrary size

matrices, which subsumes these two cases.

Assume A is a square matrix with n rows and n columns, so that it can be written as

a1 @12 ... ain

as1 Ggz2 ... as g
A=

a'n,l amz Ooao an,n

The entries can be numbers or expressions (as happens when the determinant is used to define a characteristic
polynomial); the definition of the determinant depends only on the fact that they can be added and multiplied

together in a commutative manner.

The determinant of A is denoted as det(A), or it can be denoted directly in terms of the matrix entries by writing

enclosing bars instead of brackets:

11 Q12 ... a1n
g1 Q4292 ... Qs n

an,l an’Q an’n



https://en.wikipedia.org/w/index.php?title=Unit_%28ring_theory%29
https://en.wikipedia.org/w/index.php?title=Quaternion
https://en.wikipedia.org/w/index.php?title=Square_matrix
https://en.wikipedia.org/w/index.php?title=Identity_matrix
https://en.wikipedia.org/w/index.php?title=Polynomial_expression
https://en.wikipedia.org/w/index.php?title=Factorial
https://en.wikipedia.org/w/index.php?title=Characteristic_polynomial
https://en.wikipedia.org/w/index.php?title=Characteristic_polynomial
https://en.wikipedia.org/w/index.php?title=Commutativity

Determinant

268

2 X 2 matrices

The determinant of a 2 x 2 matrix is defined by

(a+c,b+d)

(c,d)
If the matrix entries are real numbers, the matrix A can be used to
represent two linear mappings: one that maps the standard basis
vectors to the rows of A, and one that maps them to the columns of A. ad—be
In either case, the images of the basis vectors form a parallelogram that
represents the image of the unit square under the mapping. The
parallelogram defined by the rows of the above matrix is the one with

vertices at (0, 0), (a, b), (a + ¢, b + d), and (c, d), as shown in the (a.b)

accompanying diagram. The absolute value of ad — bc is the area of (0.0)

the parallelogram, and thus represents the scale factor by which areas
are transformed by A. (The parallelogram formed by the columns of A

The area of the parallelogram is the absolute

is in general a different parallelogram, but since the determinant is value of the determinant of the matrix formed by
symmetric with respect to rows and columns, the area will be the the vectors representing the parallelogram's sides.

same.)

The absolute value of the determinant together with the sign becomes the oriented area of the parallelogram. The
oriented area is the same as the usual area, except that it is negative when the angle from the first to the second
vector defining the parallelogram turns in a clockwise direction (which is opposite to the direction one would get for

the identity matrix).
Thus the determinant gives the scaling factor and the orientation induced by the mapping represented by A. When the
determinant is equal to one, the linear mapping defined by the matrix is equi-areal and orientation-preserving.

The object known as the bivector is related to these ideas. In 2d, it can be interpreted as an oriented plane segment
formed by imagining two vectors each with origin (0, 0), and coordinates (a, b) and (c, d). The bivector magnitude

(denoted (a, b) A (¢, d)) is the signed area, which is also the determinant ad — be.*!
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3 x 3 matrices

The determinant of a 3x3 matrix is defined
by

r1+r3

r1+r2+r3

e,
'~
~,
'~
.~
~
.,
o,
~,
'~
~,
'~

The volume of this Parallelepiped is the absolute value of the determinant of the

matrix formed by the rows rl, r2, and r3.

d e

e f
a gh

h 1

—b‘df
g i

+C‘

L a8

oo o

=S 0
Il

= a(ei — fh) — b{di — fg) + c(dh — eg)

=aet + bfg+ cdh — ceg — bdi — afh.
The rule of Sarrus is a mnemonic for the 3x3 matrix determinant: the sum of the products of three diagonal
north-west to south-east lines of matrix elements, minus the sum of the products of three diagonal south-west to
north-east lines of elements, when the copies of the first two columns of the matrix are written beside it as in the

illustration. This scheme for calculating the determinant of a 3 x 3 matrix does not carry over into higher dimensions.

n X n matrices
The determinant of a matrix of arbitrary size can be defined by the Leibniz formula or the Laplace formula.

The Leibniz formula for the determinant of an n X n matrix A is

n
det(A) = Z sgn(o) H Ao
€Sy i=1
Here the sum is computed over all permutations o of the set {1, 2, ..., n}. A permutation is a function that reorders
this set of integers. The value in the ith position after the reordering o is denoted o, For example, for n = 3, the
original sequence 1, 2, 3 might be reordered to o = [2, 3, 1], with 0, = 2, 0,= 3, and 0, = 1. The set of all such
permutations (also known as the symmetric group on n elements) is denoted Sn. For each permutation o, sgn(o)
denotes the signature of o, a value that is +1 whenever the reordering given by o can be achieved by successively
interchanging two entries an even number of times, and —1 whenever it can be achieved by an odd number of such

interchanges.

In any of the ;! summands, the term

TN
H Ai,a’.,;
i=1
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is notation for the product of the entries at positions (i, oi), where i ranges from 1 to n:
Al,o'l - AQ,G’Q Ut An,o'n-

For example, the determinant of a 3 x 3 matrix A (n = 3) is

> sgn(o) [[ Aie = sen((1,2,3) [ [ Aijras, +sen((1,3,2) [ Aipsz, +sen(i2, 1,3) [ [ 4o

oc€ESn =1 =1 =1 =1
+ Sgn([27 3, 1]) H Ai,[2,3,l]i + SgIl([S, L 2]) H Ai,[3,1,2]i + Sgn([37 2, 1]) H A":a[31211]i
= i=1 i=1
= H Ai23; — H Az — H Ai2,1,3, + H A;231 + H Ai31,2; — HAi,[s,Q,l],-
i=1 i=1 i=1 i=1 i=1 =1

= A1 Ay Az — A1 Ag3As g — A1 9Ag 1 Ass + A1 pAg3As,
+ A1 3421432 — A1 34922431,

Levi-Civita symbol

It is sometimes useful to extend the Leibniz formula to a summation in which not only permutations, but all
sequences of n indices in the range 1,...,n occur, ensuring that the contribution of a sequence will be zero unless it
denotes a permutation. Thus the totally antisymmetric Levi-Civita symbol &, ,...i,extends the signature of a
permutation, by setting €,1),... o(n) = sgn(o)for any permutation ¢ of n, and &;, .. ; = Owhen no

permutation ¢ exists such that a( 7 ) = ij for 7 = 1,...,n (or equivalently, whenever some pair of indices are

equal). The determinant for an n X n matrix can then be expressed using an n-fold summation as
n

det A = Z Ei1in iy~ " Oniy, -

91,8250 pEn=1

Properties of the determinant
The determinant has many properties. Some basic properties of determinants are:

1. det(I,} = 1where I is the n x n identity matrix.
2. det(AT) = det(A).
1
. det(A7!) = —— = det(A4)7.
3. det(AT) 3et(A) et(A)

4. For square matrices A and B of equal size,
det(AB) = det(A) det(B).
* det(cA) = " det(A)for an n x n matrix.

2. If A is a triangular matrix, i.e. a, .= 0 whenever i > j or, alternatively, whenever i < j, then its determinant equals

the product of the diagonal entries:

n
det(A) = aija02 - ann = [ ] 0is-
]

This can be deduced from some of the properties below, but it follows most easily directly from the Leibniz formula

(or from the Laplace expansion), in which the identity permutation is the only one that gives a non-zero contribution.

A number of additional properties relate to the effects on the determinant of changing particular rows or columns:

e Viewing an n X n matrix as being composed of n columns, the determinant is an n-linear function. This means
that if one column of a matrix A is written as a sum v + w of two column vectors, and all other columns are left
unchanged, then the determinant of A is the sum of the determinants of the matrices obtained from A by
replacing the column by v and then by w (and a similar relation holds when writing a column as a scalar

multiple of a column vector).
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2. This n-linear function is an alternating form. This means that whenever two columns of a matrix are identical, or
more generally some column can be expressed as a linear combination of the other columns (i.e. the columns of

the matrix form a linearly dependent set), its determinant is O.

Properties 1, 7 and 8 — which all follow from the Leibniz formula — completely characterize the determinant; in
other words the determinant is the unique function from n X n matrices to scalars that is n-linear alternating in the
columns, and takes the value 1 for the identity matrix (this characterization holds even if scalars are taken in any
given commutative ring). To see this it suffices to expand the determinant by multi-linearity in the columns into a
(huge) linear combination of determinants of matrices in which each column is a standard basis vector. These
determinants are either O (by property 8) or else =1 (by properties 1 and 11 below), so the linear combination gives
the expression above in terms of the Levi-Civita symbol. While less technical in appearance, this characterization
cannot entirely replace the Leibniz formula in defining the determinant, since without it the existence of an
appropriate function is not clear. For matrices over non-commutative rings, properties 7 and 8 are incompatible for n

> 2,[3] so there is no good definition of the determinant in this setting.

Property 2 above implies that properties for columns have their counterparts in terms of rows:

* Viewing an n X n matrix as being composed of n rows, the determinant is an n-linear function.

2. This n-linear function is an alternating form: whenever two rows of a matrix are identical, its determinant is 0.

3. Interchanging two columns of a matrix multiplies its determinant by —1. This follows from properties 7 and 8 (it
is a general property of multilinear alternating maps). Iterating gives that more generally a permutation of the
columns multiplies the determinant by the sign of the permutation. Similarly a permutation of the rows multiplies
the determinant by the sign of the permutation.

4. Adding a scalar multiple of one column to another column does not change the value of the determinant. This is a
consequence of properties 7 and 8: by property 7 the determinant changes by a multiple of the determinant of a
matrix with two equal columns, which determinant is O by property 8. Similarly, adding a scalar multiple of one
row to another row leaves the determinant unchanged.

These properties can be used to facilitate the computation of determinants by simplifying the matrix to the point

where the determinant can be determined immediately. Specifically, for matrices with coefficients in a field,

properties 11 and 12 can be used to transform any matrix into a triangular matrix, whose determinant is given by

property 6; this is essentially the method of Gaussian elimination.

For example, the determinant of

[—2 2 —3]
A=|-11 3
|2 0 —1]
can be computed using the following matrices:
[—2 2 3] -2 2 3 -2 2 -3
B=|0 0 45, C=10 0 45|, D=0 2 -4
|2 0 —1] 0 2 —4 0 0 45

Here, B is obtained from A by adding —1/2xthe first row to the second, so that det(A) = det(B). C is obtained from B
by adding the first to the third row, so that det(C) = det(B). Finally, D is obtained from C by exchanging the second
and third row, so that det(D) = —det(C). The determinant of the (upper) triangular matrix D is the product of its
entries on the main diagonal: (-2) - 2 - 4.5 = —18. Therefore det(A) = —det(D) = +18.
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Multiplicativity and matrix groups

The determinant of a matrix product of square matrices equals the product of their determinants:

det(AB) = det{A) det(B).
Thus the determinant is a multiplicative map. This property is a consequence of the characterization given above of
the determinant as the unique n-linear alternating function of the columns with value 1 on the identity matrix, since
the function Mn(K) — K that maps M  det(AM) can easily be seen to be n-linear and alternating in the columns of
M, and takes the value det(A) at the identity. The formula can be generalized to (square) products of rectangular

matrices, giving the Cauchy—Binet formula, which also provides an independent proof of the multiplicative property.

The determinant det(A) of a matrix A is non-zero if and only if A is invertible or, yet another equivalent statement, if

its rank equals the size of the matrix. If so, the determinant of the inverse matrix is given by

1
il
In particular, products and inverses of matrices with determinant one still have this property. Thus, the set of such
matrices (of fixed size n) form a group known as the special linear group. More generally, the word "special”
indicates the subgroup of another matrix group of matrices of determinant one. Examples include the special

orthogonal group (which if n is 2 or 3 consists of all rotation matrices), and the special unitary group.

Laplace's formula and the adjugate matrix

Laplace's formula expresses the determinant of a matrix in terms of its minors. The minor Mi,j is defined to be the
determinant of the (n—1) x (n—1)-matrix that results from A by removing the ith row and the jth column. The
expression (—l)H']Ml, ; is known as cofactor. The determinant of A is given by

n T

det(4) = > (-1)ai;Mi; =) (-1)"a; ;M.
7=1 i=1
Calculating det(A) by means of that formula is referred to as expanding the determinant along a row or column. For

the example 3 x 3 matrix

2 2 -3
A=|-11 3|,
2 0 -1

Laplace expansion along the second column (j = 2, the sum runs over i) yields:
det(A) = -1 3

—1)1*+2.9.
(-1) 2det[2 o

]+(—1)2+2.1.det [_22 :i’]+(_1)3+2.0.det [:? —33]

(=2)- (-1 -(-1)-2-3)+1-((-2)- (-1) —2-(-3))
= (=2)-(-5)+8=18,

However, Laplace expansion is efficient for small matrices only.

The adjugate matrix adj(A) is the transpose of the matrix consisting of the cofactors, i.e.,

(adj(A));; = (—1)* M,
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Sylvester's determinant theorem

Sylvester's determinant theorem states that for A, an m x n matrix, and B, an n x m matrix (so that A and B have

dimensions allowing them to be multiplied in either order):

det(l,, + AB) = det(I, + BA),
where Im and In are the m x m and n x n identity matrices, respectively.
From this general result several consequences follow.

(a) For the case of column vector ¢ and row vector r, each with m components, the formula allows quick

calculation of the determinant of a matrix that differs from the identity matrix by a matrix of rank 1:
det(I, +cr)=1+rc.

(b) More generally,[4] for any invertible m x m matrix X,
det(X + AB) = det(X) det(I,, + BX ' A),

(c) For a column and row vector as above, det{X + cr) = det(X)(1 + rX_lc) )

Properties of the determinant in relation to other notions

Relation to eigenvalues and trace

Determinants can be used to find the eigenvalues of the matrix A: they are the solutions of the characteristic equation
det(A —zI) =0,

where [ is the identity matrix of the same dimension as A. Conversely, det(A) is the product of the eigenvalues of A,

counted with their algebraic multiplicities. The product of all non-zero eigenvalues is referred to as

pseudo-determinant.

An Hermitian matrix is positive definite if all its eigenvalues are positive. Sylvester's criterion asserts that this is

equivalent to the determinants of the submatrices

al,l al,g 0o o al,k

ag’l a2,2 0o o a2,k
Ap = . .

ag1 Qg2 -.. Ok

being positive, for all k between 1 and n.

The trace tr(A) is by definition the sum of the diagonal entries of A and also equals the sum of the eigenvalues. Thus,

for complex matrices A,
det(exp(A)) = exp(tr(A))
or, for real matrices A,
tr(A) = log(det(exp(A))).
Here exp(A) denotes the matrix exponential of A, because every eigenvalue A of A corresponds to the eigenvalue

exp(A) of exp(A). In particular, given any logarithm of A, that is, any matrix L satisfying
exp(L)=A

the determinant of A is given by

det(A) = exp(tr(L)).

For example, for n = 2, n=3, and n = 4, respectively,
det(A) = ((trA)2 — tr(AQ))/Q,
det(A) = ((trA)3 _ 3trA tr(A?) + ztr(AB)) /6,
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det(A) = ((trA)4 — 6tr(A2)(trA)? + 3(tr(A2))? + 8tr(A%) trA — 6tr(A4)) /24 .
cf. Cayley-Hamilton theorem. Such expressions are deducible from Newton's identities.
In the general case, 51

1)kl+l

det(d) = > H(Ml r(AY=,

k1,k2,....kn =1
where the sum is taken over the set of all integers kl > 0 satisfying the equation

T
S lk=mn.
i=1
An arbitrary dimension 7 identity can be obtained from the Mercator series expansion of the logarithm,

- k

det(I—i—A):Z% —Z(_J—,l)gtr(z‘lj) :

J=1
where [ is the identity matrix. The sum and the expansion of the exponential only need to go up to n instead of oo,

since the determinant cannot exceed O(A”").

Cramer's rule

For a matrix equation

Az =5b
the solution is given by Cramer's rule:
det (A,, )

i = =1,...,
BT det(4)

where Al, is the matrix formed by replacing the ith column of A by the column vector b. This follows immediately by

n

column expansion of the determinant, i.e.
det(A;) = det [al, Y an] = ij det [al, Y. S T ¥ N T A an] = z;det(A)

where the vectors &j are the columns of A. The rule is also implied by the identity

Aadj(A) = adj(A) A = det(A) L,.

It has recently been shown that Cramer's rule can be implemented in O(n3) time,[6]

which is comparable to more

common methods of solving systems of linear equations, such as LU, QR, or singular value decomposition.

Block matrices

Suppose A, B, C, and D are matrices of dimension (n X n), (n x m), (m X n), and (m x m), respectively. Then

det (g g) ~ det (‘g g) — det(A) det(D).

This can be seen from the Leibniz formula or by induction on n. When A is invertible, employing the following

identity

A B\ (A 0\/I A'B
C D/ \C I/]\0 D-CA'B
leads to

A B _
det (c D) = det(A) det(D — CA™'B).
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When D is invertible, a similar identity with det( D) factored out can be derived analogously,m that is,

¢ D

When the blocks are square matrices of the same order further formulas hold. For example, if C and D commute (i.e.,

A B -
det ( ) = det(D) det(4A — BD™'C).
CD = DC), then the following formula comparable to the determinant of a 2x2 matrix holds:®!

C D

When A = D and B = C, the blocks are square matrices of the same order and the following formula holds (even if A

det (A B) = det(AD — BC).

and B do not commute)
A B
det = det(A — B) det(A + B).
B A
When D is a 1x1 matrix, B is a column vector, and C is a row vector then

det (g g) = (D—-1)det(A)+det(A—BC) = (D+1)det A—det(A+BC).

Derivative

By definition, e.g., using the Leibniz formula, the determinant of real (or analogously for complex) square matrices

nxn

is a polynomial function from R to R. As such it is everywhere differentiable. Its derivative can be expressed

using Jacobi's formula:

ddziszl) tr (adi(A)%) |

where adj(A) denotes the adjugate of A. In particular, if A is invertible, we have

ddetld) _ qet(A)tr (A_I%) '

do do
Expressed in terms of the entries of A, these are
ddet(A)

aAij = adJ (A)ji = det(A) (A_l)ji.

Yet another equivalent formulation is
det(A + eX) — det(A) = tr(adj(A) X )e + O(e?) = det(A)tr(A™ X )e + O(€?).
using big O notation. The special case where 4 = [, the identity matrix, yields
det(7 +eX) = 1+ tr(X)e + O(e?).
This identity is used in describing the tangent space of certain matrix Lie groups.
If the matrix A is written as A — [a b c} where a, b, ¢ are vectors, then the gradient over one of the three

vectors may be written as the cross product of the other two:
Vadet(A) =b xc
Vedet(A) =cx a
Vedet(A) = a x b.
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Abstract algebraic aspects

Determinant of an endomorphism

The above identities concerning the determinant of products and inverses of matrices imply that similar matrices
have the same determinant: two matrices A and B are similar, if there exists an invertible matrix X such that A =
X 'Bx. Indeed, repeatedly applying the above identities yields

det(A) = det(X) ™ det(BX) = det(X) ! det(B) det{X) = det(B) det(X) ! det(X) = det(B).
The determinant is therefore also called a similarity invariant. The determinant of a linear transformation

T:V >V
for some finite dimensional vector space V is defined to be the determinant of the matrix describing it, with respect

to an arbitrary choice of basis in V. By the similarity invariance, this determinant is independent of the choice of the

basis for V and therefore only depends on the endomorphism 7.

Transformation on alternating multilinear n-forms

The vector space W of all alternating multilinear n-forms on an n-dimensional vector space V has dimension one. To
each linear transformation 7 on V we associate a linear transformation 77 on W, where for each w in W we define
(TW)(xl,...,xn) = w(Txl,...,Txn). As a linear transformation on a one-dimensional space, T is equivalent to a scalar

multiple. We call this scalar the determinant of 7.

Exterior algebra
The determinant can also be characterized as the unique function
D:M,(K)— K
from the set of all n x n matrices with entries in a field K to this field satisfying the following three properties: first,

D is an n-linear function: considering all but one column of A fixed, the determinant is linear in the remaining

column, that is
D(vy, ..., 01, 00;4+bw, Vi1, - . ., U} = aD(v1, . 01,05, Ui 1, -« -, U )FBD(V1, - - U1, W, Vi1, - -, Un)

for any column vectors v , ..., v, and w and any scalars (elements of K) a and b. Second, D is an alternating function:

.
for any matrix A with two identical columns D(A) = 0. Finally, D(In) = 1. Here In is the identity matrix.
This fact also implies that every other n-linear alternating function F: Mn(K) — K satisfies

F(M) = F(I)D(M).
The last part in fact follows from the preceding statement: one easily sees that if F is nonzero it satisfies F(I) # 0,
and function that associates F(M)/F(I) to M satisfies all conditions of the theorem. The importance of stating this part
is mainly that it remains valid® if K is any commutative ring rather than a field, in which case the given argument
does not apply.
The determinant of a linear transformation A : V — V of an n-dimensional vector space V can be formulated in a

coordinate-free manner by considering the nth exterior power A"V of V. A induces a linear map
A"A A"V - A"V
viAve AL Ay, — Avi AAu AL LA Av,,.
As A"V is one-dimensional, the map A"A is given by multiplying with some scalar. This scalar coincides with the
determinant of A, that is to say
(A"AN v A ... Aw,) =det(A)-u AL A,
This definition agrees with the more concrete coordinate-dependent definition. This follows from the

characterization of the determinant given above. For example, switching two columns changes the parity of the
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determinant; likewise, permuting the vectors in the exterior product VAV, A AV OV.AV, AV, A ... A v, say,

2 2 1 3

also alters the parity.

For this reason, the highest non-zero exterior power A" (V) is sometimes also called the determinant of V and
similarly for more involved objects such as vector bundles or chain complexes of vector spaces. Minors of a matrix

can also be cast in this setting, by considering lower alternating forms A*V with k < n.

Square matrices over commutative rings and abstract properties

The determinant of a matrix can be defined, for example using the Leibniz formula, for matrices with entries in any
commutative ring. Briefly, a ring is a structure where addition, subtraction, and multiplication are defined. The

commutativity requirement means that the product does not depend on the order of the two factors, i.e.,
r-§=8-T
is supposed to hold for all elements r and s of the ring. For example, the integers form a commutative ring.

ManyWikipedia:Please clarify of the above statements and notions carry over mutatis mutandis to determinants of
these more general matrices: the determinant is multiplicative in this more general situation, and Cramer's rule also
holds. A square matrix over a commutative ring R is invertible if and only if its determinant is a unit in R, that is, an
element having a (multiplicative) inverse. (If R is a field, this latter condition is equivalent to the determinant being
nonzero, thus giving back the above characterization.) For example, a matrix A with entries in Z, the integers, is
invertible (in the sense that the inverse matrix has again integer entries) if the determinant is +1 or —1. Such a matrix

is called unimodular.

The determinant defines a mapping

GL,(R) — R*,
between the group of invertible n x n matrices with entries in R and the multiplicative group of units in R. Since it
respects the multiplication in both groups, this map is a group homomorphism. Secondly, given a ring
homomorphism f: R — S, there is a map GLn(R) - GLn(S) given by replacing all entries in R by their images under

/- The determinant respects these maps, i.e., given a matrix A = (al_ i) with entries in R, the identity

f(det((a;)}) = det((f(a:;)))
holds. For example, the determinant of the complex conjugate of a complex matrix (which is also the determinant of
its conjugate transpose) is the complex conjugate of its determinant, and for integer matrices: the reduction
modulo m of the determinant of such a matrix is equal to the determinant of the matrix reduced modulo m (the latter
determinant being computed using modular arithmetic). In the more high-brow parlance of category theory, the
determinant is a natural transformation between the two functors GLn and (). Adding yet another layer of
abstraction, this is captured by saying that the determinant is a morphism of algebraic groups, from the general linear

group to the multiplicative group,

det : GL,, — G,,,.
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Generalizations and related notions

Infinite matrices

For matrices with an infinite number of rows and columns, the above definitions of the determinant do not carry over
directly. For example, in Leibniz' formula, an infinite sum (all of whose terms are infinite products) would have to be
calculated. Functional analysis provides different extensions of the determinant for such infinite-dimensional

situations, which however only work for particular kinds of operators.

The Fredholm determinant defines the determinant for operators known as trace class operators by an appropriate

generalization of the formula

det(I + A) = exp(tr(log(I + A))).

Another infinite-dimensional notion of determinant is the functional determinant.

Notions of determinant over non-commutative rings

For square matrices with entries in a non-commutative ring, there are various difficulties in defining determinants in
a manner analogous to that for commutative rings. A meaning can be given to the Leibniz formula provided the
order for the product is specified, and similarly for other ways to define the determinant, but non-commutativity then
leads to the loss of many fundamental properties of the determinant, for instance the multiplicative property or the
fact that the determinant is unchanged under transposition of the matrix. Over non-commutative rings, there is no
reasonable notion of a multilinear form (if a bilinear form exists with a regular element of R as value on some pair of
arguments, it can be used to show that all elements of R commute). Nevertheless various notions of
non-commutative determinant have been formulated, which preserve some of the properties of determinants, notably
quasideterminants and the Dieudonné determinant. It should also be noted that if one considers certain specific
classes of matrices with non-commutative elements, then there are examples where one can define the determinant
and prove linear algebra theorems which are very similar to their commutative analogs. Examples include: quantum
groups and g-determinant; Capelli matrix and Capelli determinant; super-matrices and Berezinian; Manin matrices is

the class of matrices which is most close to matrices with commutative elements.

Further variants
Determinants of matrices in superrings (that is, Zz—graded rings) are known as Berezinians or superdeterminants.

The permanent of a matrix is defined as the determinant, except that the factors sgn(o) occurring in Leibniz' rule are

omitted. The immanant generalizes both by introducing a character of the symmetric group Sn in Leibniz' rule.

Calculation

Determinants are mainly used as a theoretical tool. They are rarely calculated explicitly in numerical linear algebra,
where for applications like checking invertibility and finding eigenvalues the determinant has largely been
supplanted by other techniques.[lo] Nonetheless, explicitly calculating determinants is required in some situations,

and different methods are available to do so.

Naive methods of implementing an algorithm to compute the determinant include using Leibniz' formula or
Laplace's formula. Both these approaches are extremely inefficient for large matrices, though, since the number of
required operations grows very quickly: it is of order n! (n factorial) for an n x n matrix M. For example, Leibniz'
formula requires to calculate n! products. Therefore, more involved techniques have been developed for calculating

determinants.
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Decomposition methods

Given a matrix A, some methods compute its determinant by writing A as a product of matrices whose determinants
can be more easily computed. Such techniques are referred to as decomposition methods. Examples include the LU
decomposition, the QR decomposition or the Cholesky decomposition (for positive definite matrices). These

methods are of order O(n3), which is a significant improvement over O(n!)

The LU decomposition expresses A in terms of a lower triangular matrix L, an upper triangular matrix U and a

permutation matrix P:

A= PLU.
The determinants of L and U can be quickly calculated, since they are the products of the respective diagonal entries.
The determinant of P is just the sign & of the corresponding permutation (which is +1 for an even number of

permutations and is —1 for an uneven number of permutations). The determinant of A is then

det(A) = edet(L) - det(U),
Moreover, the decomposition can be chosen such that L is a unitriangular matrix and therefore has determinant 1, in

which case the formula further simplifies to

det(A) = edet(U).

Further methods

If the determinant of A and the inverse of A have already been computed, the matrix determinant lemma allows to

quickly calculate the determinant of A + uvT, where u and v are column vectors.

Since the definition of the determinant does not need divisions, a question arises: do fast algorithms exist that do not
need divisions? This is especially interesting for matrices over rings. Indeed algorithms with run-time proportional to

(1] is based on closed ordered walks (short clow). It

n* exist. An algorithm of Mahajan and Vinay, and Berkowitz
computes more products than the determinant definition requires, but some of these products cancel and the sum of
these products can be computed more efficiently. The final algorithm looks very much like an iterated product of

triangular matrices.

If two matrices of order n can be multiplied in time M(n), where M(n) > n” for some a > 2, then the determinant can

2.376

be computed in time O(M(n)).[m This means, for example, that an O(n ) algorithm exists based on the

Coppersmith—Winograd algorithm.

Algorithms can also be assessed according to their bit complexity, i.e., how many bits of accuracy are needed to
store intermediate values occurring in the computation. For example, the Gaussian elimination (or LU
decomposition) methods is of order O(n3), but the bit length of intermediate values can become exponentially long.
The Bareiss Algorithm, on the other hand, is an exact-division method based on Sylvester's identity is also of order
n3, but the bit complexity is roughly the bit size of the original entries in the matrix times 7.

History

Historically, determinants were considered without reference to matrices: originally, a determinant was defined as a
property of a system of linear equations. The determinant "determines"” whether the system has a unique solution
(which occurs precisely if the determinant is non-zero). In this sense, determinants were first used in the Chinese
mathematics textbook The Nine Chapters on the Mathematical Art (ﬂﬁﬁﬂﬁ , Chinese scholars, around the 3rd

century BC). In Europe, 2 x 2 determinants were considered by Cardano at the end of the 16th century and larger

ones by LeibniZ.[B][M][ls]

In Europe, Cramer (1750) added to the theory, treating the subject in relation to sets of equations. The recurrence law

was first announced by Bézout (1764).
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It was Vandermonde (1771) who first recognized determinants as independent functions.! Laplace (1772) (1610171

gave the general method of expanding a determinant in terms of its complementary minors: Vandermonde had
already given a special case. Immediately following, Lagrange (1773) treated determinants of the second and third
order. Lagrange was the first to apply determinants to questions of elimination theory; he proved many special cases

of general identities.

Gauss (1801) made the next advance. Like Lagrange, he made much use of determinants in the theory of numbers.
He introduced the word determinant (Laplace had used resultant), though not in the present signification, but rather
as applied to the discriminant of a quantic. Gauss also arrived at the notion of reciprocal (inverse) determinants, and

came very near the multiplication theorem.

The next contributor of importance is Binet (1811, 1812), who formally stated the theorem relating to the product of
two matrices of m columns and n rows, which for the special case of m = n reduces to the multiplication theorem. On
the same day (November 30, 1812) that Binet presented his paper to the Academy, Cauchy also presented one on the

(18]119] summarized

subject. (See Cauchy—Binet formula.) In this he used the word determinant in its present sense,
and simplified what was then known on the subject, improved the notation, and gave the multiplication theorem with

a proof more satisfactory than Binet's.?”! With him begins the theory in its generality.

The next important figure was Jacobi (from 1827). He early used the functional determinant which Sylvester later
called the Jacobian, and in his memoirs in Crelle for 1841 he specially treats this subject, as well as the class of
alternating functions which Sylvester has called alternants. About the time of Jacobi's last memoirs, Sylvester (1839)

and Cayley began their work.2'112%!

The study of special forms of determinants has been the natural result of the completion of the general theory.
Axisymmetric determinants have been studied by Lebesgue, Hesse, and Sylvester; persymmetric determinants by
Sylvester and Hankel; circulants by Catalan, Spottiswoode, Glaisher, and Scott; skew determinants and Pfaffians, in
connection with the theory of orthogonal transformation, by Cayley; continuants by Sylvester; Wronskians (so called
by Muir) by Christoffel and Frobenius; compound determinants by Sylvester, Reiss, and Picquet; Jacobians and
Hessians by Sylvester; and symmetric gauche determinants by Trudi. Of the textbooks on the subject Spottiswoode's
was the first. In America, Hanus (1886), Weld (1893), and Muir/Metzler (1933) published treatises.

Applications

Linear independence

As mentioned above, the determinant of a matrix (with real or complex entries, say) is zero if and only if the column
vectors of the matrix are linearly dependent. Thus, determinants can be used to characterize linearly dependent

vectors. For example, given two linearly independent vectors v_, v. in R3, a third vector vy lies in the plane spanned

1’2
by the former two vectors exactly if the determinant of the 3 x 3 matrix consisting of the three vectors is zero. The
same idea is also used in the theory of differential equations: given n functions f] x), .oy fn(x) (supposed to be n—1

times differentiable), the Wronskian is defined to be

ER"
Wik, g =| o T

7@ £ - )
It is non-zero (for some x) in a specified interval if and only if the given functions and all their derivatives up to
order n—1 are linearly independent. If it can be shown that the Wronskian is zero everywhere on an interval then, in
the case of analytic functions, this implies the given functions are linearly dependent. See the Wronskian and linear

independence.
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Orientation of a basis

The determinant can be thought of as assigning a number to every sequence of n vectors in R”, by using the square
matrix whose columns are the given vectors. For instance, an orthogonal matrix with entries in R" represents an
orthonormal basis in Euclidean space. The determinant of such a matrix determines whether the orientation of the
basis is consistent with or opposite to the orientation of the standard basis. If the determinant is +1, the basis has the

same orientation. If it is —1, the basis has the opposite orientation.

More generally, if the determinant of A is positive, A represents an orientation-preserving linear transformation (if A

is an orthogonal 2x2 or 3 x 3 matrix, this is a rotation), while if it is negative, A switches the orientation of the basis.

Volume and Jacobian determinant

As pointed out above, the absolute value of the determinant of real vectors is equal to the volume of the
parallelepiped spanned by those vectors. As a consequence, if f: R” — R" is the linear map represented by the matrix
A, and S is any measurable subset of R”, then the volume of f(S) is given by Idet(A)l times the volume of S. More
generally, if the linear map 2 R" — R™ is represented by the m x n matrix A, then the n-dimensional volume of £(S)
is given by:

volume(f(9)) = /det(ATA) x volume(S).
By calculating the volume of the tetrahedron bounded by four points, they can be used to identify skew lines. The

volume of any tetrahedron, given its vertices a, b, ¢, and d, is (1/6)-Idet(a — b, b — ¢, ¢ — d)l, or any other

combination of pairs of vertices that would form a spanning tree over the vertices.
For a general differentiable function, much of the above carries over by considering the Jacobian matrix of f. For
F:R®" > R",

the Jacobian is the n x n matrix whose entries are given by

of;
o= ()
i/ 1<ij<n

Its determinant, the Jacobian determinant appears in the higher-dimensional version of integration by substitution:

for suitable functions f and an open subset U of R" (the domain of f), the integral over f{U) of some other function ¢:
R" — R"is given by

o(v)dv = [ p(s(w) ldet(DNw)| du.
fw) 4

The Jacobian also occurs in the inverse function theorem.

Vandermonde determinant (alternant)

Third order
1 1 1
K I T3z | = (.763 — $2) (.’L‘g — .161) ($2 — .’L'l) .
z} 23 23
In general, the nth-order Vandermonde determinant is (231
1 1 1 - 1
T T3 I3 T I
:C% Ig :E% $EL = H (fL‘j = .’.C,,;),
. . . . . 1<i<i<n
ET_I :1:3_1 zg_l xz_l
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where the right-hand side is the continued product of all the differences that can be formed from the n(n—1)/2 pairs

of numbers taken from Xy Koo voes X s with the order of the differences taken in the reversed order of the suffixes that

are involved.

Circulants

Second order

Iy X9
o 7 | (1 + zg) {z1 — x2) .
Third order
1 T2 I3
T3 T1 Ty | = (z1 + z2 + 73) (a:l + wxy + w2$3) (a:l + w?zy + W$3) ,
Tg Ty I

where o and o’ are the complex cube roots of 1. In general, the nth-order circulant determinant is

x g T3 --- Ty
Tp L1 Tz 7 Tp-1 n
Tp—1 Tp T1 " Tp-2 | = (9:1 + zow; + .’Eg&)? +...+ :cnw;”_l) ,
j=1
o) g Tg4 - I

where mj is an nth root of 1.
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Minor (linear algebra)

In linear algebra, a minor of a matrix A is the determinant of some smaller square matrix, cut down from A by
removing one or more of its rows or columns. Minors obtained by removing just one row and one column from
square matrices (first minors) are required for calculating matrix cofactors, which in turn are useful for computing

both the determinant and inverse of square matrices.

Definition and illustration

First minors

If A is a square matrix, then the minor of the entry in the i-th row and j-th column (also called the (i,j) minor, or a
first minor[l]) is the determinant of the submatrix formed by deleting the i-th row and j-th column. This number is
often denoted Ml,j. The (i,j) cofactor is obtained by multiplying the minor by (— 1)“‘j .

To illustrate these definitions, consider the following 3 by 3 matrix,

1 4 7
3 0 5
-1 9 11
To compute the minor M23 and the cofactor C Hy We find the determinant of the above matrix with row 2 and column
3 removed.
1 4 0O 1 4
Mpg=det | 0 O O] =det [_1 9] = (9 — (—4)) =13
-1 9 0O

So the cofactor of the (2,3) entry is

Cas = (—1)*(My) = —13.

General definition

Let A be an m x n matrix and k an integer with 0 < k < m, and k < n. A k X k minor of A is the determinant of a k x

k matrix obtained from A by deleting m — k rows and n — k columns. For such a matrix there are a total of

™ )
. minors of size k x k.
() ()

Complement

The complement, Bijk , of a minor, M - , of a square matrix, A, is formed by the determinant of the matrix

pqr. ijk...,pqr...

A from which all the rows (jjk...) and columns (pgr...) associated with Mi/k par have been removed. The
complement of the first minor of an element a, is merely that element.!?! ‘
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Applications of minors and cofactors

Cofactor expansion of the determinant

The cofactors feature prominently in Laplace's formula for the expansion of determinants, which is a method of

computing larger determinants in terms of smaller ones. Given the 7 X 7 matrix (ai,j), the determinant of A

(denoted det(A)) can be written as the sum of the cofactors of any row or column of the matrix multiplied by the

entries that generated them. In other words, the cofactor expansion along the jth column gives:
n
det(A) = ale'lj + ang’gj + a3jC'3j —+ ...+ ananj = Z G,.ch.,;j
i=1

The cofactor expansion along the ith row gives:

det(A) = a;1C;1 + a:2Ci0 + a3Cis + ... + 0 Cipy = Z a;;Ci;
j=1
Inverse of a matrix

One can write down the inverse of an invertible matrix by computing its cofactors by using Cramer's rule, as follows.

The matrix formed by all of the cofactors of a square matrix A is called the cofactor matrix (also called the matrix

of cofactors):
C(11 C’12 e Cln
C— Ct?l C’.22 '. t C'.2-n
C'n,l Cﬂ2 5050 C’nn
Then the inverse of A is the transpose of the cofactor matrix times the inverse of the determinant of A:
=l 1 T
A= ©

The transpose of the cofactor matrix is called the adjugate matrix (also called the classical adjoint) of A.

Other applications

Given an m x n matrix with real entries (or entries from any other field) and rank r, then there exists at least one

non-zero r X r minor, while all larger minors are zero.

We will use the following notation for minors: if A is an m x n matrix, [ is a subset of {1,...,m} with k elements and J
is a subset of {1,...,n} with k elements, then we write [A] T for the k x k minor of A that corresponds to the rows with

index in / and the columns with index in J.

e IfI=J, then [A] 7 is called a principal minor.

 If the matrix that corresponds to a principal minor is a quadratic upper-left part of the larger matrix (i.e., it
consists of matrix elements in rows and columns from 1 to k), then the principal minor is called a leading
principal minor. For an n X n square matrix, there are n leading principal minors.

* For Hermitian matrices, the leading principal minors can be used to test for positive definiteness.

Both the formula for ordinary matrix multiplication and the Cauchy-Binet formula for the determinant of the product

of two matrices are special cases of the following general statement about the minors of a product of two matrices.

Suppose that A is an m x n matrix, B is an n X p matrix, [ is a subset of {1,...,m} with k elements and J is a subset of

{1,...,p} with k elements. Then

[AB];; = > [Al;k[Blk.

K
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where the sum extends over all subsets K of {1,...,n} with k elements. This formula is a straightforward extension of
the Cauchy-Binet formula.

Multilinear algebra approach

A more systematic, algebraic treatment of the minor concept is given in multilinear algebra, using the wedge

product: the k-minors of a matrix are the entries in the kth exterior power map.

If the columns of a matrix are wedged together k at a time, the k x k minors appear as the components of the resulting

k-vectors. For example, the 2 x 2 minors of the matrix

1 4
3 -1
2 1

are —13 (from the first two rows), —7 (from the first and last row), and 5 (from the last two rows). Now consider the

wedge product

(e1 + 3ey + 2e3) A (4de; — ez + €3)
where the two expressions correspond to the two columns of our matrix. Using the properties of the wedge product,

namely that it is bilinear[3] and
e; Ne; =0
and
e; Ne; = —e; Ne;,
we can simplify this expression to
—13e; A ey — 7Te; Aes+ bey A ey

where the coefficients agree with the minors computed earlier.

A remark about different notations

In some books ¥ instead of cofactor the term adjunct is used. Moreover, it is denoted as Aij and defined in the same

way as cofactor:
A = (-1)"My;

Using this notation the inverse matrix is written this way:

A Ap - Am

Al 1 Alg Agp - A
det(A) | : : - :

Ain Az - Ang

Keep in mind that adjunct is not adjugate or adjoint[3]. In modern terminology, the "adjoint" of a matrix most often

refers to the corresponding adjoint operator.
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External links

* MIT Linear Algebra Lecture on Cofactors (http://ocw.mit.edu/courses/mathematics/
18-06-linear-algebra-spring-2010/video-lectures/lecture-19-determinant-formulas-and-cofactors/) at Google
Video, from MIT OpenCourseWare

* PlanetMath entry of Cofactors (http://planetmath.org/encyclopedia/Cofactor.html)

» Springer Encyclopedia of Mathematics entry for Minor (http://www.encyclopediaofmath.org/index.php/
Minor)

Adjugate matrix

In linear algebra, the adjugate or classical adjoint (occasionally referred to as adjunct) of a square matrix is the

transpose of the cofactor matrix.

The adjugate has sometimes been called the "adjoint", but today the "adjoint" of a matrix normally refers to its

corresponding adjoint operator, which is its conjugate transpose.

Definition
The adjugate of A is the transpose of the cofactor matrix C of A:
adj(A) = CT.
In more detail: suppose R is a commutative ring and A is an nxn matrix with entries from R.

e The (i,j) minor of A, denoted Al.j, is the determinant of the (n — 1)x(n — 1) matrix that results from deleting row i

and column j of A.
* The cofactor matrix of A is the nxn matrix C whose (i,j) entry is the (i,j) cofactor of A:
Ci; = (-1)"7A,;.
* The adjugate of A is the transpose of C, that is, the nxn matrix whose (i,j) entry is the (j,i) cofactor of A:
ad_] (A),;j = Cji .
The adjugate is defined as it is so that the product of A and its adjugate yields a diagonal matrix whose diagonal

entries are det(A):

A adj(A) =det(A) I

A is invertible if and only if det(A) is an invertible element of R, and in that case the equation above yields:
adj{A) = det(A)A™1,

A? :

= m adj(A).
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Examples

2 X 2 generic matrix

The adjugate of the 2 x 2 matrix
a b
A=
c d

adj(A) = (_‘i _;’) |

It is seen that det(adj(A)) = det(A) and adj(adj(A)) = A.

is

3 X 3 generic matrix

Consider the 3 x 3matrix

a11 @12 Qi3 1 2 3
A= 91 Q99 493 = 4 5 6
az1 a3z aszz 7 8 9

Its adjugate is the transpose of the cofactor matrix

(+ Gz2 Gg3| _ (@21 Gp3| | |02 CL22\ (-l- 5 6/ |46 " 4 5\
azy 433 a3y Gs3 a3 asp 8 9 7 9 7 8
_ a1 13 a1 @13 an ai2| | _ 23 13 1 2
C=|- azy as3 + az1 as3| ez ax|| | 8 9 + 7 9 |7 8
a2 @13 a1 a3 i ap 2 3 1 3 1 2
+ - + + - +
\ a2z Qa3 a1 Ga3 (21 Ag2 ) \ 5 6 4 6 4 5 )

So that we have

(+ G2 O3 _ |12 O13)  |012 013\ (+ 5 6/ |2 3 + 2 3\
a3z 33 a3z a3z Ay Qg3 8 9 8 9 5 6
AN a91 Q93 a1l 13 ann aiz| | _ 4 6 13 13
adj(A) = | - azy 033 * as1 ass| |am axa|| | (7 9 + 79 |46
a1 G2 11 012 a1 @12 4 5 1 2 1 2

\+ a31 a3z az; Az + a1 G99 } \+ 78 78 Tlas )

where

Qim L779)

Cjm  Ajn

— det (a‘im a‘in)
ajm aj

Therefore C, the matrix of cofactors for A, is

-3 6 -3
C=|6 -12 6
-3 6 -3

The adjugate is the transpose of the cofactor matrix. Thus, for instance, the (3,2) entry of the adjugate is the (2,3)

cofactor of A. (In this example, C happens to be its own transpose, so adj(A) = C.)
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3 X 3 numeric matrix

As a specific example, we have

3 2 -5 8 18 —4
adi|-1 0 —2|=[=5 12 -1
3 -4 1 4 -6 2

The —6 in the third row, second column of the adjugate was computed as follows:

ey %) =—(-a-9-@@) = -6

Again, the (3,2) entry of the adjugate is the (2,3) cofactor of A. Thus, the submatrix

5 %)

was obtained by deleting the second row and third column of the original matrix A.

Properties
The adjugate has the properties
adj (I) =1,
adj(AB) = adj(B) adj(A),
adj(cA) = c"tadj(A)
for nxn matrices A and B. The second line follows from equations adj(B)adj(A) = det(B)B_1 det(A)A‘1 =
det(AB)(AB)'l. Substituting in the second line B = A™~ Vand performing the recursion, one gets for all integer m

adj(A™) = adj(A)™.
The adjugate preserves transposition:
adj(AT) = adj(A)".
Furthermore,
det (adj(A)) = det(A)* ™,
adj{adj(A)) = det(A)"?A
and, if det(A) is a unit, then det(adj(A)) = det(A) and adj(adj(A)) = A.

Inverses
As a consequence of Laplace's formula for the determinant of an nxn matrix A, we have
A adj(A) =adj(A) A =det(A) I, (%)
where I, is the nxn identity matrix. Indeed, the (i,i) entry of the product A adj(A) is the scalar product of row i of A
with row i of the cofactor matrix C, which is simply the Laplace formula for det(A) expanded by row i. Moreover,

for i # j the (i,j) entry of the product is the scalar product of row i of A with row j of C, which is the Laplace formula

for the determinant of a matrix whose i and j rows are equal and is therefore zero.

From this formula follows one of the most important results in matrix algebra: A matrix A over a commutative ring
R is invertible if and only if det(A) is invertible in R.

For if A is an invertible matrix then

1 = det(L,) = det(AA™!) = det(A) det(A 1),

and equation (*) above shows that

A~ =det(A) tadj(A).
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See also Cramer's rule.

Characteristic polynomial
If p(¢) = det(A — ¢ 1) is the characteristic polynomial of A and we define the polynomial g(¢) = (p(0) — p(?))/t, then
adj(A) = g(A) = —(p1l + p2A + psA® + - - + p, A™Y),

where Pj are the coefficients of p(r),

p(t) = po + 1t + pat® + - - - + put™.

Jacobi's formula
The adjugate also appears in Jacobi's formula for the derivative of the determinant:
d . dA
— det(A) = tr { adj(A)— | .
do do
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External links

* Matrix Reference Manual (http://www.ee.ic.ac.uk/hp/staff/dmb/matrix/property.html#adjoint)

* Online matrix calculator (determinant, track, inverse, adjoint, transpose) (http://www.elektro-energetika.cz/
calculations/matreg.php?language=english) Compute Adjugate matrix up to order 8

e "adjugateof { { a,b,c }, {d,e,f}, { g h,i} }" (http://www.wolframalpha.com/input/?i=adjugate+of+{+
{+a,+b,+c+},+{+d,+e,+f+},+{+g,+h,+i+}+}). Wolfram Alpha.
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Invertible matrix

In linear algebra an n-by-n (square) matrix A is called invertible (some authors use nonsingular or nondegenerate)

if there exists an n-by-n matrix B such that
AB=BA =1,
where In denotes the n-by-n identity matrix and the multiplication used is ordinary matrix multiplication. If this is the

case, then the matrix B is uniquely determined by A and is called the inverse of A, denoted by AL It follows from

the theory of matrices that if

AB =1
for finite square matrices A and B, then also
BA =1

Non-square matrices (m-by-n matrices for which m # n) do not have an inverse. However, in some cases such a
matrix may have a left inverse or right inverse. If A is m-by-n and the rank of A is equal to n, then A has a left
inverse: an n-by-m matrix B such that BA = 1. If A has rank m, then it has a right inverse: an n-by-m matrix B such
that AB = L.

A square matrix that is not invertible is called singular or degenerate. A square matrix is singular if and only if its
determinant is 0. Singular matrices are rare in the sense that a square matrix randomly selected from a continuous

uniform distribution on its entries will almost never be singular.

While the most common case is that of matrices over the real or complex numbers, all these definitions can be given
for matrices over any commutative ring. However, in this case the condition for a square matrix to be invertible is
that its determinant is invertible in the ring, which in general is a much stricter requirement than being nonzero. The
conditions for existence of left-inverse resp. right-inverse are more complicated since a notion of rank does not exist

over rings.

Matrix inversion is the process of finding the matrix B that satisfies the prior equation for a given invertible matrix
A.

Properties

The invertible matrix theorem

Let A be a square n by n matrix over a field K (for example the field R of real numbers). The following statements

are equivalent:
A is invertible, i.e. A has an inverse, is nonsingular, or is nondegenerate.
A is row-equivalent to the n-by-n identity matrix In.
A is column-equivalent to the n-by-n identity matrix In.
A has n pivot positions.

det A = 0. In general, a square matrix over a commutative ring is invertible if and only if its determinant is a

unit in that ring.

A has full rank; that is, rank A = n.

The equation Ax = 0 has only the trivial solution x = 0

Null A = {0}

The equation Ax = b has exactly one solution for each b in K"

The columns of A are linearly independent.
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The columns of A span K"

Col A=K"

The columns of A form a basis of K"

The linear transformation mapping X to AX is a bijection from K" to K".

There is an n by n matrix B such that AB = In =BA.

The transpose AT is an invertible matrix (hence rows of A are linearly independent, span K", and form a basis
of K.

The number 0 is not an eigenvalue of A.

The matrix A can be expressed as a finite product of elementary matrices.

The matrix A has a left inverse (i.e. there exists a B such that BA =) or a right inverse (i.e. there exists a C
such that AC =1), in which case both left and right inverses exist and B = C = A'l.

Other properties
Furthermore, the following properties hold for an invertible matrix A:
- Ahl=a
. (kA)_1 = k~'A™" for nonzero scalar k;
T,-1 ~1\T,
c(A) =(A);
» For any invertible n-by-n matrices A and B, (AB)_1 =B~ 'A™!. More generally, if A 1,...,Ak are invertible n-by-n
. -1_ . -1 “1a =1, -1
matrlc_e]s, then (AlﬁzuAk—IAk) = Ak Ak—] DA2 A1 ;
o det(A™) =det(A) .

A matrix that is its own inverse, i.e. A = A7 and A= 1, is called an involution.

Density

nxn - .
, 1s a null set, i.e.,

Over the field of real numbers, the set of singular n-by-n matrices, considered as a subset of R
has Lebesgue measure zero. This is true because singular matrices are the roots of the polynomial function in the
entries of the matrix given by the determinant. Thus in the language of measure theory, almost all n-by-n matrices

are invertible.

Furthermore the n-by-n invertible matrices are a dense open set in the topological space of all n-by-n matrices.

Equivalently, the set of singular matrices is closed and nowhere dense in the space of n-by-n matrices.

In practice however, one may encounter non-invertible matrices. And in numerical calculations, matrices which are

invertible, but close to a non-invertible matrix, can still be problematic; such matrices are said to be ill-conditioned.

Methods of matrix inversion

Gaussian elimination

Gauss—Jordan elimination is an algorithm that can be used to determine whether a given matrix is invertible and to
find the inverse. An alternative is the LU decomposition which generates upper and lower triangular matrices which

are easier to invert.

Newton's method

A generalisation of Newton's method as used for a multiplicative inverse algorithm may be convenient, if it is

convenient to find a suitable starting seed:

Xk:+1 = ZXk - XkAXk.
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Victor Pan and John Reif have done work that includes ways of generating a starting seed. Otherwise, the method
may be adapted to use the starting seed from a trivial starting case by using a homotopy to "walk" in small steps from
that to the matrix needed, "dragging" the inverses with them:
Xit1 = 2Xy — X Ak11 Xk, where Ag =S, Xy =571 and Ay = Afor some terminating N,
perhaps followed by another few iterations at A to settle the inverse.
Using this simplistically on real valued matrices would lead the homotopy through a degenerate matrix about half the
time, so complex valued matrices should be used to bypass that, e.g. by using a starting seed S that has i in the first
entry, / on the rest of the leading diagonal, and 0 elsewhere. If complex arithmetic is not directly available, it may be

emulated at a small cost in computer memory by replacing each complex matrix element a+bi with a 2x2 real valued

. a .
submatrix of the form l ] (see square root of a matrix).
a

—b
Newton's method is particularly useful when dealing with families of related matrices that behave enough like the
sequence manufactured for the homotopy above: sometimes a good starting point for refining an approximation for
the new inverse can be the already obtained inverse of a previous matrix that nearly matches the current matrix, e.g.
the pair of sequences of inverse matrices used in obtaining matrix square roots by Denman-Beavers iteration; this
may need more than one pass of the iteration at each new matrix, if they are not close enough together for just one to
be enough. Newton's method is also useful for "touch up" corrections to the Gauss—Jordan algorithm which has been

contaminated by small errors due to imperfect computer arithmetic.

Cayley—Hamilton method

Cayley—Hamilton theorem allows to represent the inverse of A in terms of det(A), traces and powers of A

A—l _ ; nz_lAs Z H ( ]‘)kl+ (Al)kg
o det(A) &= ALY ’

where n is dimenison of A, and the sum is taken over s and the sets of all kl > 0 satisfying the linear Diophantine

equation
n—1
s+ Z lky=n—1.
I=1

Eigendecomposition

If matrix A can be eigendecomposed and if none of its eigenvalues are zero, then A is nonsingular and its inverse is
given by

— Q A—l Q—l
where Q is the square (NxN) matrix whose i™ column is the eigenvector g; of A and A is the diagonal matrix whose
diagonal elements are the corresponding eigenvalues, i.e., A;; — A;. Furthermore, because A is a diagonal matrix,

its inverse is easy to calculate:

_ 1
A=
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Cholesky decomposition
If matrix A is positive definite, then its inverse can be obtained as
A—l — (L*)_lL_l,

where L is the lower triangular Cholesky decomposition of A, and L* denotes the conjugate transpose of L.

Analytic solution

Writing the transpose of the matrix of cofactors, known as an adjugate matrix, can also be an efficient way to
calculate the inverse of small matrices, but this recursive method is inefficient for large matrices. To determine the

inverse, we calculate a matrix of cofactors:

Cu Cy -+ Cy
A—lzi T:i Cia Cop -+ Gy
A Al .
Cln C2’n. "t Cn'n,
so that
1

A = cT —{(C,;
where |Al is the determinant of A, C is the matrix of cofactors, and CT represents the matrix transpose.

Inversion of 2x2 matrices

The cofactor equation listed above yields the following result for 2x2 matrices. Inversion of these matrices can be

done easily as follows: [

S Y =t B R e

This is possible because 1/(ad-bc) is the reciprocal of the determinant of the matrix in question, and the same

strategy could be used for other matrix sizes.

The Cayley—Hamilton method gives

-1 1
AT = A [trA — A].

Inversion of 3x3 matrices

A computationally efficient 3x3 matrix inversion is given by

a b ] ., [A B " ., [A4 D ¢
A'=lde fl =——|D E F| =——|B E H
0 b6 detiA) g g 1| @) o p g

where the determinant of A can be computed by applying the rule of Sarrus as follows:

det(A) = a(ei — fh) — b(id — fg) + c(dh — eg).
If the determinant is non-zero, the matrix is invertible, with the elements of the above matrix on the right side given
by

A=(ei— fh) D=—(bi—ch) G=(bf—ce)

B=—(di—fg) E=(ai—cg) H=—(af —cd)

C=(dh—eq) F=-—{(ah—bg) I=(ac—bd)

The Cayley—Hamilton decomposition gives
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_ 1
N det(A)

The general 3x3 inverse can be expressed concisely in terms of the cross product and triple product:

-1

1
9 ((trA)2 = trAQ) — AtrA + A?|.

If a matrix A = [xo, X7, Xz] (consisting of three column vectors, Xg, X1, and Xg2) is invertible, its inverse is

given by
(X]_ X Xg)T
Al = — (x5 x x0)"
N det(A) 2 0 T
(XO X Xl)

Note that det ( A) is equal to the triple product of Xg, X1, and X2—the volume of the parallelepiped formed by
the rows or columns:

det{A) = xp - (X3 X Xa).
The correctness of the formula can be checked by using cross- and triple-product properties and by noting that for
groups, left and right inverses always coincide. Intuitively, because of the cross products, each row of A —lis
orthogonal to the non-corresponding two columns of A (causing the off-diagonal terms of j — A —1 A be zero).
Dividing by

det(A) = xg - (x3 X X32)
causes the diagonal elements of J — A —1 A to be unity. For example, the first diagonal is:

1
1= — = xp- .
= (Xl X XZ)XO (X]_ X Xz)

Inversion of 4x4 matrices

With increasing dimension, expressions for the inverse of A get complicated. For n = 4 the Cayley-Hamilton method
leads to an expression that is still tractable:

1 1 1
1=~ |2 ((trA)® — 3trAtrA® 4+ 2trA®) — ZA ((trA)? — trA%) + A%rA — A3
det(A)lG((r) FArAT+ 2rA%) — 5 A ((A) - trAT) + A%

Blockwise inversion

Matrices can also be inverted blockwise by using the following analytic inversion formula:

A B]7' [A'+A'B(D-CA'B)"'CA™' —A-'B(D-CA'B)"! 1)
C D| —(D-CA™'B)"!CA™ (D-CA™'B)!

where A, B, C and D are matrix sub-blocks of arbitrary size. (A and D must be square, so that they can be inverted.
Furthermore, A and D-CA™'B must be nonsingular.) This strategy is particularly advantageous if A is diagonal and
D-CA™'B (the Schur complement of A) is a small matrix, since they are the only matrices requiring inversion. This

[citation needed)

technique was reinvented several times and is due to Hans Boltz (1923), who used it for the inversion

of geodetic matrices, and Tadeusz Banachiewicz (1937), who generalized it and proved its correctness.

The nullity theorem says that the nullity of A equals the nullity of the sub-block in the lower right of the inverse

matrix, and that the nullity of B equals the nullity of the sub-block in the upper right of the inverse matrix.

The inversion procedure that led to Equation (1) performed matrix block operations that operated on C and D first.

Instead, if A and B are operated on first, and provided D and A—BD_IC are nonsingular , the result is

A B! (A —BD™'C)! —(A-BD™'C)"'BD! (2)
C D| ~ |-D!'c(A-BD!C)' D!'4+D'C(A-BD'C)'BD!|

Equating Equations (1) and (2) leads to
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(A—BD'C)'=A1+ A 'B(D-CA'B)"ICA™! (3)

(A-BD'C)"'BD' = A'B(D- CA'B)™!

D™!C(A-BD'C)"! = (D-CA'B)"'CA™!

D'+ D!C(A-BD'C)"'BD™' = (D - CA™'B)!
where Equation (3) is the matrix inversion lemma, which is equivalent to the binomial inverse theorem.
Since a blockwise inversion of an nxn matrix requires inversion of two half-sized matrices and 6 multiplications
between two half-sized matrices, it can be shown that a divide and conquer algorithm that uses blockwise inversion

to invert a matrix runs with the same time complexity as the matrix multiplication algorithm that is used internally.[z]

There exist matrix multiplication algorithms with a complexity of 0(712‘3727

3
) Bl

) operations, while the best proven lower
bound is .(2(112 log n

By Neumann series

If a matrix A has the property that
lim (I— A)" =0

n—eo
then A is nonsingular and its inverse may be expressed by a Neumann series:

oo

A= "(1-A)
n=0
Truncating the sum results in an "approximate" inverse which may be useful as a preconditioner. Note that a
truncated series can be accelerated exponentially by noting that the Neumann series is a geometric sum. Therefore, if

one wishes to compute 9L terms, one merely need the moments A, A27 A4, - A2L which can be found through
L matrix multiplications. Then another L matrix multiplications are needed to obtains the final result by multiplying
all the moments together. Therefore, 2L matrix multiplications are needed to compute 2L terms of the sum.

More generally, if A is "near" the invertible matrix X in the sense that

lm(I-X'A)"=0 or lm(I—-AXH)"=0

T—00 n—oo
then A is nonsingular and its inverse is

A7 = i (XX -A))"X".

If it is also the case that A-X has rank 1 then this simplifies to

XA - X)X!

-1 _ -1 _
AT=X 1+tr(X-1{A - X))’

Derivative of the matrix inverse

Suppose that the invertible matrix A depends on a parameter ¢. Then the derivative of the inverse of A with respect to
tis given by

dA™ = _A—I%A—l
dt dt

To derive the above expression for the derivative of the inverse of A, one can differentiate the definition of the

matrix inverse A —1 A — Tand then solve for the inverse of A:

dA~'A dA™! dA dI
— A A_l e = =
df dt + dt dt
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Subtracting A‘ld('i_Afrom both sides of the above and multiplying on the right by A —lgives the correct
i

expression for the derivative of the inverse:

dA~! dA
=_A1—A%
dt dt

Similarly, if € is a small number then

(A+eX) "= A1 —eA'XA L+ O(?).

Moore—Penrose pseudoinverse

Some of the properties of inverse matrices are shared by Moore—Penrose pseudoinverses, which can be defined for

any m-by-n matrix.

Applications

For most practical applications, it is not necessary to invert a matrix to solve a system of linear equations; however,

for a unique solution, it is necessary that the matrix involved be invertible.

Decomposition techniques like LU decomposition are much faster than inversion, and various fast algorithms for

special classes of linear systems have also been developed.

Matrix inverses in real-time simulations

Matrix inversion plays a significant role in computer graphics, particularly in 3D graphics rendering and 3D
simulations. Examples include screen-to-world ray casting, world-to-subspace-to-world object transformations, and

physical simulations.

Matrix inverses in MIMO wireless communication

Matrix inversion also play a significant role in the MIMO (Multiple-Input, Multiple-Output) technology in wireless
communications. The MIMO system consists of N transmit and M receive antennas. Unique signals, occupying the
same frequency band, are sent via N transmit antennas and are received via M receive antennas. The signal arriving
at each receive antenna will be a linear combination of the N transmitted signals forming a NxM transmission matrix

H. It is crucial for the matrix H to be invertible for the receiver to be able to figure out the transmitted information.

Notes

[1] , Chapter 2, page 71 (http://books.google.com/books?id=Gv4pCVyoUVYC&pg=PA71)

[2] T.H. Cormen, C. E. Leiserson, R. L. Rivest, C. Stein, Introduction to Algorithms, 3rd ed., MIT Press, Cambridge, MA, 2009, §28.2.

[3] Ran Raz. On the complexity of matrix product. In Proceedings of the thirty-fourth annual ACM symposium on Theory of computing. ACM
Press, 2002. .
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* Hazewinkel, Michiel, ed. (2001), "Inversion of a matrix" (http://www.encyclopediaofmath.org/index.
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e Matrix Mathematics: Theory, Facts, and Formulas (http://books.google.se/books?id=jgEiuHITCYcC&
printsec=frontcover) at Google books

* Equations Solver Online (http://www.solvingequations.net)
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* Linear Algebra Lecture on Inverse Matrices by MIT (http://ocw.mit.edu/courses/mathematics/
18-06-linear-algebra-spring-2010/video-lectures/lecture-3-multiplication-and-inverse-matrices/)

* LAPACK (http://netlib.org/lapack/) is a collection of FORTRAN subroutines for solving dense linear algebra
problems

* ALGLIB (http://www.alglib.net/eigen/) includes a partial port of the LAPACK to C++, C#, Delphi, etc.

* Online Inverse Matrix Calculator using AJAX (http://www.jimmysie.com/maths/matrixinv.php)

* Symbolic Inverse of Matrix Calculator with steps shown (http://www.emathhelp.net/calculators/
linear-algebra/inverse-of-matrix-calculator/)

* Moore Penrose Pseudoinverse (http://www.vias.org/tmdatanaleng/cc_matrix_pseudoinv.html)

* Inverse of a Matrix Notes (http://numericalmethods.eng.usf.edu/mws/gen/04sle/mws_gen_sle_bck_system.
pdf)

* Module for the Matrix Inverse (http://math.fullerton.edu/mathews/n2003/InverseMatrixMod.html)

* Calculator for Singular or Non-Square Matrix Inverse (http://mjollnir.com/matrix/demo.html)

* Derivative of inverse matrix (http://planetmath.org/?op=getobj&amp;from=objects&amp;id=6362),
PlanetMath.org.

Eigenvalues and eigenvectors

An eigenvector of a square matrix A is a

non-zero vector ¢ that, when the matrix is

o

multiplied by v, yields a constant multiple of v, . | — |

the multiplier being commonly denoted by ) . W L -
That is:

Av = v

(Because this equation uses post-multiplication by

v, it describes a right eigenvector.)

The number J} is called the eigenvalue of A
(1] : i |

corresponding to v .

In analytic geometry, for example, a three-element

vector may be seen as an arrow  in In this shear mapping the red arrow changes direction but the blue arrow

. . . L. does not. The blue arrow is an eigenvector of this shear mapping, and
three-dimensional space starting at the origin. In L . o .
since its length is unchanged its eigenvalue is 1.
that case, an eigenvector vis an arrow whose
direction is either preserved or exactly reversed
after multiplication by A4 . The corresponding eigenvalue determines how the length of the arrow is changed by the

operation, and whether its direction is reversed or not, determined by whether the eigenvalue is negative or positive.
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In abstract linear algebra, these concepts are naturally extended to more general situations, where the set of real
scalar factors is replaced by any field of scalars (such as algebraic or complex numbers); the set of Cartesian vectors
™ is replaced by any vector space (such as the continuous functions, the polynomials or the trigonometric series),
and matrix multiplication is replaced by any linear operator that maps vectors to vectors (such as the derivative from
calculus). In such cases, the "vector" in "eigenvector" may be replaced by a more specific term, such as
"eigenfunction", "eigenmode", "eigenface", or '"eigenstate". Thus, for example, the exponential function
f (:c) = g”is an eigenfunction of the derivative operator " »", with eigenvalue ), = In g , since its derivative is
F(z) = (lna)a® = Mf(z).

The set of all eigenvectors of a matrix (or linear operator), each paired with its corresponding eigenvalue, is called
the eigensystem of that matrix.*! Any multiple of an eigenvector is also an eigenvector, with the same eigenvalue.
An eigenspace of a matrix A is the set of all eigenvectors with the same eigenvalue, together with the zero vector.
An eigenbasis for 4 is any basis for the set of all vectors that consists of linearly independent eigenvectors of A4 .

Not every matrix has an eigenbasis, but every symmetric matrix does.

The terms characteristic vector, characteristic value, and characteristic space are also used for these concepts.

non

The prefix eigen- is adopted from the German word eigen for "self-" or "unique to", "peculiar to", or "belonging to."

Eigenvalues and eigenvectors have many applications in both pure and applied mathematics. They are used in matrix

factorization, in quantum mechanics, and in many other areas.

Definition

Eigenvectors and eigenvalues of a real matrix

In many contexts, a vector can be assumed to be a list

of real numbers (called elements), written vertically Y
with brackets around the entire list, such as the vectors /\y
u and v below. Two vectors are said to be scalar AX = AX

multiples of each other (also called parallel or

collinear) if they have the same number of elements,

and if every element of one vector is obtained by
multiplying each corresponding element in the other X
vector by the same number (known as a scaling factor,
or a scalar). For example, the vectors
1 —-20
u= (3| and v = | —60 ) X AX X
4 —8&0 Matrix A acts by stretching the vector & , not changing its

. direction, so I is an eigenvector of .
are scalar multiples of each other, because each element & A

of vis —20 times the corresponding element of % .

A vector with three elements, like % or v above, may represent a point in three-dimensional space, relative to some
Cartesian coordinate system. It helps to think of such a vector as the tip of an arrow whose tail is at the origin of the

"

coordinate system. In this case, the condition " % is parallel to v" means that the two arrows lie on the same

straight line, and may differ only in length and direction along that line.

If we multiply any square matrix A with 72 rows and 72 columns by such a vector v, the result will be another

vector ¢4y = Aw , also with 72 rows and one column. That is,
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(1 un A11 A12 Aln (1

Vg | Wwg A2,1 A2,2 AQ,n U2
is mapped to . =

Un Wy, Anl An? Ann Un

: ?

where, for each index 3 ,
n
w; = Ao + Aigua + -+ Aivn = A ju;
1

In general, if ¥5 are not all zeros, the vectors v and Aq¢; will not be parallel. When they are parallel (that is, when
there is some real number )\, such that 49 — Ay ) we say that ¥ is an eigenvector of A4 . In that case, the scale
factor ) is said to be the eigenvalue corresponding to that eigenvector.

In particular, multiplication by a 3x3 matrix 4 may change both the direction and the magnitude of an arrow v in
three-dimensional space. However, if @ is an eigenvector of A with eigenvalue ), , the operation may only change
its length, and either keep its direction or flip it (make the arrow point in the exact opposite direction). Specifically,
the length of the arrow will increase if |)\| > 1, remain the same if |)\| = 1, and decrease it if |)\| < 1.
Moreover, the direction will be precisely the same if X > (), and flipped if ) «< (. If ) = (, then the length of

the arrow becomes zero.

An example

For the transformation matrix

31
A= ,
1 3
the vector
4
v =
—4
is an eigenvector with eigenvalue 2. Indeed, ...
LA
SR
ST AR ES

The transformation matrix [ % % ] preserves the
direction of vectors parallel to [ % ] (in blue)
and [ _11 } (in violet). The points that lie on the

line through the origin, parallel to an eigenvector,
remain on the line after the transformation. The
vectors in red are not eigenvectors, therefore their
direction is altered by the transformation. See
also: An extended version, showing all four
quadrants.

R | MR

-[3-2[4)

On the other hand the vector
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<[}
1
is not an eigenvector, since
[3 1] [0] _ [3-0+1-1] _ H
1 3(|1 1-0+3-1 3|’
and this vector is not a multiple of the original vector .

Another example

For the matrix

1 20
A=10 2 0],
0 0 3
we have
1] [1] 1]
Alol = |o] =1 |0,
10 u u
0] 0] 0]
Al0l = (0] =3- |0
n 3 1

Therefore, the vectors [1’ O, O]Tand [O, ()’ 1]Tare eigenvectors of A corresponding to the eigenvalues 1 and 3

respectively. (Here the symbol Tindicates matrix transposition, in this case turning the row vectors into column

vectors.)

Trivial cases

The identity matrix J (whose general element f;;is 1 if ¢ = 7, and O otherwise) maps every vector to itself.
Therefore, every vector is an eigenvector of J, with eigenvalue 1.

More generally, if A4 is a diagonal matrix (with Aij = O whenever 1 75 _7 ), and v 1is a vector parallel to axis 4
(thatis, v; # 0, and v; = 0if j # ), then Ay = Ay where A = A;; . That is, the eigenvalues of a diagonal

matrix are the elements of its main diagonal. This is trivially the case of any 1 x1 matrix.

General definition

The concept of eigenvectors and eigenvalues extends naturally to abstract linear transformations on abstract vector
spaces. Namely, let /be any vector space over some field J of scalars, and let 7"'be a linear transformation
mapping }/into }/. We say that a non-zero vector v of }/is an eigenvector of 77" if (and only if) there is a scalar
) in K such that

T(v) = Mv.
This equation is called the eigenvalue equation for 77", and the scalar ) is the eigenvalue of 7" corresponding to
the eigenvector v . Note that T(U) means the result of applying the operator f"to the vector v, while )¢ means
the product of the scalar ), by v B
The matrix-specific definition is a special case of this abstract definition. Namely, the vector space }/is the set of all
column vectors of a certain size 7 x1, and 7" is the linear transformation that consists in multiplying a vector by the
given i X 7 matrix A .
Some authors allow ¥ to be the zero vector in the definition of eigenvector. This is reasonable as long as we define

eigenvalues and eigenvectors carefully: If we would like the zero vector to be an eigenvector, then we must first
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define an eigenvalue of 77" as a scalar ), in [ such that there is a nonzero vector v in 1}/ with T(fu) = Av . We then define an eiger
a vector vin Y/ such that there is an eigenvalue ), in } with T(v) = Av . This way, we ensure that it is not the case that every sc

eigenvalue corresponding to the zero vector.

Eigenspace and spectrum

If wis an eigenvector of 7", with eigenvalue ), , then any scalar multiple cvv of v with nonzero cvis also an

eigenvector with eigenvalue ), , since T(ow) = QT('U) = oz()\'v) = /\(av). Moreover, if zand v are

eigenvectors with the same eigenvalue ) , then ¢ + wis also an eigenvector with the same eigenvalue ) .

Therefore, the set of all eigenvectors with the same eigenvalue ), , together with the zero vector, is a linear subspace

of 1/, called the eigenspace of 7 associated to ) @

(3]

If that subspace has dimension 1, it is sometimes called an
eigenline.
The geometric multiplicity '7T()\)of an eigenvalue ) is the dimension of the eigenspace associated to ) , i.e.
number of linearly independent eigenvectors with that eigenvalue.

The eigenspaces of T always form a direct sum (and as a consequence any family of eigenvectors for different
eigenvalues is always linearly independent). Therefore the sum of the dimensions of the eigenspaces cannot exceed
the dimension n of the space on which T operates, and in particular there cannot be more than n distinct

eigenvalues.[6]

Any subspace spanned by eigenvectors of 7'is an invariant subspace of 7', and the restriction of 7 to such a

subspace is diagonalizable.

The set of eigenvalues of 7" is sometimes called the spectrum of T".

Eigenbasis

An eigenbasis for a linear operator 7" that operates on a vector space V/is a basis for }/that consists entirely of

eigenvectors of 7T (possibly with different eigenvalues). Such a basis exists precisely if the direct sum of the
eigenspaces equals the whole space, in which case one can take the union of bases chosen in each of the eigenspaces
as eigenbasis. The matrix of T in a given basis is diagonal precisely when that basis is an eigenbasis for 7, and for

this reason T is called diagonalizable if it admits an eigenbasis.

Generalizations to infinite-dimensional spaces

The definition of eigenvalue of a linear transformation 7" remains valid even if the underlying space 1/is an infinite
dimensional Hilbert or Banach space. Namely, a scalar ) is an eigenvalue if and only if there is some nonzero
vector v such that T'(w} = Av.

Eigenfunctions
A widely used class of linear operators acting on infinite dimensional spaces are the differential operators on
function spaces. Let J) be a linear differential operator in on the space °°of infinitely differentiable real
functions of a real argument ¢ . The eigenvalue equation for [) is the differential equation

Df =Af
The functions that satisfy this equation are commonly called eigenfunctions. For the derivative operator ¢ / dt , an
eigenfunction is a function that, when differentiated, yields a constant times the original function. If ), is zero, the
generic solution is a constant function. If )} is non-zero, the solution is an exponential function

f(t) = AeM.
Eigenfunctions are an essential tool in the solution of differential equations and many other applied and theoretical

fields. For instance, the exponential functions are eigenfunctions of any shift invariant linear operator. This fact is
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the basis of powerful Fourier transform methods for solving all sorts of problems.

Spectral theory

If )\ is an eigenvalue of 7", then the operator J° — M [ is not one-to-one, and therefore its inverse (T -\ )_lis

not defined. The converse is true for finite-dimensional vector spaces, but not for infinite-dimensional ones. In

general, the operator 7" — )\ J may not have an inverse, even if )} is not an eigenvalue.
For this reason, in functional analysis one defines the spectrum of a linear operator 77" as the set of all scalars ), for

which the operator 7° — )] has no bounded inverse. Thus the spectrum of an operator always contains all its

eigenvalues, but is not limited to them.

Associative algebras and representation theory

More algebraically, rather than generalizing the vector space to an infinite dimensional space, one can generalize the
algebraic object that is acting on the space, replacing a single operator acting on a vector space with an algebra
representation — an associative algebra acting on a module. The study of such actions is the field of representation

theory.

A closer analog of eigenvalues is given by the representation-theoretical concept of weight, with the analogs of

eigenvectors and eigenspaces being weight vectors and weight spaces.

Eigenvalues and eigenvectors of matrices

Characteristic polynomial

The eigenvalue equation for a matrix A4 is

Av— Av =0,
which is equivalent to
(A—Av =0,

where [is the n X 7 identity matrix. It is a fundamental result of linear algebra that an equation }fy = (Qhas a
non-zero solution wif, and only if, the determinant det( M ) of the matrix Afis zero. It follows that the
eigenvalues of 4 are precisely the real numbers ), that satisfy the equation

det(A — AI) =0
The left-hand side of this equation can be seen (using Leibniz' rule for the determinant) to be a polynomial function
of the variable ), . The degree of this polynomial is 72, the order of the matrix. Its coefficients depend on the

entries of A , except that its term of degree 72 is always (—1)”)\" . This polynomial is called the characteristic

polynomial of A ; and the above equation is called the characteristic equation (or, less often, the secular equation)

of A.

For example, let A4 be the matrix

2 00
A=10 3 4
0 49

The characteristic polynomial of 4 is

det(A—AI) = det

O O N
= W O

which is
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(2-A)[(B—A)(9—A) — 16] = —»° + 142> — 351 + 22
The roots of this polynomial are 2, 1, and 11. Indeed these are the only three eigenvalues of 4 , corresponding to

the eigenvectors [1,0, 0], [0,2, —1];and [0, 1, 2]’ (or any non-zero multiples thereof).

In the real domain

Since the eigenvalues are roots of the characteristic polynomial, an rz X 7 matrix has at most 7z eigenvalues. If the
matrix has real entries, the coefficients of the characteristic polynomial are all real; but it may have fewer than 7

real roots, or no real roots at all.

For example, consider the cyclic permutation matrix

010
A=1(0 01
100

This matrix shifts the coordinates of the vector up by one position, and moves the first coordinate to the bottom. Its

characteristic polynomial is 1 — )\3which has one real root \; = 1. Any vector with three equal non-zero

elements is an eigenvector for this eigenvalue. For example,

5 5 5
Alb| =[5 =1-15
5 5 5

In the complex domain

The fundamental theorem of algebra implies that the characteristic polynomial of an 7 X 7, matrix 4 , being a
polynomial of degree 72, has exactly m complex roots. More precisely, it can be factored into the product of 72
linear terms,

det(A — M) = (A1 = N(Ae = A) - (An — A)
where each J;is a complex number. The numbers Ay, Ag, ... A,,, (Which may not be all distinct) are roots of the
polynomial, and are precisely the eigenvalues of 4 .
Even if the entries of A are all real numbers, the eigenvalues may still have non-zero imaginary parts (and the
elements of the corresponding eigenvectors will therefore also have non-zero imaginary parts). Also, the eigenvalues
may be irrational numbers even if all the entries of 4 are rational numbers, or all are integers. However, if the
entries of 4 are algebraic numbers (which include the rationals), the eigenvalues will be (complex) algebraic
numbers too.
The non-real roots of a real polynomial with real coefficients can be grouped into pairs of complex conjugate values,
namely with the two members of each pair having the same real part and imaginary parts that differ only in sign. If
the degree is odd, then by the intermediate value theorem at least one of the roots will be real. Therefore, any real
matrix with odd order will have at least one real eigenvalue; whereas a real matrix with even order may have no real

eigenvalues.
In the example of the 3x3 cyclic permutation matrix 4 , above, the characteristic polynomial 1 — )3has two
additional non-real roots, namely
Ay = —1/2+iV3/2and A3 = A} = —1/2 —iV3/2,
where § — 4/ —1is the imaginary unit. Note that AgA3 = 1, Py As, and )\% = Ag. Then
1 Ag 1 1 A3 1
AAQ = Ag :)\2- AQ and A )\3 = Ag :A3- )\3
)\3 1 A3 )\2 1 AZ
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Therefore, the vectors [1, Ag, Asz]’and [1, A3, Ag] are eigenvectors of A, with eigenvalues Mg, and g,

respectively.

Algebraic multiplicities

Let A; be an eigenvalue of an 1 X n matrix A . The algebraic multiplicity p A()\z‘) of A;is its multiplicity as a
root of the characteristic polynomial, that is, the largest integer k such that (A = )\i)k divides evenly that

polynomial.
Like the geometric multiplicity ~y4 ()\1-), the algebraic multiplicity is an integer between 1 and 72 ; and the sum

H 4 of 7 A()\i) over all distinct eigenvalues also cannot exceed 72 . If complex eigenvalues are considered, [ 4 is

exactly 7 .
It can be proved that the geometric multiplicity y4 ()\i) of an eigenvalue never exceeds its algebraic multiplicity

pa(A;). Therefore, Y 4is at most H4 .
If y4(A;) = pa(A;) - then X;is said to be a semisimple eigenvalue.

Example
2000
For the matrix: 4 = (1) i g 8 ,
0013
the characteristic polynomial of Alis

2—-x 0 0 0

2-x 0 0
0 1 3—-x 0
0 0 1 3-2A

det(A — AT) = det =(2- 233 - N2

being the product of the diagonal with a lower triangular matrix.

The roots of this polynomial, and hence the eigenvalues, are 2 and 3. The algebraic multiplicity of each eigenvalue is
2; in other words they are both double roots. On the other hand, the geometric multiplicity of the eigenvalue 2 is only
1, because its eigenspace is spanned by the vector [O, 1, -1, 1], and is therefore 1 dimensional. Similarly, the
geometric multiplicity of the eigenvalue 3 is 1 because its eigenspace is spanned by [O, 0,0, 1]. Hence, the total
algebraic multiplicity of A, denoted [A, is 4, which is the most it could be for a 4 by 4 matrix. The geometric

multiplicity YA is 2, which is the smallest it could be for a matrix which has two distinct eigenvalues.

Diagonalization and eigendecomposition

If the sum “Y 4 of the geometric multiplicities of all eigenvalues is exactly 72, then A has a set of 7 linearly
independent eigenvectors. Let (} be a square matrix whose columns are those eigenvectors, in any order. Then we
will have AQ) = QA where Ais the diagonal matrix such that A,; is the eigenvalue associated to column 5 of
(2 . Since the columns of () are linearly independent, the matrix €} is invertible. Premultiplying both sides by
Q_l we get Q_l AQ = A. By definition, therefore, the matrix A is diagonalizable.

Conversely, if A is diagonalizable, let ) be a non-singular square matrix such that Q_l AQ) is some diagonal
matrix J) . Multiplying both sides on the left by ¢} we get AQ} = (@D . Therefore each column of ¢} must be
an eigenvector of 4 , whose eigenvalue is the corresponding element on the diagonal of J) . Since the columns of
(J must be linearly independent, it follows that Y4 = 7. Thus Yais equal to nif and only if A is

diagonalizable.
If A is diagonalizable, the space of all 7 -element vectors can be decomposed into the direct sum of the

eigenspaces of A . This decomposition is called the eigendecomposition of 4 , and it is preserved under change of
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coordinates.

A matrix that is not diagonalizable is said to be defective. For defective matrices, the notion of eigenvector can be
generalized to generalized eigenvectors, and that of diagonal matrix to a Jordan form matrix. Over an algebraically
closed field, any matrix A has a Jordan form and therefore admits a basis of generalized eigenvectors, and a

decomposition into generalized eigenspaces

Further properties

Let A4 be an arbitrary 7 X 7 matrix of complex numbers with eigenvalues A;, Ag, ... A, . (Here it is
understood that an eigenvalue with algebraic multiplicity i occurs A times in this list.) Then

e The trace of A , defined as the sum of its diagonal elements, is also the sum of all eigenvalues:

. n

tI'(A) :ZAii :ZA1:A1+A2++AH
=1 i=1

* The determinant of A is the product of all eigenvalues:

det(A) = [ [ 2 = Ada- - A

=1
» The eigenvalues of the k th power of A ,i.e. the eigenvalues of Ak, for any positive integer [, are
k 1k k
Alv)\Q:"':)‘n

» The matrix A4 is invertible if and only if all the eigenvalues A; are nonzero.

* If A isinvertible, then the eigenvalues of g~lare 1/A;,;1/Ag,...,1/\,

* If A isequal to its conjugate transpose A* (in other words, if 4 is Hermitian), then every eigenvalue is real.
The same is true of any a symmetric real matrix. If A4 is also positive-definite, positive-semidefinite,
negative-definite, or negative-semidefinite every eigenvalue is positive, non-negative, negative, or non-positive
respectively.

* Every eigenvalue of a unitary matrix has absolute value [A| = 1.

Left and right eigenvectors

The use of matrices with a single column (rather than a single row) to represent vectors is traditional in many
disciplines. For that reason, the word "eigenvector" almost always means a right eigenvector, namely a column

vector that must be placed to the right of the matrix 4 in the defining equation
Av = v
There may be also single-row vectors that are unchanged when they occur on the /eft side of a product with a square
matrix A ; that is, which satisfy the equation
uA = du
Any such row vector 7 is called a left eigenvector of A .
The left eigenvectors of A are transposes of the right eigenvectors of the transposed matrix AT, since their
defining equation is equivalent to
ATu’ =2’
It follows that, if 4 is Hermitian, its left and right eigenvectors are complex conjugates. In particular if 4 is a real

symmetric matrix, they are the same except for transposition.
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Calculation

Computing the eigenvalues

The eigenvalues of a matrix A can be determined by finding the roots of the characteristic polynomial. Explicit
algebraic formulas for the roots of a polynomial exist only if the degree mis 4 or less. According to the
Abel-Ruffini theorem there is no general, explicit and exact algebraic formula for the roots of a polynomial with

degree 5 or more.

It turns out that any polynomial with degree 7 is the characteristic polynomial of some companion matrix of order
7. . Therefore, for matrices of order 5 or more, the eigenvalues and eigenvectors cannot be obtained by an explicit

algebraic formula, and must therefore be computed by approximate numerical methods.

In theory, the coefficients of the characteristic polynomial can be computed exactly, since they are sums of products
of matrix elements; and there are algorithms that can find all the roots of a polynomial of arbitrary degree to any
required accuracy. However, this approach is not viable in practice because the coefficients would be contaminated
by unavoidable round-off errors, and the roots of a polynomial can be an extremely sensitive function of the

coefficients (as exemplified by Wilkinson's polynomial).

Efficient, accurate methods to compute eigenvalues and eigenvectors of arbitrary matrices were not known until the
advent of the QR algorithm in 1961. Combining the Householder transformation with the LU decomposition results
in an algorithm with better convergence than the QR algorithm. /0" n¢¢ded] Eop Jaroe Hermitian sparse matrices,
the Lanczos algorithm is one example of an efficient iterative method to compute eigenvalues and eigenvectors,

among several other possibilities.

Computing the eigenvectors

Once the (exact) value of an eigenvalue is known, the corresponding eigenvectors can be found by finding non-zero
solutions of the eigenvalue equation, that becomes a system of linear equations with known coefficients. For

example, once it is known that 6 is an eigenvalue of the matrix

E

we can find its eigenvectors by solving the equation 4y — v, thatis

—6-
6 3|y Y
This matrix equation is equivalent to two linear equations
41‘ — 6 e =
+y T ot 2r+ y 0
6z +3y =6y +6xr—3y =0
Both equations reduce to the single linear equation 3y = 2z . Therefore, any vector of the form [a, 20,]’ , for any

non-zero real number @, is an eigenvector of A with eigenvalue \ = §.

The matrix A4 above has another eigenvalue ) — 1. A similar calculation shows that the corresponding
eigenvectors are the non-zero solutions of 3z + Yy = 0, that is, any vector of the form [b, —Sb]’ , for any
non-zero real number } .

Some numeric methods that compute the eigenvalues of a matrix also determine a set of corresponding eigenvectors

as a by-product of the computation.
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History

Eigenvalues are often introduced in the context of linear algebra or matrix theory. Historically, however, they arose

in the study of quadratic forms and differential equations.

In the 18th century Euler studied the rotational motion of a rigid body and discovered the importance of the principal

7 the early 19th century,

axes. Lagrange realized that the principal axes are the eigenvectors of the inertia matrix.
Cauchy saw how their work could be used to classify the quadric surfaces, and generalized it to arbitrary
dimensions.[g] Cauchy also coined the term racine caractéristique (characteristic root) for what is now called

elgenvalue; his term survives in characteristic equatlon.[ I

Fourier used the work of Laplace and Lagrange to solve the heat equation by separation of variables in his famous
1822 book Théorie analytique de la chaleur'! Sturm developed Fourier's ideas further and brought them to the
attention of Cauchy, who combined them with his own ideas and arrived at the fact that real symmetric matrices
have real eigenvalues. This was extended by Hermite in 1855 to what are now called Hermitian matrices. Around the
same time, Brioschi proved that the eigenvalues of orthogonal matrices lie on the unit circle, and Clebsch found the
corresponding result for skew-symmetric matrices. Finally, Weierstrass clarified an important aspect in the stability

theory started by Laplace by realizing that defective matrices can cause instability.

In the meantime, Liouville studied eigenvalue problems similar to those of Sturm; the discipline that grew out of
their work is now called Sturm—Liouville theory.[1 Y Schwarz studied the first eigenvalue of Laplace's equation on

general domains towards the end of the 19th century, while Poincaré studied Poisson's equation a few years later.1?!

At the start of the 20th century, Hilbert studied the eigenvalues of integral operators by viewing the operators as

[

infinite matrices.!'>) He was the first to use the German word eigen to denote eigenvalues and eigenvectors in 1904,

though he may have been following a related usage by Helmholtz. For some time, the standard term in English was

"proper value", but the more distinctive term "eigenvalue" is standard today.[M]

The first numerical algorithm for computing eigenvalues and eigenvectors appeared in 1929, when Von Mises
published the power method. One of the most popular methods today, the QR algorithm, was proposed
independently by John G.F. Francis!'>! and Vera Kublanovskaya“()] in 1961.17!

Applications

Eigenvalues of geometric transformations

The following table presents some example transformations in the plane along with their 2x2 matrices, eigenvalues,

and eigenvectors.

scaling unequal scaling rotation horizontal shear hyperbolic rotation
illustration HHHH
A =
X
matrix kK O ki O c —s 1 k c s
0 k 0 ko s c 01 s ¢
c = cosf ¢ = coshp
s =sind s =sinh ¢
characteristic (A —k)? A—F)A—ka)| A —2ex+1 (A —1)? A2 2eA+1
polynomial
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eigenvalues \; AM=X=k A=k M=e? =c+si A=A =1 A =¢€%

Ay =k )\2:e_i0:c—si A =¢€e%,
algebraic multipl. py =2 pp=1 p=1 w1 =2 p =1
i = p(X) pa=1 pa=1 pe=1
geometric =2 7 =1 n=1 mn=1 n=1
multipl. Yo = 1 Yo = 1 Yo = 1

Y =v(A)

eigenvectors All non-zero vectors 1 1 1 1
“= o R “= o =
_|o 1 1

Ug = 1 Ug — +i Ug = —1l-

Note that the characteristic equation for a rotation is a quadratic equation with discriminant [} = —4(sjn 9)2,

which is a negative number whenever @ is not an integer multiple of 180°. Therefore, except for these special cases,
the two eigenvalues are complex numbers, ¢cos & + isin @ ; and all eigenvectors have non-real entries. Indeed,

except for those special cases, a rotation changes the direction of every nonzero vector in the plane.

Schrodinger equation

An example of an eigenvalue equation where the
transformation 7'is represented in terms of a
differential operator is the time-independent

Schrodinger equation in quantum mechanics:

Hyp = E¢g
where F , the Hamiltonian, is a second-order
differential operator and 'gb £, the wavefunction,
is one of its eigenfunctions corresponding to the

eigenvalue [, interpreted as its energy.

However, in the case where one is interested only
in the bound state solutions of the Schrodinger
equation, one looks for g within the space of
square integrable functions. Since this space is a
Hilbert space with a well-defined scalar product,

one can introduce a basis set in which 1 and

H can be represented as a one-dimensional array

The wavefunctions associated with the bound states of an electron in a

and a matrix respectively. This allows one to ] )

L . . . hydrogen atom can be seen as the eigenvectors of the hydrogen atom
represent the Schrodlnger equation In a matrx Hamiltonian as well as of the angular momentum operator. They are
form. associated with eigenvalues interpreted as their energies (increasing

. . . . : = . 1 i si
Bra-ket notation is often used in this context. A I 1’ 2’ 3’ ) and angular momentum (increasing

. . across: s, p, d, ...). The illustration shows the square of the absolute value
vector, which represents a state of the system, in

of the wavefunctions. Brighter areas correspond to higher probability

the Hilbert space of square integrable functions is density for a position measurement. The center of each figure is the atomic

represented by |W¥g). In this notation, the nucleus, a proton.
Schrodinger equation is:
H|Vg) = E|¥g)
where |\If E> is an eigenstate of F . It is a self adjoint operator, the infinite dimensional analog of Hermitian
matrices (see Observable). As in the matrix case, in the equation above H |\II E> is understood to be the vector

obtained by application of the transformation [ to |Ug) .
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Molecular orbitals

In quantum mechanics, and in particular in atomic and molecular physics, within the Hartree—Fock theory, the
atomic and molecular orbitals can be defined by the eigenvectors of the Fock operator. The corresponding
eigenvalues are interpreted as ionization potentials via Koopmans' theorem. In this case, the term eigenvector is used
in a somewhat more general meaning, since the Fock operator is explicitly dependent on the orbitals and their
eigenvalues. If one wants to underline this aspect one speaks of nonlinear eigenvalue problem. Such equations are
usually solved by an iteration procedure, called in this case self-consistent field method. In quantum chemistry, one
often represents the Hartree—Fock equation in a non-orthogonal basis set. This particular representation is a

generalized eigenvalue problem called Roothaan equations.

Geology and glaciology

In geology, especially in the study of glacial till, eigenvectors and eigenvalues are used as a method by which a mass
of information of a clast fabric's constituents' orientation and dip can be summarized in a 3-D space by six numbers.
In the field, a geologist may collect such data for hundreds or thousands of clasts in a soil sample, which can only be
compared graphically such as in a Tri-Plot (Sneed and Folk) diagram, or as a Stereonet on a Wulff Net.

The output for the orientation tensor is in the three orthogonal (perpendicular) axes of space. The three eigenvectors
are ordered V1, U2, Usby their eigenvalues K > Fy > I 181 931 then is the primary orientation/dip of clast,
Vais the secondary and V3is the tertiary, in terms of strength. The clast orientation is defined as the direction of the
eigenvector, on a compass rose of 360°. Dip is measured as the eigenvalue, the modulus of the tensor: this is valued
from 0° (no dip) to 90° (vertical). The relative values of F, Fs, and Fsare dictated by the nature of the
sediment's fabric. If Ey = Ey = FEj3, the fabric is said to be isotropic. If F; = Fqy > Ej, the fabric is said to
be planar. If F; > Foq > K3, the fabric is said to be linear.

Principal components analysis

The eigendecomposition of a symmetric positive semidefinite (PSD)
matrix yields an orthogonal basis of eigenvectors, each of which has a

nonnegative eigenvalue. The orthogonal decomposition of a PSD

matrix is used in multivariate analysis, where the sample covariance
matrices are PSD. This orthogonal decomposition is called principal

components analysis (PCA) in statistics. PCA studies linear relations

among variables. PCA is performed on the covariance matrix or the
correlation matrix (in which each variable is scaled to have its sample

variance equal to one). For the covariance or correlation matrix, the

eigenvectors correspond to principal components and the eigenvalues

to the variance explained by the principal components. Principal
PCA of the multivariate Gaussian distribution

centered at (1 . 3) with a standard deviation of
3 in roughly the (08787 0478) direction

and of 1 in the orthogonal direction. The vectors

component analysis of the correlation matrix provides an orthonormal
eigen-basis for the space of the observed data: In this basis, the largest
eigenvalues correspond to the principal-components that are associated

with most of the covariability among a number of observed data. shown are unit eigenvectors of the (symmetric,

positive-semidefinite) covariance matrix scaled

Principal component analysis is used to study large data sets, such as by the square oot of the corresponding

those encountered in data mining, chemical research, psychology, and eigenvalue. (Just as in the one-dimensional case,

in marketing. PCA is popular especially in psychology, in the field of the square root is taken because the standard
psychometrics. In Q methodology, the eigenvalues of the correlation deviation is more reafhly visualized than the
variance.
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matrix determine the Q-methodologist's judgment of practical significance (which differs from the statistical
significance of hypothesis testing; cf. criteria for determining the number of factors). More generally, principal
component analysis can be used as a method of factor analysis in structural equation modeling.

Vibration analysis

Eigenvalue problems occur naturally in the vibration analysis

T

of mechanical structures with many degrees of freedom. The

eigenvalues are used to determine the natural frequencies (or

eigenfrequencies) of vibration, and the eigenvectors

determine the shapes of these vibrational modes. In

particular, undamped vibration is governed by ’ ;
mi+ kx =10 '

or 1st lateral bending (See vibration for more types of vibration)
mzi = —kzx

that is, acceleration is proportional to position (i.e., we expect & to be sinusoidal in time).

In 71 dimensions, 71 becomes a mass matrix and k a stiffness matrix. Admissible solutions are then a linear
combination of solutions to the generalized eigenvalue problem

—kz = w?mzx

where ,,2is the eigenvalue and w is the angular frequency. Note that the principal vibration modes are different
from the principal compliance modes, which are the eigenvectors of k alone. Furthermore, damped vibration,
governed by

mi +cx+kxr=0

leads to what is called a so-called quadratic eigenvalue problem,

(w*m +wc+ k) =0.
This can be reduced to a generalized eigenvalue problem by clever use of algebra at the cost of solving a larger

system.

The orthogonality properties of the eigenvectors allows decoupling of the differential equations so that the system
can be represented as linear summation of the eigenvectors. The eigenvalue problem of complex structures is often

solved using finite element analysis, but neatly generalize the solution to scalar-valued vibration problems.
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Eigenfaces as examples of eigenvectors

Eigenfaces

In image processing, processed images of faces can be seen as
vectors whose components are the brightnesses of each pixel. The
dimension of this vector space is the number of pixels. The
eigenvectors of the covariance matrix associated with a large set of
normalized pictures of faces are called eigenfaces; this is an
example of principal components analysis. They are very useful

for expressing any face image as a linear combination of some of

them. In the facial recognition branch of biometrics, eigenfaces
provide a means of applying data compression to faces for
identification purposes. Research related to eigen vision systems

determining hand gestures has also been made.

Similar to this concept, eigenvoices represent the general direction
of variability in human pronunciations of a particular utterance,
such as a word in a language. Based on a linear combination of
such eigenvoices, a new voice pronunciation of the word can be
constructed. These concepts have been found useful in automatic

speech recognition systems, for speaker adaptation.

Tensor of moment of inertia

In mechanics, the eigenvectors of the moment of inertia tensor define the principal axes of a rigid body. The tensor

of moment of inertia is a key quantity required to determine the rotation of a rigid body around its center of mass.

Stress tensor

In solid mechanics, the stress tensor is symmetric and so can be decomposed into a diagonal tensor with the
eigenvalues on the diagonal and eigenvectors as a basis. Because it is diagonal, in this orientation, the stress tensor

has no shear components; the components it does have are the principal components.

Eigenvalues of a graph

In spectral graph theory, an eigenvalue of a graph is defined as an eigenvalue of the graph's adjacency matrix A4 , or
(increasingly) of the graph's Laplacian matrix (see also Discrete Laplace operator), which is either 7' — A
(sometimes called the combinatorial Laplacian) or [ _ T—1/2 A7—1/2(sometimes called the normalized
Laplacian), where T'is a diagonal matrix with T}; equal to the degree of vertex ¥;, and in T—1/2, the 4 th

diagonal entry is deg(yi). The k th principal eigenvector of a graph is defined as either the eigenvector

corresponding to the k th largest or k th smallest eigenvalue of the Laplacian. The first principal eigenvector of the

graph is also referred to merely as the principal eigenvector.
The principal eigenvector is used to measure the centrality of its vertices. An example is Google's PageRank

algorithm. The principal eigenvector of a modified adjacency matrix of the World Wide Web graph gives the page
ranks as its components. This vector corresponds to the stationary distribution of the Markov chain represented by
the row-normalized adjacency matrix; however, the adjacency matrix must first be modified to ensure a stationary
distribution exists. The second smallest eigenvector can be used to partition the graph into clusters, via spectral

clustering. Other methods are also available for clustering.
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Basic reproduction number
See Basic reproduction number

The basic reproduction number ( Rp) is a fundamental number in the study of how infectious diseases spread. If
one infectious person is put into a population of completely susceptible people, then Rpyis the average number of
people that one typical infectious person will infect. The generation time of an infection is the time, ., from one
person becoming infected to the next person becoming infected. In a heterogenous population, the next generation
matrix defines how many people in the population will become infected after time £ has passed. Eyis then the

largest eigenvalue of the next generation matrix.

Notes

[1] Wolfram Research, Inc. (2010) Eigenvector (http://mathworld.wolfram.com/Eigenvector.html). Accessed on 2010-01-29.

[2] William H. Press, Saul A. Teukolsky, William T. Vetterling, Brian P. Flannery (2007), Numerical Recipes: The Art of Scientific Computing,
Chapter 11: Eigensystems., pages=563—597. Third edition, Cambridge University Press. ISBN 9780521880688 (http://www.nr.com/)

[3] See;

[4] Lemma for the eigenspace

[5]1 Schaum's Easy Outline of Linear Algebra (http://books.google.com/books?id=pkESXAcliCQC&pg=PA111), p. 111

[6] For a proof of this lemma, see ; ; ; ; and Lemma for linear independence of eigenvectors

[7] See

[8] See

[9] See

[10] See

[11] See

[12] See

[13] See

[14] See

[15] and

[16] . Also published in:

[17] See;

[18] Stereo32 software (http://www.ruhr-uni-bochum.de/hardrock/downloads.htm)
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System of linear equations

In mathematics, a system of linear equations (or linear system) is a
collection of linear equations involving the same set of variables. For

example,

A linear system in three variables determines a
collection of planes. The intersection point is the
solution.

3x+2y— z= 1
2¢ — 2y + 4z = -2
1 —
—x + Y- z2= 0
is a system of three equations in the three variables x, y, z. A solution to a linear system is an assignment of numbers

to the variables such that all the equations are simultaneously satisfied. A solution to the system above is given by

z = 1
y =—2
z =—2

since it makes all three equations valid.!"! The word "system" indicates that the equations are to be considered

collectively, rather than individually.

In mathematics, the theory of linear systems is the basis and a fundamental part of linear algebra, a subject which is
used in most parts of modern mathematics. Computational algorithms for finding the solutions are an important part
of numerical linear algebra, and play a prominent role in engineering, physics, chemistry, computer science, and
economics. A system of non-linear equations can often be approximated by a linear system (see linearization), a

helpful technique when making a mathematical model or computer simulation of a relatively complex system.

Very often, the coefficients of the equations are real or complex numbers and the solutions are searched in the same
set of numbers, but the theory and the algorithms apply for coefficients and solutions in any field. For solutions in an
integral domain like the ring of the integers, or in other algebraic structures, other theories have been developed, see
Linear equation over a ring. Integer linear programming is a collection of method for finding the "best" integer
solution (when there are many). Grobner basis theory provides algorithms when coefficients and unknowns are

polynomials. Also tropical geometry is an example of linear algebra in a more exotic structure.
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Elementary example

The simplest kind of linear system involves two equations and two variables:
2r+3y= 6
4z + 9y = 15.

One method for solving such a system is as follows. First, solve the top equation for  in terms of ¥ :

3
=3 - -y.
z 5Y

Now substitute this expression for x into the bottom equation:

3
4(3— iy) + 9y = 15.
This results in a single equation involving only the variable ¥ . Solving gives i = 1, and substituting this back

into the equation for xyields z = 3 / 2. This method generalizes to systems with additional variables (see

"elimination of variables" below, or the article on elementary algebra.)

General form
A general system of m linear equations with n unknowns can be written as
a11r1 + a2 +---+ G1pTn = b]

a21T1 + ATz +---+ 0,T, = by

Q1T + Q22 SREREE S ApnTyn = bm
Here I1,T2,...,%pare the unknowns, @11,@a12,...;8ampare the coefficients of the system, and

by, b, ..., by, are the constant terms.

Often the coefficients and unknowns are real or complex numbers, but integers and rational numbers are also seen,

as are polynomials and elements of an abstract algebraic structure.

Vector equation

One extremely helpful view is that each unknown is a weight for a column vector in a linear combination.

11 ais aig )

21 a9 Aoy by
Ty | . +xa| . +etz, | . =

m1 am2 Qrn bm

This allows all the language and theory of vector spaces (or more generally, modules) to be brought to bear. For
example, the collection of all possible linear combinations of the vectors on the left-hand side is called their span,
and the equations have a solution just when the right-hand vector is within that span. If every vector within that span
has exactly one expression as a linear combination of the given left-hand vectors, then any solution is unique. In any
event, the span has a basis of linearly independent vectors that do guarantee exactly one expression; and the number
of vectors in that basis (its dimension) cannot be larger than m or n, but it can be smaller. This is important because if
we have m independent vectors a solution is guaranteed regardless of the right-hand side, and otherwise not

guaranteed.



https://en.wikipedia.org/w/index.php?title=Elementary_algebra
https://en.wikipedia.org/w/index.php?title=Real_number
https://en.wikipedia.org/w/index.php?title=Complex_number
https://en.wikipedia.org/w/index.php?title=Integer
https://en.wikipedia.org/w/index.php?title=Rational_number
https://en.wikipedia.org/w/index.php?title=Algebraic_structure
https://en.wikipedia.org/w/index.php?title=Column_vector
https://en.wikipedia.org/w/index.php?title=Linear_combination
https://en.wikipedia.org/w/index.php?title=Vector_space
https://en.wikipedia.org/w/index.php?title=Module_%28mathematics%29
https://en.wikipedia.org/w/index.php?title=Span_%28linear_algebra%29
https://en.wikipedia.org/w/index.php?title=Basis_%28linear_algebra%29
https://en.wikipedia.org/w/index.php?title=Linearly_independent
https://en.wikipedia.org/w/index.php?title=Dimension_%28linear_algebra%29

System of linear equations 318

Matrix equation
The vector equation is equivalent to a matrix equation of the form
Ax=Db

where A is an mxn matrix, X is a column vector with n entries, and b is a column vector with m entries.

a1 @2 Qg z by

ag Q- Qg Zy ba
R R PR o [

Aml1 Am2 - Amn Ty bm

The number of vectors in a basis for the span is now expressed as the rank of the matrix.

Solution set

A solution of a linear system is an assignment of values to the

variables Xy Xy oo X such that each of the equations is satisfied. The

29
set of all possible solutions is called the solution set.

A linear system may behave in any one of three possible ways:

1. The system has infinitely many solutions.
2. The system has a single unique solution.

3. The system has no solution.

Geometric interpretation

For a system involving two variables (x and y), each linear equation

determines a line on the xy-plane. Because a solution to a linear system The solution set for the equations x — y = —1 and
must satisfy all of the equations, the solution set is the intersection of 3x +y =9 is the single point (2, 3).

these lines, and is hence either a line, a single point, or the empty set.

For three variables, each linear equation determines a plane in three-dimensional space, and the solution set is the

intersection of these planes. Thus the solution set may be a plane, a line, a single point, or the empty set.

For n variables, each linear equation determines a hyperplane in n-dimensional space. The solution set is the

intersection of these hyperplanes, which may be a flat of any dimension.
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General behavior

In general, the behavior of a linear system is determined by the
relationship between the number of equations and the number of

unknowns:

1. Usually, a system with fewer equations than unknowns has
infinitely many solutions or sometimes unique sparse solutions
(compressed sensing). Such a system is also known as an
underdetermined system.

2. Usually, a system with the same number of equations and

unknowns has a single unique solution.

3. Usually, a system with more equations than unknowns has no

solution. Such a system is also known as an overdetermined system.

In the first case, the dimension of the solution set is usually equal to n The solution set for two equations in three
. . . variables is usually a line.

— m, where n is the number of variables and m is the number of Y
equations.

The following pictures illustrate this trichotomy in the case of two variables:

C A A

One equation Two equations Three equations

The first system has infinitely many solutions, namely all of the points on the blue line. The second system has a
single unique solution, namely the intersection of the two lines. The third system has no solutions, since the three

lines share no common point.

Keep in mind that the pictures above show only the most common case. It is possible for a system of two equations
and two unknowns to have no solution (if the two lines are parallel), or for a system of three equations and two
unknowns to be solvable (if the three lines intersect at a single point). In general, a system of linear equations may
behave differently than expected if the equations are linearly dependent, or if two or more of the equations are
inconsistent.
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Properties

Independence

The equations of a linear system are independent if none of the equations can be derived algebraically from the
others. When the equations are independent, each equation contains new information about the variables, and
removing any of the equations increases the size of the solution set. For linear equations, logical independence is the

same as linear independence.

For example, the equations A
3r+2y=6 and 6z+4y=12 \

are not independent — they are the same equation when scaled by a
factor of two, and they would produce identical graphs. This is an

example of equivalence in a system of linear equations.
For a more complicated example, the equations
z—2y=-1

3z +5y= 8 /

dr+3y= 7

are not independent, because the third equation is the sum of the other

two. Indeed, any one of these equations can be derived from the other The equations x — 2y = -1, 3x + 5y = 8, and 4x +
two, and any one of the equations can be removed without affecting the 3y =1 are linearly dependent.
solution set. The graphs of these equations are three lines that intersect

at a single point.

Consistency

A linear system is consistent if it has a solution, and inconsistent
otherwise. When the system is inconsistent, it is possible to derive a
contradiction from the equations, that may always be rewritten such as

the statement 0 = 1.

For example, the equations
3z+2y=6 and 3x+42y=12

are inconsistent. In fact, by subtracting the first equation from the

second one and multiplying both sides of the result by 1/6, we get 0 =

1. The graphs of these equations on the xy-plane are a pair of parallel >

lines.

It is possible for three linear equations to be inconsistent, even though The equations 3x + 2y = 6 and 3x + 2y = 12 are

any two of them are consistent together. For example, the equations inconsistent.
x+ y=1
2+ y=1
3z +2y=3

are inconsistent. Adding the first two equations together gives 3x + 2y = 2, which can be subtracted from the third
equation to yield 0 = 1. Note that any two of these equations have a common solution. The same phenomenon can

occur for any number of equations.

In general, inconsistencies occur if the left-hand sides of the equations in a system are linearly dependent, and the
constant terms do not satisfy the dependence relation. A system of equations whose left-hand sides are linearly
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independent is always consistent.

Putting it another way, according to the Rouché—Capelli theorem, any system of equations (overdetermined or
otherwise) is inconsistent if the rank of the augmented matrix is greater than the rank of the coefficient matrix. If, on
the other hand, the ranks of these two matrices are equal, the system must have at least one solution. The solution is
unique if and only if the rank equals the number of variables. Otherwise the general solution has k free parameters
where k is the difference between the number of variables and the rank; hence in such a case there are an infinitude
of solutions. The rank of a system of equations can never be higher than [the number of variables] + 1, which means
that a system with any number of equations can always be reduced to a system that has a number of independent

equations that is maximum equal to [the number of variables] + 1.

Equivalence

Two linear systems using the same set of variables are equivalent if each of the equations in the second system can
be derived algebraically from the equations in the first system, and vice-versa. Two systems are equivalent if either
both are inconsistent or each equation of any of them is a linear combination of the equations of the other one. It

follows that two linear systems are equivalent if and only if they have the same solution set.

Solving a linear system

There are several algorithms for solving a system of linear equations.

Describing the solution

When the solution set is finite, it is reduced to a single element. In this case, the unique solution is described by a
sequence of equations whose left hand sides are the names of the unknowns and right hand sides are the
corresponding values, for example (m =3, y=-2, z= 6) . When an order on the unknowns has been fixed,
for example the alphabetical order the solution may be described as a vector of values, like (3, -2, 6) for the
previous example.

It can be difficult to describe a set with infinite solutions. Typically, some of the variables are designated as free (or
independent, or as parameters), meaning that they are allowed to take any value, while the remaining variables are

dependent on the values of the free variables.
For example, consider the following system:
z+3y—22=5

3z +dy+6z=7
The solution set to this system can be described by the following equations:

r=-7z—1 and y=3z+42.
Here 7 is the free variable, while x and y are dependent on z. Any point in the solution set can be obtained by first
choosing a value for z, and then computing the corresponding values for x and y.
Each free variable gives the solution space one degree of freedom, the number of which is equal to the dimension of
the solution set. For example, the solution set for the above equation is a line, since a point in the solution set can be
chosen by specifying the value of the parameter z. An infinite solution of higher order may describe a plane, or
higher dimensional set.

Different choices for the free variables may lead to different descriptions of the same solution set. For example, the

solution to the above equations can alternatively be described as follows:

3 11 1 1
y=-—-=-z+— and z=-—-zx— .

7 7 7 7

Here x is the free variable, and y and z are dependent.
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Elimination of variables
The simplest method for solving a system of linear equations is to repeatedly eliminate variables. This method can be
described as follows:

1. In the first equation, solve for one of the variables in terms of the others.

2. Plug this expression into the remaining equations. This yields a system of equations with one fewer equation and
one fewer unknown.

3. Continue until you have reduced the system to a single linear equation.

4. Solve this equation, and then back-substitute until the entire solution is found.
For example, consider the following system:
z+3y—22=5
3z +0y+6z=7
2r +4y + 3z=28
Solving the first equation for x gives x = 5 + 2z — 3y, and plugging this into the second and third equation yields
—4y + 12z = -8
—2y+ Tz=-2
Solving the first of these equations for y yields y = 2 + 3z, and plugging this into the second equation yields z = 2.
We now have:
r=5+2z— 3y
y=2+4 3z
z=2

Substituting z = 2 into the second equation gives y = 8, and substituting z = 2 and y = 8 into the first equation yields x

= —15. Therefore, the solution set is the single point (x, y, z) = (15, 8, 2).

Row reduction

In row reduction, the linear system is represented as an augmented matrix:

1 3 -2|5
3 5 6|7
2 4 3|8

This matrix is then modified using elementary row operations until it reaches reduced row echelon form. There are

three types of elementary row operations:
Type 1: Swap the positions of two rows.
Type 2: Multiply a row by a nonzero scalar.
Type 3: Add to one row a scalar multiple of another.

Because these operations are reversible, the augmented matrix produced always represents a linear system that is
equivalent to the original.

There are several specific algorithms to row-reduce an augmented matrix, the simplest of which are Gaussian
elimination and Gauss-Jordan elimination. The following computation shows Gauss-Jordan elimination applied to

the matrix above:

1 3 -215 1 3 -2| 5 1 3 -2| 5 1 3 -2| 5
35 6/7(~|0 -4 12|-8|~|0 -4 12/-8]~]0 1 3| 2
2 4 3|8 |12 4 3| 8 0 -2 7|-2 0 -2 7|-2

[1 3 2|5 13 -2|5 1 3 0|9 1 0 0]-15

~|101 -3|2|~|01 O0|8|~|010|8|~[010 8

100 1]2 00 1|2 0 0 1|2 0 01 2
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The last matrix is in reduced row echelon form, and represents the system x = =15, y = 8, z = 2. A comparison with
the example in the previous section on the algebraic elimination of variables shows that these two methods are in fact
the same; the difference lies in how the computations are written down.

Cramer's rule

Cramer's rule is an explicit formula for the solution of a system of linear equations, with each variable given by a

quotient of two determinants. For example, the solution to the system
T+ 3y —2z =5
3z +5y+6z =7
2r +4y + 3z =8

is given by
5 3 -2 1 56 -2 1 35
75 6 3 7 6 3 56 7
8 4 3 2 8 3 2 48
dae y Y= P P —
1 3 -2 1 3 -2 1 3 -2
3 5 6 3 5 6 3 5 6
2 4 3 2 4 3 2 4 3

For each variable, the denominator is the determinant of the matrix of coefficients, while the numerator is the

determinant of a matrix in which one column has been replaced by the vector of constant terms.

Though Cramer's rule is important theoretically, it has little practical value for large matrices, since the computation
of large determinants is somewhat cumbersome. (Indeed, large determinants are most easily computed using row
reduction.) Further, Cramer's rule has very poor numerical properties, making it unsuitable for solving even small

systems reliably, unless the operations are performed in rational arithmetic with unbounded precision.

Matrix solution

If the equation system is expressed in the matrix form Ax —= b, the entire solution set can also be expressed in
matrix form. If the matrix A is square (has m rows and n=m columns) and has full rank (all m rows are independent),

then the system has a unique solution given by

x=A"'b
where A—1lis the inverse of A. More generally, regardless of whether m=n or not and regardless of the rank of A, all
solutions (if any exist) are given using the Moore-Penrose pseudoinverse of A, denoted A9, as follows:

x =A%+ (I - A7A)w
where Wis a vector of free parameters that ranges over all possible nx1 vectors. A necessary and sufficient
condition for any solution(s) to exist is that the potential solution obtained using w = (satisfy Ax —= b — that
is, that A A9b = b. If this condition does not hold, the equation system is inconsistent and has no solution. If the
condition holds, the system is consistent and at least one solution exists. For example, in the above-mentioned case
in which A is square and of full rank, A9simply equals A—land the general solution equation simplifies to
x=A b+ (I — A_lA)w =A b+ (I — I)w — A lbas previously stated, where Whas
completely dropped out of the solution, leaving only a single solution. In other cases, though, W remains and hence

an infinitude of potential values of the free parameter vector W give an infinitude of solutions of the equation.
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Other methods

While systems of three or four equations can be readily solved by hand, computers are often used for larger systems.
The standard algorithm for solving a system of linear equations is based on Gaussian elimination with some
modifications. Firstly, it is essential to avoid division by small numbers, which may lead to inaccurate results. This
can be done by reordering the equations if necessary, a process known as pivoting. Secondly, the algorithm does not
exactly do Gaussian elimination, but it computes the LU decomposition of the matrix A. This is mostly an
organizational tool, but it is much quicker if one has to solve several systems with the same matrix A but different
vectors b.

If the matrix A has some special structure, this can be exploited to obtain faster or more accurate algorithms. For
instance, systems with a symmetric positive definite matrix can be solved twice as fast with the Cholesky
decomposition. Levinson recursion is a fast method for Toeplitz matrices. Special methods exist also for matrices
with many zero elements (so-called sparse matrices), which appear often in applications.

A completely different approach is often taken for very large systems, which would otherwise take too much time or
memory. The idea is to start with an initial approximation to the solution (which does not have to be accurate at all),
and to change this approximation in several steps to bring it closer to the true solution. Once the approximation is

sufficiently accurate, this is taken to be the solution to the system. This leads to the class of iterative methods.

Homogeneous systems
A system of linear equations is homogeneous if all of the constant terms are zero:
a1z + a1p%s +-- -+ Q1a%n, = 0

agz1 + axnxz +---+ ayT, =0

Am1Z1 + A 2L9 +- - Cmndn = 0.
A homogeneous system is equivalent to a matrix equation of the form
Ax =0

where A is an m X n matrix, X is a column vector with n entries, and 0 is the zero vector with m entries.

Solution set

Every homogeneous system has at least one solution, known as the zero solution (or trivial solution), which is
obtained by assigning the value of zero to each of the variables. If the system has a non-singular matrix (det(A) # 0)
then it is also the only solution. If the system has a singular matrix then there is a solution set with an infinite number

of solutions. This solution set has the following additional properties:

1. If u and v are two vectors representing solutions to a homogeneous system, then the vector sum u + v is also a
solution to the system.
2. If uis a vector representing a solution to a homogeneous system, and r is any scalar, then ru is also a solution to

the system.

These are exactly the properties required for the solution set to be a linear subspace of R". In particular, the solution

set to a homogeneous system is the same as the null space of the corresponding matrix A.
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Relation to nonhomogeneous systems

There is a close relationship between the solutions to a linear system and the solutions to the corresponding

homogeneous system:

Ax=Db and Ax =0.

Specifically, if p is any specific solution to the linear system Ax = b, then the entire solution set can be described as

{p + v : v is any solution to Ax = 0}.
Geometrically, this says that the solution set for Ax = b is a translation of the solution set for Ax = 0. Specifically, the
flat for the first system can be obtained by translating the linear subspace for the homogeneous system by the vector
p.
This reasoning only applies if the system Ax = b has at least one solution. This occurs if and only if the vector b lies

in the image of the linear transformation A.

Notes

[1] Linear algebra, as discussed in this article, is a very well established mathematical discipline for which there are many sources. Almost all of
the material in this article can be found in Lay 2005, Meyer 2001, and Strang 2005.
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